Comments on a paper by L. L. Lee [J. Math. Phys. 21, 1055 (1980)]

R. R. Whitehead

Department of Natural Philosophy, The University of Glasgow, Glasgow G12 8QQ, Scotland

(Received 18 July 1980; accepted for publication 30 December 1980)

Analytic expressions are given for the eigenvalues of some matrices arising in connection with

Feynman path integrals.

PACS numbers: 02.10.Sp

In a recent paper' on the application of functional La-
place transforms to the evaluation of Feynman path inte-
grals Lee had occasion to consider the familiar matrices

and the less familiar matrix
P=Q 'RQ 'R

The eigenvalues of these matrices are required in certain ma-
nipulations intended to lead to the known expressions for the
propagators of simple systems like the harmonic oscillator.
Unfortunately Lee obscured his derivations by not noticing
that all these matrices have eigenvalues which can be written
simply in closed form. (He evaluated them numerically and
then showed that the correct numerical values for the propa-
gators followed.)
The eigenvalues of Q are

A, =2(l —cos8), O=nw/(N+ 1), n=1,.,N,
which is well known, and those of R are

A, = — 2icos0,
where N is the order of the matrix. Both of these may be
established simply by reducing the eigenvalue problem to the
solution of a three-term recurrence relation, Q and R being
tridiagonal.

Similarly for P=Q ~'RQ 'R = (Q ~'R )%, since the
eigenvalue problem

Q 'Ry=py
can be written as

Ry = puQy,
we get the recurrence relation

(I +ply; o0 —2uy; — (1 —ply,_, =0.
This may be solved subject to the boundary conditions
Yo="Yn,1 =0, and we find that

u, =icotd, @=nw/N+1), n=1,..,N.

The required eigenvalues of P are therefore the squares of
these and they are obviously real and negative and come in
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pairs, as Lee found numerically. On the other hand, Lee’s
quoted numerical values are very bad approximations to
these exact results, the larger eigenvalues being, surprising-
ly, the worst. It is possible therefore that P has awkward
numerical properties.
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APPENDIX

At the suggestion of the referee I give here some further

details of the derivation of the principal result of this paper.
The recurrence relation

(1 +ply o =2y, — (1 —uly, ;=0 (A1)

has constant coefficients and so is amenable to solution by
means of the standard substitution®

Vi = qj’ {AZ)
where ¢ is some complex number. Inserting (A2) into (A1)
gives a quadratic equation for ¢ which may easily be solved
giving

g=loru—1)/(k+1).
The general solution of the recurrence relation is thus

y=A+B[k—1)/{u+1)) (A3)
The recurrence relation corresponds to the eigenvalue prob-
lem only if y, =y, ; = 0. Settingj = O in (A3) gives imme-
diately B = — A. Settingj = N + 1 gives

[ — )+ DIV =1, (A4)
and the eigenvalues are the values of u for which this is true.

The nontrivial solutions (that is, ones that do not lead to
y; = Ofor allj) of (A4) are those in which {u — 1)/(u + 1)isa
complex number of modulus unity. We can thus write

(e — 1)/{u + 1) =cos¢p + ising,
and (A4) is satisfied if ¢ = 2n7/(N + 1), n = 1.--N. The re-
quired eigenvalues are thus,

[ + cosg, + ising, 2nmr
= — y n — s n = 1...N’
1 — cos¢, — ising, N+1
which may be rewritten in the form given above. The corre-
sponding eigenvectors are given, from (A3), by

Ky

W=A(1 — cosjp, — isinjg,).

'L. L. Lee, J. Math. Phys. 21, 1055 (1980).
’1. Anderson, A First Course in Combinatorial Mathematics (Oxford U. P,
1974), p. 42.
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We consider the generalization of the Dirac (gamma) algebra to a space-time with dimension 2w,
which is required for the use of the dimensional regularization scheme applied to fermions. In
particular we introduce several tricks to facilitate the manipulation of expressions in such
algebras, including a polynomial algorithm for taking traces and explicit formulas for Fierz

matrices.

PACS numbers: 02.10.Sp

I. INTRODUCTION

Dimensional regularization," has become a popular
tool for regularizing gauge theories in a manner consistent
with their gauge symmetries. This technique requires one to
deal with the generalization of the Dirac y-algebra to
2w==n=4 4 € dimensions in order to include fermions into
the scheme; such algebras are known as Clifford algebras.
The purpose of this paper is to introduce new techniques to
replace the efficient algorithms which have been developed
specifically for four dimensions.>*

In Sec. II we introduce our notation and discuss the
representation of the 2w-dimensional Clifford algebra on
2% 2° matrices. Section IIIA introduces and gives proofs
for several theorems, mainly concerned with taking traces of
products of ¢’s, culminating in Theorem 5 which provides a
systematic method for taking traces.' Section IIIB develops
a graphical notation which enables most simple traces to be
done by inspection; the graphical technique is developed fur-
ther in Sec. IV. In Sec. IIIC we give theorems which are
principally concerned with simplifying expressions involv-
ing contracted indices. These lead, in Sec. IIID, to closed-
form expressions for the Fierz reordering identities in spaces
of arbitrary dimension. These identities are also given in
terms of a convenient dual basis which generalizes the form
of the usual four-dimensional bilinear spinor covariants. The
numerical coefficient matrices are given in an appendix for
o = 1 through 7. Finally in Sec. IV diagrammatic methods
are used to find the Clebsch-Gordan series for the Clifford
algebra, and a polynomial algorithm for reducing y-expres-
sions and traces is given.

A number of examples have been inserted into the ap-
propriate sections to illustrate the use of the techniques as
applied to some simple problems. It is hoped that these re-
sults may prove useful not only in using dimensional regular-
ization but also in other areas, such as supersymmetry.

Il. DEFINITIONS

The Clifford algebra in 2w dimensions is defined by the
anticommutation relations

{7/#’7/\/} = 2g;tv]]‘ (l<ﬂ,V<2&)) ’

where {y, | are the generators of the algebra, 1 the unit ele-
ment of the algebra, and g, the SO(x,20 — «) metric tensor.
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It is usually sufficient to assume we/N and consider only
even-dimensional spaces, though of course we “analytically
continue” @ to arbitrary complex values in dimensional
regularization.'?

We may construct a basis in the algebra by defining

V-
‘lt‘---,ui_y[p., 7/11( 1

= Oy
where 0< j<2w, 1<y, <2w, 6 ﬁ‘,f:ﬁ’l' is the generalized Kron-
ecker delta (or permutation) tensor defined by

8L =885 )
and the [---] indicates antisymmetrization on the enclosed
indices as usual.

For each value of j there are (3°) distinct values of the
antisymmetric subscript [x,--4; ], so our basis has
2, (3*) = 2°° members.

If we introduce a Cartan—Killing type of metric on the
algebra by (A,4 ')=tr{AA '] using the cyclic linear trace
functional (4,4 ' are arbitrary elements of the algebra) then,
as we shall show, our basis is orthogonal. Furthermore, it is
clearly complete as it is a maximal set of antisymmetric pro-
ducts of the p’s, and the symmetric part of any A may be
reduced using the defining anticommutation relation.

For even-dimensional spaces (weN ) the algebra is faith-
fully represented on the complete 2 X 2° matrix algebra,
e.g., by the map

(2e)

2e),
Dy, -y,
where the matrix , % is defined as

7/(]2)50“ 7/{]210151 X ,}/(121,.1 - 2),
,}/(ZZJEO,Z’ 7/(22(0)E 1 X ,V(ZZw - 2]’
Va'=rala Xy,

(@ > 1,2 < @<2w) with the o, being Pauli matrices. It is easily
verified that these matrices satisfy the defining relation of the
algebra with the SO(2w) metric g,,, = 8, ; the generalization
for SO(x,2w — k) is readily done by inserting the appropriate
factors of i. £'*” is naturally extended to the complete alge-
bra by linearity.
For odd-dimensional spaces the situation is less

straightforward; for example the representation®® given by
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extending £ to & * ! with

Y20 +1 _’?’(12(0'7’(22@)"'7’{225)

is not faithful; also we find that the representation & ?© + 1
¥, — — 7 is inequivalent to 2+ 1,

The trace functional can be represented by the matrix
trace, however we shall not use explicit representations in
the following.

Ill. ALGEBRAIC IDENTITIES
A. Trace theorems

We now give the generalizations of some familiar theo-
rems in the Dirac algebra to 2o dimensions, and we intro--
duce a notation particularly convenient for utilizing them.
We shall assume 2w to be even.

Theorem 1: The trace of an odd number of y’s is zero.

Proof: Consider the quantity *y=y,%,...7,,; as @EN *y
anticommutes with all the y,,, and further (*¥)* = o1, where
o = + 1. Hence for p odd

[V, ~¥i, ] = 0t [V, -7, *7*7 ]
= — otr [*7/7/;4, '"7/#,,*7/]
= —t{r [7/#. ...7/””] =0, ’
where we first anticommuted *y to the left and then used the
cyclic property.Od
Theorem 2: tr [Fﬁ’l,,,ﬂj] =ptr[1].
Proof: If j/2eN and j#0, then

. -
tr [Fl%)r"l‘j ] = JT 5 ,Ul"'l‘jtr [7/"1 ."y"j ]’

where by antisymmetry we may take all the subscripts in the
trace to be different, hence all the of the ¥’s anticommute and
thus

tr{y,, v, 1= —tr[vov., v, ]
= —te[r,-7,]=0,

again by first anticommuting v, to the left and then using
cyclicity. If j/2¢N then using the definition of I O o, @S
above we obtain the trace of an odd number of 9’s which
vanishes by Theorem 1. Finally, for j = 0 we obtain
tr[ 7 = tr[1] trivially as I"® = 1 by definition.(]

It is reasonable to take tr[1] = 2 “, but this not needed
as the tr[1]’s cancel in practical calculations.

Theorem 2 is in fact just a special case of

Theorem 3: The basis elements are orthogonal, by
which we mean

e[rf., "]

et

Proof:

i Vyeey; Jody @ vy, A pr
[y P = 858 e [y v e )i,
As the indices 4,,...,4; and p,,...,p; are antisymmetrized it is
easy to see that the trace is

6’7( _ )i(i — 1)/26 g.‘i.'tr[ 1 ]
(q.v. Theorem 5), so using the identity

Ay o pinp; . PP
6 /t.mu.»‘S Apedi T 15 Hymp

= (— ) g e tr[1].

we obtain the required result.[]
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Theorem 4:

VoV, W = (= PVu¥s, =7,

22 (- )"”’Qlf[ n,)gw,.-

#i
Proof: By straightforward anticommutation
Yo Vo Vi = VoV, VoVl — Vo o¥y, Yu?s,
- 2gv,, ;L}/v, ""}/\'p P [7/V, ".7/1',, ,7/;1 ]7/\/,,'
We now proceed by induction on p: assume the result for
p — 1; then the equation above gives

YV, "'yv,,’}/,u = Zg,uv,,yv, '"yv,, o

— (=Y " rurs, =7,
p_1 . =R
+2 2 (_)'—P'F H}/Vj)gyv,]YV’,
i=1 i=1
. y #i
=(=Pruv, v, +2 i(—)”"’(f{ n,)g,w,;
i=1 j=1

#i
as the result holds trivially for p = 0 the proof'is complete.J
Theorem 5: For p even

r=! R ~ -~
tr [7/#. "'7#,,] = 2 (=)~ lg#,.u.tr [yu- VeV, ]’
i=1
where the circumflex on a 7, indicates that it is missing from
the trace.
Proof: Using Theorem 4 we have

(‘y”‘ "'yuP, 1 )yl‘p = ( - )p- lyl‘pyﬂu "'7/“,, 1

P! i—p+1f 7

+2 2 (—) ? (H yﬂj)gﬂ,n“i;
i=1 f=1
J#]

so taking the trace and noting that ( — ’ = + 1 gives
tr [7/#. "'7//4,,] = —1Ir [Vu,yﬂ- “Yu, | ]

p—1 . ~ ~
23 (VY Y Yy Vi B,

i=1

As the trace is cyclic our result follows.[]

B. Graphical method

Theorem 5, in conjunction with Theorem 1, allows us to
evaluate any trace by applying it repeatedly. A convenient
notation for using it for hand calculation is to write the
connection

tr[v. 7. 1=r. 7, =8, trl1]

) K )
exactly analogously to Wick’s theorem. Indeed we may in-
troduce the sign convention that
tr [7/,“l ...7/””...7/#" Vo ]

2 iy y
E( —_ )‘7 P g#’#qtr [/}/‘u‘ ...yl'lll...?/‘l"([-..y#r ]’ ‘
i.e., the sign we would get from anticommuting y,, through

toy, .
With this notation, Theorem 5 may be rewritten as

p—1
tr [yll: ...7/#' '"7’#,, ] _— E tr [»}/}il ...?/#'...y#” ]
i=1 [ SSS—— }
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Proceeding as in Wick’s theorem we may apply this formula
recursively to each term on the right-hand side so as to ob-
tain eventually

tr [7#. *Vu, ] =

{all connections]
where the sum is over all possible pairwise connections. A
convenient way to calculate the sign of a given term is to
notice that if the connecting lines cross # times, the appropri-
ate sign is { — )".
Example:

ur. 7, var: 1 = 01,7, 7.7
+ [T o ]+ V¥ ¥ata ]

tr [7/#. Vi Vs "'3’#,,, P, ]’
. !

= (80801 — 8uo8ap + 8ur8po)trl1].
While this method is fairly reasonable for small traces, the
number of terms generated is large if the trace is long: for a
trace of p ¢’s we obtain {p — 1)p — 3)---3-1=[p — 1) terms
{ = number of ways of choosing p/2 pairs from p objects). Of
course this is unavoidable if all the p indices are distinct,
however if there are contracted indices or symmetries among
the indices—as there almost always are in Feynman diagram
calculations for instance—these can be utilized in a system-
atic manner. We shall discuss this in Sec. IV,

C. Contraction theorems

In a four-dimensional space Chisolm® found some use-
ful rules based on the identity

YaVi Vi, V= — 2V, , Vs
which were developed into a powerful systematic reduction
algorithm by Kahane.* Unfortunately such rules appear to
be peculiar to four dimensions, and in general contractions
like the one above in 2w dimensions generate a large number
of terms.

Nevertheless such identities may be useful, as we shall
show.

Theorem 6:

. (11 7. )

i=1

=2 i (=)=, (f[ Tvi>+(-)d(2a)—2)(f[ ",

i=1

i=12 =1 i

#i
where d > 0.
Proof: Thisis really a trivially corollary of Theorem 4.01
Examples:

7’# Yp’}/‘ = - (2(() - z)yp’ .

VYoV =2V, + 20 —2)Y, 7,
ViV Vo VaV = =200, 72 + 2027, 70 — R0 = 2}V, Vo Va-
We notice that Theorem 6 reduces a string of d + 2 ¢’stod
terms each involving d ¥’s, so if this string occurs in a trace of
py’swegetd (p — 3)!! termsinstead of (p — 1)!!. Asthetraceis
cyclic d<p/2 (if we are sensible and contract the shorter way
around), so even this weaker identity can save a considerable

amount of computation.
A particularly interesting special case of Theorem 6 oc-
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curs when we antisymmetrize on the indices v,,...,v,, as then

(— )20 — )L

v, =
There is an alternative way of deriving this result, however.
We introduce the notation of putting a tilde on repeated indi-
ces which are not to be implicitly summed over, so that
vl ‘,‘,’,,',,,,47/*2 is one term in the contraction above. In this term
either /i is equal to one member of the set {v,,...,v,} oritis
not. In the first case we have

val Gl = — (=T,
= —(=)ry.,,
and in the second
va D8y =(—)r,,.

AsI’ lf,»)»v,, is totally antisymmetric all the v; are distinct,

hence the first case occurs d times and the second 20w — d
times, hence
vl Sl =d[—(=)ril,]

+ (2w —d)[( — ) ]

as required.
This argument is easily generalized to give
Theorem 7:
1) 1My
ri"l’"'l‘lr(‘fi:')""dr{ o =A (zw’d’l )r("dl')""d’
where
A (nd )=l — )V
min{l,d) n — d
x =G50
p—ma)qg—n-{»d] l_p v
Example: In a 10-dimensional space (@ = 5)’

5 4 S)bytls — 4
re. re., rewes=1440re.,

Theorem 8: The function A4 {n,d,/) has the following
properties:

Andl)=(— fU =2 jdd =2 (n— d)!A (n,ld),

(n—1}
Al —d])=(— V4 (nd),
Alndn—1) = (= (= =3 =
=11 4 nai).

Proof: For the first identity we use the argument sum-

marized by the following diagram:
(g sy~ (d)vyevy
Fﬂl’"‘l‘lr("dl')""dr e F
Z \
rY  Amld\r'"™*  Andlre.,,
\ /
A (n,0,)A (nld)=A4(n0d)4 (nd,l),

where we have taken n=2w as the dimensionality of space-
time. As

A(n0k)=(—)*"1"2nl/(n — k)

the result follows immediately. In verifying this result ex-
plicitly using the definition of 4, the identity

JalGliEn?
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(- 0-C2)00

proves useful.
For the remaining two identities it is convenient to use

the anticommuting object *y introduced in the proof of

Theorem 1. According to Theorem 9 we have the duality

condition

(___ )(n~k)(n-k— 1)72

*YE, ...
(n _ k )' 7 Kyt
Xr('t = kg r"l—l..ded g)

(.3 —
ru.-"m -

SO
() (n—d) (Dlpagerpy
ri..r Pa

oy Vi Vg
(— )a‘(d —1y2

=y detlg)n,
Xrﬁl"ﬂ,“}’F“”"*"*l""’nr”',u,-i.",
(— ey ‘

DT det(g)4 (n,d,!)

X e.v‘...v" tyr Vo —d+1"Vn
=(— VA ()., ;

however the original expression clearly equals
A(nn—dll

Vi Ve — o

too, giving the second identity.
The final identity follows from the preceding two.O]

D. Fierz identities

The generalized contraction identity (Theorem 7) has as
a useful corollary an explicit formula for 2w-dimensional
Fierz reorderings.

Corollary: The Fierz coefficients a3’ in the reordering

(r 11)}1|"'i‘l)ab (I‘ ()

l-‘u"'ﬂ‘l)cd
8wy kv, %)
= 2 a(lkm (r ' k)ad (r (v.mv,( }cb’
k=0
or in compact form
2w
roeri = Z alliw)r(kbxr(kl’
k=0
are given by
o = Ao} = f17
kitrf1]
Proof: Multiplying the Fierz equation by
(F U)Pn"'ﬂj)bc (Fg)

1P )da

gives
(D=~ Vpsepy (1) [}
tr[F T T, . .~I p|___pj]
20
= ¥ agete[rerery ]
K=o
xte[rt), poeee]

hence
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4 (20,j,)4 (20,0, j)tr[1]

20
= z a(li“’)( — )k (k — 1'/26 Vl""’k& tr[l]

& PrPr ik

X — k=280 s, [ 1]
:>A (201‘1"1)(_)'(1'——1)/2 (2(‘))!

(20 —Jj)
20)!
—ajopn 220y
(20 —j)!
Example: With 20 = 10 the Fierz coefficient
ai%h = — 1/116121600.

In practice the basis tensors I" ﬂ",,#l with / near 2w are
more conveniently replaced with their duals constructed us-
ing the Levi-Civita tensor €,, ., . This tensor is completely
antisymmetric on all its indices and has its sign fixed by

612~--2w = 1;

it thus has the following useful properties:

€120 = Eﬂnu-,uz.,,g”“ ...gzw#m = det( g),

ea'mazweﬂr"ﬁzm — 20— p+ 1" T2
P BB o
=pl6, e rdet(g).

In terms of the Levi~Civita tensor *y becomes
*y— 1 ef“l"""lurtzw)
(26))’ Hyitag?
and weintroduce the dual basis *y1" ;) , related to the origi-
nal basis by the following:

Theorem 9:
“ (_)(2mvk)(2w~k—1)/2
Mg T (20 — k!

X detf g).

* 20 — Ky 4 r#2,
6.“1"'#1«-. yr

Proof: Multiply by _Fg).---p, and take the trace.0]

These dual tensors are easily manipulated using the
rules that

(*7)* = (—)**~ "det( g),

{*1,7,.} = 0:20 even,

[*7.%.] =0:20 odd,

wri , =(—)re .Y 20 even,

e
=TIl  * 20 odd.

A useful family of basis vectors consists of a mixture of
'Y and *yI"" for 0<l < w (by convention we shall chose
I'“ rather than *yI"*”) when they differ by a sign). In this
basis the Fierz matrix looks like

r v
r [a+ +|as _] )
*wIlla_, |a__
where it can be shown that
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(a++)1; _a(Ij , O<lj<o
(@, )y =08 _,, 0<i<w<j<2w
(@_,)y =055 ., 0<j<w<I<w
(a—u-)lj = 0.42m)a.(2w;a122: 10—; ©<j, <20
=a} . _ ; for weN,
where
of=(— ) (— ) =V — 2 ~Idet( g).

The matrices in this mixed basis for det(g) = + 1 are given
foro = 1,2,3,4,5,6,7 in the Appendix (only the parta,, , for
the last two; the remainder may be reconstructed using the
above symmetries).

IV. REDUCTION ALGORITHMS

In Sec. 2 we showed how to take traces of products of ¥
matrices. Notice that this, combined with Theorem 3, en-
ables us to put all such expressions A into a canonical form,
namely

2w
A= A k) Va L3717
o

My

(suppressing free indices) where the coefficients A *! are ob-
tained using Theorem 3:

(_)k(kﬁlh/Ztr[AF(k) ]

_ Eetin
i klitr[1]

A special case is that the scalar (unit matrix) part of A is just
tr[A ]J/tr[1].

Example: To demonstrate the utility of projection tech-
niques we shall find the spinorial generators of SO(n), for N
even [strictly speaking of the covering group spin (n)].

The y,, transform according to the vector (adjoint) re-
presentation of SO(n),

?/;t _’7;/1 = ‘Qp, Vyv ’

where the matrices £2,;* preserve the metric g, :
8uv—8uy =12,°02,°¢,,;

in terms of infinitesimal rotations with parameters
02,"=6,"4+w,”

this means

©,, = —,,.

As the group action preserves the anticommutation relations
of the Clifford algebra

P I=rr ) =g,
it furnishes an (outer} automorphism; however we have al-
ready shown that there is an isomorphism 22 of the Clif-
ford algebra onto the complete algebra of 22 X 2¢ matrices,
and hence by a well-known theorem® all automorphisms are

equivalent to inner automorphisms. This means there is an
S(£2) in the Clifford algebra such that

7. =S ')y, S2)
or for infinitesimal rotations
7’/4 = [1 - s(w)]yp [1 +S(G))],
=0,"Y, = [V, s0)].

A(k)
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To solve this equation we multiply both sides by 7 and note
that o is antisymmetric

@ Y = 20, T ¥ = py, sl0) — pslo)y,,.
As the left-hand side is proportional to I"® we project out
that part

20,,tr[C 2% ] = ntr[siw) 3 ] — tr[pslw)y, L2 ],

2w,,845tr[1] = ntr[s@)" 2 ] — trstw)y, T Gy*]
= 4trfs(w)" 2} ‘2’
since yﬂ @ ¥ = (n — 4" ). Expanding s(w) as

n (kpypa
3R _osk) pk]“ we have

— 742
waB - ag ’

or
S((U) = %waBF(Zjaﬂ’

which is the desired result.

Performing a general reduction involves taking 2
traces half of which are exponential in the length of A. We
shall now show that this is unnecessary. First of all, we intro-
duced a graphical notation for Theorem 5 rather akin to
going from Wick expansions to Feynman diagrams; we write

Tp for Voo
1231 - My
] } l l for I'%}) .
Uy My
HHHE o
1) . v,

and
U
I for g,..
v

The arrows are needed to specify the correct sign. Theorem 5
now reads:

M, M1 Ky
wl ] ]]= 5 ey

{all diagrams}
where the sign is determined as before. Theorem 3 becomes

/.tl , :u'l .u‘z

e[ Jof ji_T_]—cS,,tr[ll] %

and similarly we have

tr[1],

A.D. Kennedy 1334



where the symbol on the right-hand side stands for
Eﬂx"'}‘l;"l""’j;ﬂl"'ﬂk

= z (— )pgu.pkgmpk P {7 S
{ permutations }

Xg"nl‘tg"z#: iy ...gvll‘l et
1yt
Xgplngplvj -1 g”pvi u+ I/S Lo,
where clearly

s+1=1—t+1 s=4l—j+k)
t+l=j—utl = t=§i—k+1)
u+l=k—s+1 u=\4k—14)

and the summation is over all permutations of the indices
within each set {z1,..t; },{Virees¥ 1 (P10 0r ) With (=¥
being + [ — ) for even (odd) permutations.

Zis similar to the 3j symbols arising in the theory of
angular momentum, as it tells us how to couple three I" ten-
sors to produce a scalar. This relation may be rearranged to
give the Clebsch-Gordan series for the Clifford algebra.

Theorem 10:

) 1
Fﬂ)'“}‘lr

1+j 1
K T_nk!
It is obvious on inspection of the diagramatic representation
of = that it vanishes unless /j,k satisfy the triangle inequality
written in the equation above, and also unless / +/j + & is
even.

This theorem allows us to formulate a polynomial algo-
rithm for the reduction of y expressions rather than the ex-
ponential algorithm of Theorem 5. The method is recursive-
ly defined: to reduce an expression we split it into two halves
and recursively reduce each half into a sum over basis ele-
ments I, which may be combined using Theorem 10. If

T (k)oy-pr

I

By iV VPP
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this algorithm takes N (p) steps to reduce an expression of
length p then clearly for large p:

N(p)=2N(p/2) + (p/2)",

where the final term is the number of steps required to com-
bine the two sets of p/2 basis elements together. The leading
term in the solution of this equation for N (p} is p*/2, which is
clearly a great improvement over (p — 1)!! even for quite
moderate values of p.

Another advantage of this algorithm is that if factors
such as g + m occur in the expression to be reduced there is
no need to distribute the multiplication over the addition;
one merely finds the coefficient of the basis elements become
a sum of terms.

The result of this algorithm is given in terms of antisym-
metrized products of g’s, namely Z’s; however it is almost
always the case that the factors constructed out of external
momenta and contracted indices have symmetries which
may be used to simplify the result without expanding all the
£7s. If all the factors in the original expression are distinct,
then one will still obtain an exponential number of terms on
expanding these symmetries, but clearly this
is unavoidable.

A reduction of the coefficients using the properties of
the symmetric group .%, may presumably be used to exploit
all the symmetries systematically.
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We consider phase space as the carrier space of canonical transformations and see that this
implies, for nonbijective ones, a much subtler structure than the one commonly assumed.
Discussing only problems of one degree of freedom, i.e., a phase plane, we are able to clarify this
structure by analogy with the better-known situation of conformal mapping in the complex plane.
Apart from the usual Riemann sheet concept, an alternate method is developed that involves the
irreducible representations of the ambiguity group, i.e., the group of transformations that
connects all points that are mapped on a single point by the conformal or canonical
transformation. The algebra of variables then becomes a matrix algebra for which bijectiveness is

retrieved.

PACS numbers: 02.10.Sp, 03.20. + i

1. INTRODUCTION

One of the fascinating aspects of mathematics and
mathematical physics is the introduction of new concepts
which initially have a simple formulation, but later become
more and more subtle as their deeper meaning is understood
better. Thus, for example, the concept of the complex plane
envisaged at the beginning of the 19th century in a simple
fashion,' acquires, through the work of Riemann® and later
of Klein and Weyl,* a great subtlety. One can say that at the
present time we have a complex manifold rather than plane,
whose structure should allow us to carry out arbitrary con-
formal transformations in a bijective (i.e., one-to-one onto)
fashion.

The above manifolds have been extensively discussed
leading to what are now known as Riemann surfaces.’ Yet a
similar problem in phase space—or more correctly, in the
phase plane for problems of one degree of freedom—has not
received comparable attention. We can, after all, discussina
somewhat parallel fashion*™’ the properties of the complex
and phase planes as carriers, respectively, of conformal and
canonical transformations. Thus the phase plane—and, for
more degrees of freedom, the phase space—becomes a mani-
fold with properties that resemble those of a Riemann sur-
face,*” and thus merits a more detailed analysis.

In previous references some of the analysis was carried
out with the purpose of understanding better the representa-
tion of nonbijective canonical transformations in quantum
mechanics. In the present paper we will be interested purely
in the classical problem so as to focus more sharply on the
properties of phase space. We shall in particular discuss a
duality in our characterization of observables in the phase
plane: Under nonbijective canonical transformations we can
either introduce many-sheeted structures and define the val-
ues of the observables in each sheet or we can keep the idea of
a single plane but give matrix form to the observables in such
a way that they continue to form an algebra. We shall illus-
trate first these two points of view in relation with conformal
transformations, where at least one of them is very familiar.

*Member of the Instituto Nacional de Investigaciones Nucleares and El
Colegio Nacional.
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2. THE STRUCTURE OF THE COMPLEX PLANE

In this section we intend to discuss two very simple
conformal transformations,

Ny
Il

Z", K integer, (2.1)
Z = expz, (2.2)

first in the standard Riemann surface picture and then in a
matrix form acting on a basis characterized by the irreduci-
ble representations (irreps) of the groups that connect all
points z mapped on a single Z. For the conformal transforma-
tion (2.1} this group is the cyclic one %, defined by the
operations

€ z—zexp(i2mr/k), ¥ =01,k — 1, (2.3)
while for (2.2) it is the translation group
T z—oz+2mm, m=0,+1, 42, (2.4)

A. The Riemann surface picture associated with the
conformal transformations

The conformal transformations (2.1), (2.2) imply no
problem if we start with an entire function F () and want to
express it as an entire function of z. We have then

flay=F), fl)=Fle) (2.5)

respectively. On the other hand if we start with an entire
function

)

fla= 3 a2 (2.6)

v=0
we do need to be careful in determining the corresponding
function F (2). To begin with we notice that for the conformal
transformation (2.1) the sector of angle 277/« in the z plane
maps on the full Z plane as indicated in Fig. 1. To have a
bijective mapping we must then introduce a x-sheeted Rie-
mann surface for the 7 plane, joined in the standard fashion
along the heavy line on the positive real axis in this plane.
Thus when zis in the first sector it corresponds to Z, but in the
second sector it corresponds to Zexp(i27), in the third to
Zexpli4), etc. Clearly then

z =z %exp(i2mr/k), r=0,1,n—1, (2.7

when z is in the (r + 1)th sector.

® 1981 American institute of Physics 1338



=%

2 plane Z plane

(a) (b)

FIG. 1. A sector 27/« in the z plane mapped on the full Z plane when z = 2.
The cut connecting the different sheets is marked by the heavy line in the Z
plane.

Turning our attention now to the conformal transfor-

mation (2.2}, i.e., Z = expz, we note that the strip between
— 7<Imz <7 maps on the full Z plane. As for Imz= + =,
the Zis real and negative and the cut goes along the real 7 axis
from O to — oo as indicated in Figs. 2(a) and 2(b). The Z
manifold then has an infinite number of sheets joined along
the heavy line of Fig. 2(b).

If we are in the central strip for z we can write z = InZ
but in the other strips, associated with the displacements
2mm,m= +1, + 2, -, along the imaginary axis, we have
then

z = In[Zexp(i2am)] = InZ + 27m. (2.8)

B. Matrix representation in the Z plane associated with
conformal transformations

We now proceed to show different ways in which rela-
tions such as (2.7) and (2.8) can establish correspondences
between functions of z and matrices of functions of z. For this
purpose we note that entire functions of z (the only ones of
interest to us here) can be interpreted in two ways: as basis
functions, in which case they will be denoted by Greek letters
such as @(z), ¥(z), and as operators acting by multiplication
on the basis functions when they will be denoted by Latin
letters such as f(z), g(z). Thus when f(z) acts on g(z) by multi-
plication we get a new basis function ¢(z), i.e.,

Pz) =2 (2). (2.9)
The basis functions ¢(z) = £, a, 2", can be decomposed
into their irreducible parts with respect to the group of trans-

formations connecting all points z mapped by the conformal
transformation on a single Z. We implement this decomposi-

Z plane Z plane
(@ (b)
FIG. 2. A strip — 7<z<7 in the z plane mapped on the full Z plane when

Z = expz. The cut connecting the different sheets is marked by the heavy line
in the 7 plane.
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tion first for Z = 2, k integer, where the group is the cyclic
one ¢, of (2.3). The entire function @ (z) can then be decom-
posed into its irreducible parts ¢ *(z),4 = 0,1,2,--, k¥ — 1
with respect to ¢, as*®

k=1

pla= 3 ¢’ (2.10a)

P*z)=«" ‘Kilexp(iZF/lr/K)cp [zexp( — 27wr/k)],  (2.10b)
r=0

where exp(i2mAr/k), r = 0,1,---, k — 1 are the irreducible re-
presentations characterized by A = 0,1,---, x — 1 of the oper-
ations in the abelian cyclic group ¢ ..

Clearly then if we write v =n«x + A4; v = 0,1,2,--;
A=0,1,, k — 1;n=0,1,2,--, the ¢ *(z) become

et =P ), (2.11a)

dj}(zk] = ianx+/{(zk)ny

n=20

(2.11b)

and thus from (2.7) the basis function ¢ (z) corresponds to a
vector function in the Z plane

Pl ="3 704

- -

ZEA /x¢ A (E)

> 7 exp(2mid /x)P* ()

- g =V®, (2.12)

S expl2mid (k — 1)/k]1P*(2)
. A -
in which the components of the vector represent the corre-
sponding function in the different sheets of the Riemann
surface associated with the Z manifold. We can also write the
vector on the right-hand side (rhs) of (2.12) as a product of a
(/X k) matrix

V= |lexp(i2mAd '/k)Z* ||, A A’ = 0,1,k — 1,(2.13)
(where A, A’ are respectively the row and column indices)

with the vector @ of components @*(2), 1 =0, 1.,k — 1,
ie.,

&)
®'()

- (2.14)

(p K — I(E)

We shall now proceed to derive the matrix associated
with an operator f(z) of the form (2.6) both when we use the
basis on the rhs of (2.12) as well as when we take (2.14), We
note that it would be enough to obtain the matrix representa-
tion of z, as then we can get that of any power or linear
combination of powers. For the basis on the rhs of (2.12) it is

clear from (2.7) that z corresponds to the diagonal matrix

Z—I/K

ZV"expli2m/k)
Z<> =1J).

-

(2.15)

2V*exp[i2mix — 1)/k]
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On the other hand, for the basis @ of (2.14) we obviously have
zV7'DV, (2.16)

where the reciprocal of the matrix V is given by
V '=x""Z7*exp( — i27AA /k)||; AA =01k — 1,
(2.17)

as can be easily checked. Carrying out the operations in
(2.16) we get then finally that

00 w 0%
10 -« 00

zes . (2.18)
00 « 10

This result can also be obtained if we consider

Wz) = 2¢ (2) ___z—l/xk.ilz—i P A(3)

A=90

K—2
— ZZM+I)/K¢/1(E) +E¢K— 1(2)

A=0
=70 @) + ”ilz‘mcpi “ig) = “ilz-“*w*(s),
A=1 A=0
(2.19)

where {¥* 24 =01, 6k — 1} is the vector in the z plane
associated with ¥(z).

Clearly the basis (2.14) is more convenient than (2.12) as
entire functions of z will be mapped on entire « X « matrix
functions of z. Note in particular that from (2.19), 2zl
(where I is the unit « X x matrix} as we should expect.

We now turn our attention to the conformal transfor-
mation Z = exp(z). In analogy t0{2.12) and using (2.8} we can
establish the correlation of basis functions in the z and z
manifolds as
™ .oe a
@ (InZ + 47ri)
@ (Inz + 277i)

@ {in2)
@ (InZ — 277i)

@lz)— (2.20)

@ (InZ — 47i)
where in the latter we have an infinite-dimensional vector
whose components are numbered by the integers m = 0,
+ 1, 4 2, -, associated with the different sheets. Clearly
then in the basis (2.20) we have the correspondence of
operators
- 7
Inz + 4mi
Inz + 27

Zes Inz ; (2.21)
Inz — 2mi

Inz — 4ari

where the rhs is a diagonal matrix with the indicated values.

It is now interesting to get the correspondence of z in the
7 plane when we choose as the basis the set of irreducible
components of g(z) for the translation group ./~ whose ele-
ments T, imply the operation

1340 J. Math. Phys., Vol. 22, No. 7, July 1981

T, @plz)=@z+ 2mm). (2.22a)

We note first that the irreducible representations of the
translation group .7 are one-dimensional and of the form®

0<d <1, (2.22b)

with A characterizing these irreps. Thus the irreducible com-
ponents @ * (z) of the @(z) are given by®

T,, <—exp(i2mim),

ptz) = i expli2mAn)p (z — i2n), (2.23)
which clearly have the property

T,.¢*(z) = expli2mim)p * (z). (2.24)
Furthermore, we could define

@ =exp( — Az)p*(2), (2.25)

which implies from (2.24) that T,,®* = @4, i.e., it is invar-
iant under translations by 2mim and thus can be thought of
as a function of €%, i.e.,

@ A (Z) — e/lz¢ A (eZ).
We can now express ¢(z) as®
1 1 1
pl2) = f @t z)dA = J D e)dA = f ZPHDdA, (2.27)
(4] (8} 0

and more generally in the different strips of the z plane

(2.26)

1}
@z + 2mm) = J Fexpli2mAm|® * (Z)dA. (2.28)
(¢]
The set of functions
{047, 0<i<1} (2.29)

can be considered as a vector of functions of the Z variable,
with a continuous index A in the interval 0O<A < 1 rather than
the discrete and finite one appearing in (2.14) for the trans-
formation Z = 7*.

We now look for the product

2 (2) = J: ze* P * (e})dA
[l

where in the integration by parts we made use of the fact that
from (2.23)

(2.30)

limp *(z) = ¢ “(2). (2.31)
A el

If we denote by {¥*(2),0</A < 1} the vector in the Z
plane associated with the function ¢(z}=z¢ (z) in the z plane,
we conclude from (2.30) that

: J ‘ ] ,
vig= - 9 otz =J[__5/1—/1'¢* Alar,
(2) Py (2) ) Py ( )27 (2)
(2.32)
and we get the correspondence
zeofl — Lsia = ), 233
aA
where the rhs is a matrix in the continuous indices
M. Moshinsky and T. H. Seligman 1340



O0<A A ' < 1.

The representation (2.33) of the variable z, on the basis
associated with the irreps of .77, seems at first sight strange;
yet it has all the required properties. For example, for any
power 2%, x integer, an analysis similar to that carried for z
gives

ol — 1)"i5(,1 = A (2.34)
oA~
and thus we have also
expz<>||exp( — /A }5(A — A7) (2.35)

If we apply the rhs of the latter to @ *(2) we get a new func-
tion y (z) given by

Yz) = fol'z" [exp( — 8/04 )@ *(2)]dA
- J' Pt (5dd =z‘f0 FOA(RdA

= f @*2dA’ = ezfl¢ Hz)dA = e (2),
- ° (2.36)

where we made use of the fact that from (2.23)
@**'(z) = @ *(z). Thus we see that we have the relation

llexp( — 3/0A )8 — A"} =ZI6(k —A),  (2.37)
as we should expect from the fact that for the other represen-
tation (2.21) of z the exponentiation of the rhs gives Z multi-
plied by the unit matrix.

For the sake of completeness we give also the represen-
tation of the differential operator d /dz when we go to the Z
plane through the conformal transformations z = 2,z

= expz. In the first case we have to consider
d /% = P ) 74
dz d—l/KE? ®’ (@) =«Z v
[ 5)+ Z—M/xl~1(/1+
[ z z’“"(/i + 1+ KZ—)¢ (z')]
A=0

Ye)=—p(2) =
s (eat)ers]

+ 2% e ¢ (z) = Zz’““&l/’l_) {2.38)
d A=0
and thus the vectors
{06434 =01,k — 1}, {¥ HA =014 — 1},
are correlated by the matrix operator
[ 0 1+ Kz‘ii: 0 0
dz
0 0 2 + kz— 0
dz
d
—>
dz d
0 0 0 K — 1+ Kz2—
dz
d
K— 0 0] 0
"z i
(2.39)
1341 J. Math. Phys., Vol. 22, No. 7, July 1981

For the conformal transformation Z = expz, we have

¢(z)——«p @) = zd— o 7ad

f [('{ ”_)qb (ﬂ]‘“ J?W(E)d/l (2.40)

so that the vectors {®*(2),0<A < 1}, {#*(3),0<4i < 1}, are
related by the matrix operator

d _d ,

‘—1;-»”(2 = +A )6(1 A

As the commutator of d /dz and z is 1, we must have the
unit matrix for the corresponding operators in the Z plane.
This is easily checked using (2.19), (2.39) when Z = 2*, and
(2.33), (2.41) when Z = expz.

We now proceed to apply a similar analysis in the dis-
cussion of the structure of phase space.

(2.41)

3. THE STRUCTURE OF PHASE SPACE

If we have a phase plane whose coordinate and mo-
menta we designate by (g,p), we can consider in it a canonical
transformation to (g,p) which are functions of ¢, p such that

G5y, =229 919 _ (3.1)

As in the case of the complex plane, any observables,
i.e., functions of ¢, p, can be interpreted in two ways: as basis
functions, in which case they will be denoted by Greek letters
such as @ (¢,p), ¥ (¢,p), or as operators acting by multiplica-
tion on the basis function when they will be denoted by Latin
letters such as f(g,p). Thus when f(g,p) acts on ¢ {g,p) by
multiplication we get a new basis function ¢ (¢,p), i.e.,

Ylg.p) = flg.p)p (g.p). (3.2)

If we now have a canonical transformation taking us
from (¢,p) to (7,5) we can ask how does a function f(g,p)
transform to the new phase space. If the transformation is
bijective as, for example, the linear one

g=aq+bp, p=cq+dp, ad—bc=1, (3.3)

then there is no problem because inverting the transforma-
tion we see that

flg:p) =f(dg — bp, — cq + ap)=F (q,p)- (3.4)

If, on the other hand, the canonical transformation is
nonbijective then we face problems similar to those dis-
cussed in the previous section.*~” If—as will be the case in the
examples to be discussed below—we have several points (g,p)
that map on a single (7,p), we can investigate the group of
canonical transformations relating the (g,p) points. In pre-
vious references*™” this group has been given the name of
ambiguity group and it corresponds to the ©,, .7 discussed
in the previous section for conformal transformations. We
can then decompose the basis functions @ (¢,p) into their
irreducible parts according to the ambiguity group and these
will bring in indices of the A type of the previous section,
associated with the irreps, which for the phase space prob-
lem have been given the name of ambiguity spin. Using then
the ¢* [4(,5),p3,p)], with the A ’s taking an appropriate
range of values, we can associate with f(g,p) a matrix F (g,p)
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in a similar way as was done for the conformal
transformation.

We proceed to implement this program for two simple
nonbijective canonical transformations which have many
points in common with the conformal transformations
z7=17" z=expz.

A. Canonical transformations and their ambiguity
groups

We shall consider here only two nonbijective canonical
transformations. One of them will take us from an harmonic
oscillator of unit frequency in the variables (g,p) to one in the
variables (g,p) in which the frequency is (1/x) with « integer.
The other will relate (§,5) with the action and angle variables
(g,p) of an harmonic oscillator.

Taking units in which the mass, frequency of the oscil-
lator, and a constant of dimension of action are 1, we can
write for the first case the Hamiltonians in the variables (7,7)
and (g,p) as

2P+ ), MW+ (3.5a,b)
In (3.5b) we can carry out the point transformation g—«gq,
p—«~'p, and thus the first canonical transformation is de-
fined by the implicit equations*

Y7 +3°) = (1/26) 0* + 9°),

arctan(p/q) = k arctan(p/q).

(3.6a)
(3.6b)
Introducing the observables 7, £ by the definition

7=(1/V2)(g—ip) £=01/V2ig+ip) (37ab)

and similar expression for 7, £, we see that (3.6) imply the
relations

- 77“ z §K

1= e e O
as

nE =Y + ¢°) = K, (3.9)

From (3.8) the explicit form of the first canonical transfor-
mation is

K
qz K—I/Z(qZ _+_p2)(1 —xi/Zz(zs)qK—ZS( _ l)sp2s;
5 — —1/2(,2 23(1 — «)/2 K Kk—2s—1 — 1) 25+1.
Fexg 4 S N (=
(3.10a,b)

Turning our attention now to the second canonical
transformation, it implies that®

7= (2|q|)""*cos(gp/|ql), 7 =(2|q))'""*sin(gp/|q|), (3.11ab)
as from this it follows that
gl = 47* + &) = 7E, (3.12a)
(gp/|q|) = arctan(p/q) = iln(7j/& )"?, (3.12b)

and thus, in the present units, ¢/, gp/|q| are the action and
angle variables of the harmonic oscillator of coordinate ¢

and momenta p. Note that the rhs of (3.12a) is positive defi-
nite and thus we have equated it to |g| rather than to ¢. As
(gp/|q|) is the canonically conjugate’ variable to |g|, we have
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taken it as equal to the rhs of (3.12b).
Using the observables 77, £ we can also express (3.11) as

7= (Ig])'exp( — igp/|ql),

£ =(lq|)'expligp/|q|). (3.13a,b)

We now turn our attention to the ambiguity groups as-
sociated with the two canonical transformations discussed in

this section. For the first one we see from (3.8) that if we carry
the transformation

n—nexp(i2mr/k), E—Eexp( — i2mwr/k),

F=0,10% — 1, (3.14)

this does not affect the values of 7, £. Thus the ambiguity
groupis again ¢, as was the case for the conformal transfor-
mation Z = z*. The irreps will again be characterized by the
index A =0,1,.-..x — 1.

For the second canonical transformation we see from
(3.13) that the points g, p connected by

q9— —q, p——p, q—q, p—p + 2mm,

m=0,+1,4 2, (3.15)

map on the same 7, §7 and thus also on the same g, p. The
ambiguity group is then the semidirect product® .7 A.# of
the translation T, in the momentum variable by 27m,
m =0, + 1, + 2,., and of the inversion / in phase space for
which (g,p)—( — g, — p). As is well-known” the irreps of this
group are two-dimensional, i.e.,
0 1
I_’[l o]’

and characterized by the real index A in the interval 0<A < 1.
In view of the two-dimensional form of the irreps we need
besides A another index, which we denoteby o = + 1,
whose two values indicate the row of the representation.
Thus the irreducible basis of 7~ A .# will be a vector charac-
terized by the continuous index 0<A < 1 and discrete one
o= +1

The mapping of the phase spaces associated with the
canonical transformations (3.10) and (3.11) is given respec-
tively in Figs. 3 and 4. In Fig. 3(a) we see that the sector (2/k)
in the (g, p) plane is mapped on the full (7, p) plane of Fig. 3(b)
and thus the latter must have x sheets joined in the cut at the
heavy line on the real axis. In Fig. 4(a) we see that the strip
marked in the (¢,p) plane maps on the full (7,p) plane of Fig.
4{b). The strips on the right and left hand side of ¢ = 0 map

exp(i2mAm) O

0 exp( — i2mAim)l’ (3.18)

m

(a) (b)

FIG. 3. A sector 27/x in the (g,p) phase plane is mapped on the full (g,p)
plane by the canonical transformation (3.10). The cut connecting the differ-
ent sheets is the (,5) plane is marked by the heavy line.
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(a) {b)

FIG. 4. A strip in the (g,p) phase plane is mapped on the full (7,7) plane by the
canonical transformation (3.11). The cut connecting the different sheets in
the (§,P) plane is marked by the heavy line and dot.

two sets of infinitely sheeted manifolds joined along the cut
marked by the heavy line along the real axis. The lineg =0
is, from (3.12a), mapped on the point § = 0, p = 0, and thus
the two manifolds are joined at this point as indicated by the
dot there.

We consider now the matrix representation of the ob-
servables £ (g,p) in the (7,p) plane. We shall bypass the Rie-
mann surface picture, as its realization in the phase plane
follows straightforwardly from the discussion in the pre-
vious section, and work directly on the irreducible basis
equivalent to (2.14) and (2.29) for the conformal transforma-
tion problem.

B. Matrix representations in the (§,0) plane of the
observables 7 (q.p)

We start by discussing the representations for the ca-
nonical transformation (3.8). We consider as basis only en-
tire functions of g, p which, from (3.7), imply that they are
also entire functions of 7, £, i.e.,

emé)= 3 a.nE”

v,v' =0

_ Kil (_77_)(/1—/1')/2
AL oNE

X (77§ )(A+A')/2 Z anK+A,n'K+A' (ﬂk)" (§K)n’
[ (7 \12 E‘"'j"_ —
=S |(Z) ] eraér
ot €
The rhs of (3.17) follows if we replace A — A ' by A when
A—A'>0andby A —«if A — A’ <0. Itis clear then than

the remaining function @ # is invariant under the group %,
and thus it can be written unambiguously as a function of 7,

g.

(3.17)

The observable 7¢£ is invariant under ¢, and thus we
expect from (3.9) that ¢ corresponds to «7£ multiplied by
the « X « unit matrix. We postulate a similar relation for any
function of n£ and thus, for example, we have

1 0 0 «— 0
01 0 « 0

€)' *7€)’?lo0 0 1 - o] (3.18)
00 0 « 1

On the other hand, for (/£ )!/? we can consider the function
(m/&)""* p(n,£ ) and from (2.19) and (3.17) immediately con-
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clude that

0 0 0 (/€)?
1 0 0 0
1 0 0 (3.19)

(n/€)!*=| 0
0 0 . 1 0
Thus by multiplication of (3.18) by (3.19) or its inverse we
have the correspondences

[ 0 0 - 0 K'?q
.7)? 0 0 0
ne> |
"0 0 - ki) O
0 (kij£)? - 0
) ) N 3.20a,b
lo o w20
| k1126 0 0

We note that the rhs of (3.20a,b) are Hermitian conjugates to
each other as we would like to have in view of the fact in the
(¢,p) phase space £ = *. Furthermore, we obtain from
(3.18), (3.20) the correspondences

K_l/2(7]§ )(1 —KVZ,']K(__)ﬁI’ K—I/Z(,'?é- )(1 ‘K)/zé"‘eg_]’ (3.21)

(where I is the x X « unit matrix) which reflect the defining
relations (3.8).

We now pass to the canonical transformation (3.11) and
its inverse (3.12). We can again take ¢ (¢,p) and decompose it
in its irreducible parts according to the .7~ A # ambiguity
group. It is simpler though to start with basis functions
@l|q|.(gp/|q|)] which are invariant under the inversion oper-
ation (g,p)—{ — g, — p). In this case we have only to consider
the subgroup 7 of 7~ A.# and the analysis is similar to the
one carried in the previous section for Z = expz. Asin (2.23)
we have the irreducible components

¢ Llql.(gp/|q})]

= 3 expli2ramlp [ll.qlp — 2mm/q|]

m= — oo

explid (gp/|q|)] P* (7€ ), (3.22)
where @ # in the right-hand side is invariant under the ambi-

guity group and thus can be expressed as a function of 7, §.
In turn we have from (2.27) and (3.12) that

ollghlap/|a)] = f explid (gp/1])10* (7. )dA

- f (E/m 2P o FE)dA,  (3.23)

and thus an analysis similar to {2.30)—(2.33) indicates that we
have the correspondence

B~ L 2 gg 2, .

lq| i dA

On the other hand from the fact that |g| is invariant under

the ambiguity group the relation (3.12) translates into
11> (164 — A4 18,0 (3.24b)
In both equations (3.24) §,,., 0,0’ = + 1 appears be-

(3.24a)
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cause (gp/|q|), |q| are invariant under the inversion. Had we
considered, for example, g, p then the analysis in reference 5,
dealing with the inversion operation 7 only, indicates that all
we have to do is to replace §,,, by 08, or, equivalently, by
€,r Wheree, _=e_,=1,€e, =€__=0.

A similar analysis to the one given in the previous sec-
tions then indicates that we have also the correspondences

lg|'/?exp( — igp/|q|}=>7|[6(A — A 18,0 |, (3.25a)
\q|'2expligp/|q|)<>E |64 — A 8,0 ||, (3.25b)

which we expect from (3.13).

Thus we have found the matrix representations in the
(7,p) phase plane of relevant functions in the (g,p) plane, when
these phase spaces are connected by the canonical transfor-
mations (3.8) or (3.13). Note though that these matrices do
not satisfy in general the Poisson bracket relations with re-
spect to g, p. This would be true for example in the Riemann
sheet picture but as the transformation from this picture to
the one of irreducible basis is a function of g, p, as illustrated
in the conformal case by (2.13), it no longer holds in the latter
basis. The only exception is for Poisson brackets involving
functions invariant under the ambiguity group, such as
(3.25), which are then obviously independent of the basis.

4. CONCLUSION

While the examples discussed in the previous section
are very simple, it is clear that they provide a general ap-
proach to the study of the structure of phase space. What is
required for a given canonical transformation is to find first
its ambiguity group. We have then to decompose the func-
tions @ (¢,p) into their irreducible parts with respect to this
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group and acting on the corresponding vector in the (7,p)
phase space, to get the matrix form of observables in the
latter. Sometimes, as for example, when we go* from an os-
cillator of frequency 1 to that rational frequency (k /), where
k,k are relative prime integers, we require matrix observables
in both phase spaces.

What are the possible applications of the analysis devel-
oped in this paper? As already quoted in some of our pre-
vious references,*” this type of analysis is fundamental when
we want to find the representation in quantum mechanics of
nonbijective canonical transformations. Another, and pure-
ly classical, application could appear if we consider nonbi-
jective canonical transformations for the Boltzmann equa-
tion. But the main application may be the understanding
that phase space, as a carrier of canonical transformations, is
a more subtle concept than generally envisaged.
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When phase-space is a sphere, then conventional quantization is not available and the Heisenberg
algebra is most naturally replaced by so(3). Quantization may be carried out in terms of invariant
star-products. This leads to the study of an interesting family of polynomials that are defined ina
natural and intrinsic way on the enveloping algebra of sl(2). These polynomials are related to
Legendre polynomials by a reordering rule that resembles the relation between Hermite
polynomials and normal ordered monomials; they are identified as Pasternack polynomials and
related to Jacobi polynomials. New orthogonality properties are found and interpreted in terms of

unitary representations of SL(2,R) and SO(3}.
PACS numbers: 02.20.Qs, 02.10.Nj

|. INTRODUCTION

1. Conventional, canonical quantization is a procedure
that is based on the Heisenberg algebra and relies on the
existence of a global system of natural, canonical coordi-
nates; that is, with the possibility of identifying phase-space
with R ?". The 2-sphere is at once the simplest and one of the
most interesting spaces on which alternative schemes of
quantization are called for.

2. On S? the obvious choice for the algebra of distin-
guished observables to replace the Heisenberg algebra is
s0(3). We identify S 2 with an orbit # of the coadjoint action
of & = so(3) in the real, vector space dual & * of .«7. If
{L4}4 = 1,2,3isabasis for ., and {1, ] the dual basis for
&/ *, then we denote again by {L *} the coordinates defined
on &/ * by the basis {4, }. In this way the Lie algebra ./ is
identified with the vector space . ** of linear functions on
o/ *. The latter inherits the Lie structure, and this structure
defines a Poisson bracket on the space of C * functions on
& * in the usual way.

3. If g ;3" denote the components of the inverse of the
Killing form, then associated with the Casimir element of
the enveloping algebra there is as invariant function Q:

o *—R defined by

Q=g /L L% (1.1)
To each non-negative value of Q there corresponds a unique
orbit of ad*, in /*, and vice versa. The orbitis.S* for 0> 0
and a single point when Q = 0. The Poisson algebra on
C * («*) defines a Poisson algebra on C (W) for each
orbit W, and each W is a symplectic space.

4. The essential step in a quantization scheme on S?
based on .7 = s0(3) is the introduction of an invariant s-
product' (an analogue of the product introduced by Moyal®
for the conventional case). An <7 -invariant s-product on W
is an associative product defined on C ~(W), denoted fxg,
with the properties®

axf — faa = ififaf},
kskf = kf, (1.2)

“Permanent address: Physics Dept., UCLA, Los Angeles, California
90024.
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forallae.oZ, keC, feC (W ). Here {.,.} is the Poisson bracket
on W and 7 is Planck’s constant. It was shown* that every
invariant s-product associated with any orbit WC .&/* can
be constructed by restriction to W of an invariant s-product
on ./ *. Conversely, an invariant s-product on .« * can be
restricted to W if and only if the function Q:.«/ *—C defined
by

O=g'L '%xL" (1.3)
satisfies
Oxflw = 0nflw- (1.4)

Here éw is the restriction of é to W and thus a (complex)
constant by virtue of (1.2). It is sufficient to consider invar-
iant sg-products on &7 * that can be restricted to every orbit.
5.Fora = a L “e.«/ we define the solid Legendre poly-

nomial P, (a) as follows. Let ¢ >=g*%a ,a,,, where g*? are the
components of the Killing form; then P, (a) = {¢ °Q ) "/* times
the ordinary Legendre polynomial with argument cosf

= a(t*Q)~ "% Hence P, (a) is homogeneous of degree # in
la,} and alsoin {L*}. Let P, (as%) denote the same polyno-
mial, after symmetrization in {L * | and replacement of each
monomial L “L ®... by the corresponding -monomial
L "L %%-.- . It was shown’ that every invariant s-product
on ./ * that satisfies (1.4) is defined in terms of a sequence of
constants ¢, €C, withc, =¢, = 1, by

P,lax)=c,P,(a) (L.5)

together with a function é: .«7*—( that is constant on each
orbit but otherwise arbitrary.

6. The polynomial P, (as) in six variables can be ex-
pressed as a s-polynomial in a, with coefficients that depend
onlyont?, Q and #. It turned out, however, to be extraordi-
narily difficult to evaluate P, (a) in that form. It is the main
purpose of this paper to give information about these poly-
mials. It is evident that P, (ax) is defined (by homogeneity)
for all # in terms of its values for i = — /. If A= — /, then
askb — bxa = [a,b | = [a,b] and P,(ax%) can be interpreted
as an ¢lement & (a) of the enveloping algebra % of sl(2) by
replacing the s-product by the product in % . The problem
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is thus converted into an intrinsic structure problem on %,
and the &, (a) can be defined within that structure. In Sec. II
we give an intrinsic definition of # , (a) and show that these
polynomials are related to the Pasternack polynomials. In

Secs. [T and IV we give a number of properties of the &7 .la),
including orthogonality and completeness relations, some of
which seem to be new. All these orthogonality relations find

a natural interpretation in terms of unitary representations
of SL{2,R) and SO(3) {Sec. V).

i1l. HARMONIC POLYNOMIALS ON sl{2)

1. Notations: Letters a, b,-- denote elements of sl(2); if
{L*} A4 =1,2,3is abasis then components @, of a are de-
fined by ¢ = a, L # (summation implied). The field is C. The
adjoint action ad(a) is extended to a derivation of the envel-
oping algebra % of sl(2) by ad(a)f = af — fa; asslQ2), fe% .
The Killing form is given by

g(a,b) = =tr(ad(@)ad(d)] = g*%a,b,. .1
The Laplacian
a a a 4
v, =¢g" (————) =8 2.2
& da 8as da, dag @2)

acts on functions on sl(2) with values in % . The Casimir
element

Q=1V,a> =g, 'L 'L % @.3)

generates the center of % , and we need two operators asso-
ciated with it, namely

0w =1V, lad(@)]* =g;; adL*)ad(L ®),  (2.4)

0, =1V,11(@)* =g L (LLE). (2.5
The former operates on % ; I (a) denotes the vector field
defined by left translations on the local Lie group, 9, acts on
functions from sl(2) into % .

2. Let %, C % denote the subspace that consists of
symmetrized, homogeneous polynomials of degree s, so that
% , as a vector space, is the direct sum of % ,, n =0,1,..., .
The dimension of % , is (n + 1)(n +2)/2. Now % , is stable
under the adjoint action, and completely reducible: Z |,

=7"e? ) _, ®-.Wehave

U, =7700%, 1, 7, =014
therefore it is sufficient tostudy 27, =7"7. The dimension of
¥, is 2n + 1. The vector space 77, considered as a sub-
space of % ,, can be characterized in many ways, for
example:

(i) If Fesl(2) is nilpotent, then F"€?”, and 7", can thus
be generated from F” by means of the adjoint action.

(i) fe% , belongs to 77 ,iff Q,.f = — 4n(n 4 1)f.

(iii) 7,,.; L "L ", with T symmetric in all the indices,
belongs to 7, iff T'is traceless in the sense that g"T ; - = 0.

(iv) An invariant function f from sl(2) into % , takes
valuesin 77, iff V, fla) =0.

In (iv) an invariant function fromsl(2) into % is one that
satisfies, for b near the origin,

e flale " =fle ~ae®), a,besl{2).

(Here we need the extension of the enveloping algebra to its
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formal closure, composed of formal power series, for the
sake of giving a meaning to these expressions.)

3. The function from sl(2) into % , defined by a g—a”
enjoys the following properties: (i) it is an invariant function
in the sense defined above, and (ii) the vector space generated
by all @”, aesl(2), is % ,. The harmonic polynomia! 2 (a)
plays the same role relative to 77,.

Definition 1: We call harmonic polynomial of degree n
on si(2) any invariant function from sl{2) into 7~,,.

Proposition 2: Up to a multiplicative factor, there exists
one and only one harmonic polynomial of degree n, for each
n=0,1,-

Proof: Let 7, (a) be a harmonic polynomial of degree n,
and let Y be a regular element of s(2). Then, because
avr>Z ,(a)isinvariant, 7, (a) is determined by & (Y ), and
ad(Y) 7 ,(Y)=0. Now 27, is an irreducible sl(2) module
defined by the adjoint action; thus 77, contains precisely a
one-dimensional subspace on which ad(Y') vanishes.

Definition 3: We denote by # ,(a) the unique harmonic
polynomial of degree n that is so normalized that it reduces
to [(2n — 1)/n!] @ ” when a is nilpotent; in particular,
Poa)=1land 7 (a)=a.

4. To evaluate 2 ,(a) explicitly one may apply any one
of the characterizations (i)—{iv) of 7”7, enumerated above.

(i) Let F, G, Y be a basis for s1(2), with F, G nilpotent and
Y regular. Then there is a constant d,, such that

#\Y)=d,[ad(G)]"F";

(i1) Again, up to a constant factor, 7, (a) is determined
as being the only invariant solution of

0.7 (@)= — 4n(n + )7 ,(a); (2.6)
(iti) An explicit formula is’

1 i ~
l(y"(a) — _(_z_n._n'_l_)_ a[l 'ai,, Tj(ln)j" ik, LJ-,..L In , (27)

where T is the traceless projection operator for symmetric
tensors of rank ». This shows that the image of ¢ ,{a) in the
symmetric algebra (by the natural bijection) is the solid Le-
gendre polynomial;

(iv) Finally, Z,(a) can be evaluated by solving the
equation V, &Z, (a) = 0.

5. One finds, with £ * = g(a,a)

Pa)=1, P @=a Za)=¥ -3’0,
‘O}U(a): 2

k=nn—2.
but the coefficients 4 ’,‘,(Q\ ) become very complicated as n
grows. To study the general properties of these polynomials
we shall use another method.
6. Evaluation of 7 ,(a)
The vector field (b) associated with left translations on
the local group can be defined by

a4 4(0), 29

[b—1(b)]e? =0; (2.9
therefore
[0- Q)¢ =0. 2.10)

“The tangent space at any point of sl(2) can be canonically
identified with si(2), and this allows us to write
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—1(b)|, =b+i[bal + 1l[bal.al + -
= i 1 B, x"b,
n=20 n!
where x is the linear operator xb = ad(a)b and the coeffi-
cients B, are the Bernoulli numbers. Let t 2 = g(a,a); a calcu-

lation yields®

@.11)

2 1

0, =8+ ——08,+ ——0us- .12)
tans 4 sin“t

Hered, is the “radial” derivative; that is, td, = a(d/da)is the
generator of the homothety group on sl(2).
Suppose that there is a formal expansion

=Y C(0N7, @),
then (2.10), (2.12), and (2.6) give an equation for C, ; namely

: n(ntl) - é]t"Cn(@t)=0. (2.14)

(2.13)

a+ a, — '
tans sin<t

The function

) 1(2n+1) (L)"e-[ﬂAQﬁ( 1 ), 2.15)
(n+ A )sint \¢ i tant

where Q7 denotes a Legendre function of the second kind, is

a polynomial of degree n — 2 in A 2. A solution to (2.14) is
obtained by substituting

As1-0Q (2.16)

in C (1), and every solution to (2.14) that is regular in ¢ near
t = O is of this form, for some choice of the constant ¢, .
When the solution to (2.14) determined by (2.15), with
¢, = 1, n =0,1,--- is substituted for C,(Q,t) in (2.13), then
one recognizes (see below) an expansion in terms of Paster-
nack polynomials. Thus, with the identification (2.16)

P (@) =(—t)A+1),Fia/t). (2.17)

In the next sections we have collected some information
about these polynomials.

I, PROPERTIES OF THE HARMONIC POLYNOMIALS

1. When the expression (2.7) is evaluated in the symmet-
ric algebra of s1(2) one obtains the solid Legendre polynomial
P, (a). Thus one may write

& ,(a) = symP, (a), 3.1}
where sym stands for symmetric ordering. This is analogous
to the formula for Hermite polynomials as normal ordered

monomials: H,, o :x": Perhaps (3.1) is directly related to Pas-
ternack’s definition’:

Ci*t)=c

cosh® * Ix F? (—;—) cosh ~*~x = P, (tanhx].
X

(Here P, denotes the ordinary Legendre polynomial.)
2. Pasternack gives an explicit formula® for F7#, as a
generalized hypergeometric function, that we may write as

;%n (a) = ( - tJ"(/l =+ l)n
—n, n+1, A+1 +a/tJ/2)
F, . .
X ( 1, A+1 1 (3-2
3. From (2.13), with C,,(Q,t) given by (2.15) and using
well-known recursion relations for associated Legendre

1347 J. Math. Phys., Vol. 22, No. 7, July 1981

polynomials, one finds®
n+DZ, (@=02n+1)a? . (a)

+ n(d 2_ nz)t 2?,, ,,1 (@.
3.3)

This agrees with a recursion relation given by Pasternack.'®
It was this relation that led us to (2.17). The explicit formula
(2.13) was given by Bateman'' for the case A = 0 only, the
general case may be new.

4. There is an interesting relationship between the Pas-
ternack polynomials and Bernoulli numbers.'> Perhaps this
is related to the appearance of Bernoulli numbers in Eq.
(2.11).

5. The role of harmonic polynomials as the solutions of
physical problems was noted by Pasternack'?; especially
noteworthy is their connection with the mean values of
r~"~2 in hydrogenic atoms.

6. There is a simple relation between harmonic polyno-
mials and Jacobi polynomials that may be exploited to ob-
tain orthogonality relations, including cases that apparently
have not been noted previously. Such relations are derived in
the next section, and interpreted in terms of the representa-
tion theory of SL(2,R) and SO(3) in Sec. V.

7. Finally, there is a finite difference equation satisfied
by the Pasternack polynomials,'* reproduced here in the Ap-
pendix, Eq. (AS). In terms of #, (a) it reads

A@+AHAP (@)= —4n(n+1) 7 (@), (3.4
where 4 is the finite difference operator
Af@) =f @ +it) — fla — i)/t 2 3.5)

Comparison with (2.6) is very suggestive, but we do not know
how to derive (3.4) directly from (2.6). By group contraction
or “classical limit” from (3.4) one obtains Legendre’s differ-
ential equation for P, (a).

IV. ORTHOGONALITY RELATIONS AND
GENERALIZATIONS

Let P\™")( p) denote the Jacobi polynomials given by
Eq. (A1) in the Appendix, and define

W) = (L= gL+ PP ),
n=012- Reax>—1 Ref > — I (4.1)

Let a,B be fixed. Considered as complex-valued functions on
[ —1,1], this sequence generates a vector space that is dense
in L ( — 1,1). One has a biorthogonality relation'>:
(UGP y )

1

= | P PuP(p)dy

—1

_ 2248 P(na+Dl(n +B+1) 5 4.2)
nC(n+a+B+0Qn+a+B+1) ™
[Ifa+8= —1,thenforn =0replaceCn +a + L +1)
by 1.]
Let V:L *(—1,1)—L *(R) be the Hilbert space isomor-
phism given by

— Xt
e

(VF)(x) = 2m) 72 L ——f(tanhe) dr 4.3)
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and define

VB = Pyyleh), (4.4)

These functions can be evaluated explicitly in terms of gener-
alized hypergeometric functions, Eqs. (A2)-(A4) of the Ap-
pendix. As those equations show, v®#(x)/v§#)(x) is a poly-
nomial of order n.

Finally, let G (“#)(x) be the polynomial (of order n),
proportional to v'*#)(x)/v*#(x), having a unit coefficient
for the term x”. Then

Gt

_ 2i)"(e + 1), (a+ﬁ+2)
m+a+p+1), 2 p
><3F2<“n’ n+a+p+1, 5(1x+a+1))'
a+ 1,
(4.5)

Ya+ B +2) 1
Using recursion relations for the Jacobi polynomials
one derives the recursion relations (AS) for G “#)(x). Com-
parison with the recursion relation (3.3) for &, (a) one makes
the following identification:

1
7 @ — (2n — 1
O—1— A7 n!

t"G'\ " Mast). (4.6)

We now give orthogonality relations for G }{x)
=G % ~*)(x). The general case of G *#)(x} is given in the
Appendix, Eq. (A5).

Case 1,0<A < 1 (Supplementary series): The following
result, which is not new,'® is easily derived from {4.2):

A A dx
J;x GG i) cosmA + coshmx
221 =4),0 + A ), (nl)?
T singd [(2n — INP2n + 1)

Completeness is also easily verified. We call this case the case
of the supplementary series because the correspondence
QO—1 — A 7 assigns to Q the values taken by the Casimir ele-
ment in the supplementary series of unitary representations
of SL(2,R). We next consider the other unitary representa-
tions of SL{2,R) and of SO(3).

Case 2, A imaginary (Principal series): The result (4.7)
still holds; completeness can also be verified.

Case 3, A = 1,2,.-- (Discrete series): In this case the recur-
sion relation (AS) shows that G \*~,*!(x) contains G ;(x) as a
factor:

(4.7)

Gl (0=G} . "x) =Gix)G " x), (4.8
Gi)= [ [x+i(l — 4 +2K)]. (4.9)
Instead of (4.7)
A . A dx
L i s )G () |cosh(m/2)(x + id )|
_z “H -l 4+ AWNn + AN +24) 5 .(4.10)

[F(n4+A+1/2D)1PQrn+24+1)
Now it is the system (G {**(x)),.., that is complete. Of
course, these polynomials are orthogonal for the measure
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|G % (x)/cosh(m/2)(x + i) |? ' dx. Orthogonality is thus
verified for all those values of Q = 1 — A ? that correspond to
unitary representations of SL(2,R). It remains only to con-
sider unitary representations of SO(3).

Case 4, A = 1,2,-.- (Finite case): Let us put

A=2+1,1=0, 113,
i"n! X

A asn tn - + 1),

(2n — D! ( 2

n=01,.4-—1.

Then the polynomials ¢, (z) are the “discrete Tchebi-

cheff polynomials”.!” They have the discrete orthogonality
property

G (ix) = 4.11)

! 6””’!
3 tn ()t () = S22 (N — )N — 4 DN )

Thus
+! —_—
Y GLQik)G,(2ik)

k= —1

= 1 n 2 - -_ e
T 241 [(Zn—l).f!} @ —md —n+ 10 +n)s,,.

4.12)
Thesystem{G ,{x)}, _ o, 1 iscomplete on {x = 2ik;
k= —1I, — 1+ 1,.,/}. This final result suggests an inter-

pretation of all the orthogonality relations in terms of uni-
tary representations of SO(3) and SL(2,R).

V. INTERPRETATION OF ORTHOGONALITY
RELATIONS

Let a T, be a unitary irreducible representation of
the compact real subalgebra so(3) of sl(2), by antihermitean
matrices of dimension 2/ + 1 ( = any fixed non-negative in-
teger). Then Q—1 — A% = — 4/(l + 1) and we take
A =2l + 1.1ft? = g{a,a) = 1, then the spectrum of T, is the
set {2ik;k = — 1, — I + 1,...,/ |, and the "orthogonality” re-
lation (4.12) may be written L — in view of (4.6)—

tr{Z (T)Z,.(TH]
= (1/Qn + 1)) — n)A — 1+ DA + 1)8,,,,. (5.1)

In other words, these orthogonality relations express
orthogonality in the Hilbert algebra generated by the Hil-
bert-Schmidt operators & (T, )—here in the finite-dimen-
sional case. We believe that an analogous interpretation of
the other orthogonality relations is possible.
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APPENDIX: ADDITIONAL FORMULAS

Jacobi polynomials are defined by

P y)
a+1 —
= (~—+‘*)"—2Fl(—n,n+a+ﬁ+l;a+l; 1—5—)—})
nl
(A1)
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for n integer, a-and S complex, Rea > —1 and Ref> —1.
Egs. (4.3) and (4.4) give

e~ ixt—tla—8)2
o) = @m) =\ f (coshr )\ +#+272
X P*# (tanht ) dt, (42)
veB(x) = (a:% v (x)
—n, nt+a+B+1, Yx+a+l)
><3Fz(a+1, Ya +B+2); ! )
(A3)
v P (x) = (2m) 22+ PR (a * 12+ = 12_ i") ‘

(A4)

The polynomials G “#)(x) defined by Eq. (4.5) are the

monic polynomials proportional to v{®#)(x)/v§4(x). They

satisfy the folowing recursion relations, derived from recur-
sion relations for P “#) or directly from Eq. (4.5);

G P (x) = xGE(x) — y,GEA (x), n>l,

n+1 n—1
nn+a)n+B)n+a+pB)
@n+a+B)-—1

(A5)

if @+ B+ 150,

Ve = i+ )n—a—1) ifa+B+1=0,n>1,
—jal@+1) if @ +B+1=0,
n=1.
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Finite difference relations can also be derived, for example,
[x +ie+ 1] [x+i(B+DIGT(x +2i)
+ [x—i@+1)] [x — (B +1)]IGTH(x —2i)
=2 —2n+a+B+1)—(@+1)B+1)]
X G@P)(x) = 0.
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We reconsider a well-known classification, due to Wigner, of the unitary—antiunitary finite-
dimensional irreducible group representations within a somewhat generalized mathematical
framework, where, in particular, any algebraically closed field K with an involutory
automorphism j is considered in place of the complex field C. We show that each case of the
classification can be characterized by the set % " of the linear mappings that commute with the
given set %, which is now assumed to be an irreducible semigroup of linear and antilinear (i.e., j-
semilinear) mappings, and explicitly exhibit % ". Then, this classification is crossed with the
classification of the sets of linear and antilinear mappings that has been obtained in some previous
work and that generalizes the old classification of the unitary representations introduced by
Frobenius and Schur. We obtain a new classification in which every case can be characterized by
the group % of the invertible linear and antilinear mappings which commute with the semigroup
. Whenever % represents the symmetry group of some physical system, %° may represent
“internal” symmetries, so that the problem of finding these symmetries is now related to some
natural classification of % . In particular, it turns out that in four cases % ° reduces to its linear
part %' = %"\ {0}, whereas in the remaining nine cases % ° is an extension of % through G,,
which reduces to a semidirect product, but not to a direct one, in three cases and to a direct

product in three cases.

PACS numbers: 02.20.Nq

1. INTRODUCTION

According to a classification introduced by Frobenius
and Schur in 1906' and reported in a number of books on
group theory,”™ there are three kinds of unitary finite-di-
mensional complex group representations:

(i) representations which are equivalent to a real repre-
sentation (potentially real case);

(ii) representations which are equivalent to their com-
plex conjugate representation, but not to a real representa-
tion (pseudoreal case);

(iii) representations which are not equivalent to their
complex conjugate representation (complex case).

On the other hand, the irreducible finite-dimensional
complex group corepresentations (i.e., representations by
unitary and antiunitary operators) can be divided into three
types according to a classification introduced by Wigner®:

Type I: the unitary part of the representation is
irreducible;

Type II: the unitary part of the representation reduces
to the sum of two equivalent representations;

Type 111: the unitary part of the representation reduces
to the sum of two equidimensional inequivalent
representations.

These classifications have been combined in a remark-
able work by Dyson,” who has shown, making use of Weyl’s
general theory of matrix algebras and their commutator al-
gebras® and of the theorem of Frobenius® that if the classifi-
cation of Wigner is applied to an irreducible corepresenta-
tion and the classification of Frobenius and Schur to the
linear part of it, the nine case which might arise actually

“Research supported by CNR and INFN (Italy).
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occur; each case is characterized (with the exception of one
case only, which splits further into two subcases) by the ca-
nonical form of the algebra A over the real field R generated
by the linear part of the representation or, equivalently, by

the canonical form of the R-linear commutant of this algebra
(commutator algebra of 4 ). Thus, Dyson obtains a new and
more detailed classification. This classification has two fea-
tures which are perhaps unsatisfactory; indeed, (1) it crosses
a classification which applies to corepresentations with an-

other classification which applies to unitary representations
and (2) the R-linear commutant of the linear part of the re-

presentation, which characterizes every possible case, does

not seem to have a direct physical meaning.

Here we start from some previous work '’ where the
classification of Frobenius and Schur was generalized by
ourselves, together with other authors, in such a way that it
can be applied to any set % of (not necessarily linear) map-
pings of a vector space X over a division ring K with an
involutory automorphism j (conjugation); we remark explic-
itly that we neither assume that X is finite-dimensional nor
that a scalar product is defined in X (hence we do not assume
that the mappings of % are unitary). The three cases which
can occur can be characterized by sets of equivalent proper-
ties of the set % or of its ““linear—antilinear centralizer” or
commutant group % © (i.e., the group of the invertible linear
and antilinear mappings of X which commute with % ).

In particular, since % turns out to be an extension of
its linear part % through the abstract two-element group
G, whenever it does not reduce to %, the three cases of our
classification can be characterized as follows:

(i) %© is isomorphic to a semidirect product of % ' and
G,,
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(ii) % ¢ is an extension of % ' through G, but is not
isomorphic to any semidirect product of % and G,,

(iii) % coincides with % °.

This characterization seems especially interesting,
since % © has an independent and important physical mean-
ing: when % represents a given group of symmetries of some
physical system, % © may represent “internal”
symmetries.'"'?

These results have been deepened in a mathematical
work,'* where we investigated some properties of the mor-
phism associated with the semidirect product and in particu-
lar the possibility that the semidirect product reduces to a
direct one. This investigation leads to a refined classification,
which is sixfold instead of threefold only since the “poten-
tially real” case splits into three subcases and the “pseudor-
eal” case into two subcases.

Thus, the idea arises to combine these new classifica-
tions with the Wigner’s classification (which can be applied,
however, only under more restrictive assumptions, first of all
irreducibility); this, then, is the problem that we are going to
discuss here.

In Sec. 2 we give a synthesis of our generalization of the
Frobenius and Schur classificaton and of its refinements; we
express here these results in a slightly modified form, which
makes them more suitable for use in the following in this
paper.

In Sec. 3 we generalize the original Wigner classifica-
tion to irreducible linear—antilinear semigroup representa-
tions in a vector space X over an algebraically closed field K
with a conjugation (we remark that our operators are no
more requested to be unitary or antiunitary) and give the
explicit form of the linear commutant %" = % “0{0} (the
equality holds because of the irreducibility of %) of the re-
presentation in each of the four cases that can occur (there
are four cases and not three because we also include those
representations whose antilinear part is void). Whenever
K = C, our Proposition 1 has essentially the same content of
Dyson’s equivalence Theorem I'%; yet, it gives % " as a set of
operators in the vector space X over C rather than as a set of
matrices in a real vector space, as Dyson does because of his
use of Weyl’s theory and Frobenius’ theorem.

In Sec. 4 we cross this classification with the one that we
have obtained when generalizing Frobenius and Schur’s;
then, 12 cases are abstractly possible. A nontrivial result is
that one of them cannot occur; any one of the 11 remaining
cases can be characterized by a set of properties of % or %°.
In particular, it turns out that in four cases % © reduces to its
linear part %' and in seven cases it is an extension of %
through the two elements group G,; in the latter possibility it
may be a semidirect product (four cases) or not (three cases).
Then, we consider further the more refined classification dis-
cussed above; due to the crossing with the Wigner classifica-
tion, it turns out that only two of the cases split in subcases:
In each of these cases % is isomorphic to a semidirect prod-
uct, and the two subcases refer to the possibility that % ¢
reduces or not to a direct product. Thus, we get 13 distinct
possibilities, and each of them can actually occur, as we
show giving simple examples in Sec. 5'%; we stress again that

1351 J. Math. Phys., Vol. 22, No. 7, July 1981

any case is characterized by a mathematical object (the lin-
ear-antilinear centralizer) which admits a physical
interpretation.

Finally, we outline that throughout our work we have
made an effort to minimize the mathematical assumptions
which are needed to obtain our results; this, besides contrib-
uting a welcome simplicity, also helps to pinpoint the essen-
tial mathematical features upon which our arguments hang
{for instance, we have dispensed with the assumption that a
scalar product exists in X everywhere; furthermore, our re-
sults do not depend on the field one wants to use as the basic
field, provided that this has a conjugation and is algebraical-
ly closed).

2. THE LINEAR-ANTILINEAR COMMUTANT

As we have already announced in the Introduction, this
section is devoted to giving a synthesis of the classification
obtained by the authors of the present paper together with
others'® and of the further refinements that have been re-
cently introduced by the authors themselves in a mathemat-
ical work'?; the presentation of these results will be made ina
slightly simplified form. At the end, we add a remark that
can be useful in applications: here, we use a bicommutant
theorem which was stated by the authors and others in an-
other mathematical work on this subject.'®

Let us start by introducing some preliminary concepts.
First, we give two definitions that will be used throughout
the present work.

Definition 1: We call any division ring K endowed with
a nonidentical involutory automorphism j:a—@ a division
ring with a conjugation. We call the subdivision ring of K
which consists of the self-conjugate elements of X the j-in-
variant subring A of XK.

Definition 2: Let X be a vector space over a division ring
K with a conjugation j. We call any mapping of X which is
semilinear with respect to j an antilinear mapping.

Let % be any set of mappings of X. We denote the sub-
set of all the linear {antilinear) mappings of % by %' (%*).

We denote the set of the mappings of X that commute
with all the mappings of % by %’. Hence %" (linear com-
mutant of % )and % " (antilinear commutant of %), respec-
tively, are the multiplicative semigroup of all the linear map-
pings of %' and the set of all the antilinear mappings of % .

We call the set of the invertible mappings of the /inear—
antilinear commutant % ""0% '*, that is, the multiplicative
group of the linear and antilinear invertible mappings that
commute with %, the linear-antilinear centralizer (or com-
mutant group) of % and denote it by % . Hence, % (linear
centralizer of %) and % ** (antilinear centralizer of %), re-
spectively, are the subgroup of all the linear mappings of % ¢
and the subset of all the antilinear mappings of %°.

Second, we give a list of the not yet defined symbols that
will be used in what follows.

List of symbols:

6: the mapping from % © into the set of the mappings of
% < into itself such that, for any A€ %,

O(A): LeW“—ALA ~'e%9
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&: semidirect product

&, : the semidirect product associated with the mor-
phism ¢

X : direct product

G,: the abstract two-element group

E: the identity mapping

Third, we convene that any equality of the form
U° = Y&, {EJ }, with J antilinear involutory mapping,
that will appear in what follows must be intended in the sense
of the identifications (L,£ ) = L and (L,J) = LJ for any
Le%~.

Now, we come to the classification introduced in Ref.
10. As a preliminary result, we recall that, for any set % of
mappings of X such that % “* is nonvoid, % * is an extension
of % through G,, since %° = %% “A with Ae%*.
Then, for any set % (nonnecessarily irreducible) of linear
and antilinear mappings of X (the original results are formu-
lated for sets of arbitrary mappings; the restriction to sets of
linear and antilinear mappings allows the formulation of our
results in terms of matrix representations), one of three mu-
tually exclusive cases occurs, each of which can be charac-
terized by a set of equivalent conditions as follows'”:

(i) % potentially real: A basis exists in which the matrix
representation of % '® is self-conjugate (i.e., the matrix ele-
mentsbelong to A ); equivalently, a mapping Je% “* such that
J? = Eexists; equivalently, % ° = % &, (E,J }, with J anti-
linear involutory mapping (hence % is isomorphic to a se-
midirect product of % ' and the abstract two-element group
Gy);

(i} % pseudoreal: The “conjugate” representation of %
(i.e., the representation obtained by conjugation of the ma-
trix elements of % ) is equivalent to the matrix representation
of %, but no basis exists in which the matrix representation
of % is self-conjugate; equivalently, % “* is nonvoid but
A 2E for any A€% °*; equivalently, % * is nonvoid but % ¢
is not isomorphic to a semidirect product of % and G,;

(iii) % complex: The conjugate representation is not
equivalent to the matrix representation of % ; equivalently,
G 1s void.

This classification immediately leads one to wonder
about the morphism & (see the list of symbols above) and the
possibility that the semidirect product reduces to a direct
one; by investigating these problems we have shown, in par-
ticular, that cases (i) and (ii) can be divided in subcases by
considering the set Zu% © or its center
(ZU%F = %°n% ."* Our main results can be summa-
rized by the following statements:

(a) the set 2 U% © is potentially real [equivalently, apply
(i) above, the center (2 U% °)° of % © contains involutory anti-
linear mappings] if and only if 2° = Z°'X {EJ }, with J
involutory antilinear mapping;

{b) the set % u%© is pseudoreal [equivalently, apply (ii)
above, the center {2 V% °)° of % contains antilinear map-
pings but none of them is involutory] if and only if % * is
nonvoid and the mapping € (4 ) is inner for any Ae % ** and
nonidentical for any involutory Je % °*,

(c) the set Zu% © is complex [equivalently, apply (iii)
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above, the center (% V% °)° of % © does not contain antilinear
mappings] if and only if either % * is nonvoid and the map-
ping € {4 ) is not inner for any Ae % “* or % ** is void.
Hence, case (i) can generate three subcases, case (ii) two
subcases (% U% © cannot be potentially real if % is pseudor-
eal), case (iii) no subcase {ZU%° is complex whenever % is
complex), each of which can be characterized as in {a}, (b}, (c).
To conclude, we remark that, whenever % “ coincides
with the set % . of all the invertible mappings of %, the
center {Z U °) of % ° coincides with the “invertible center”
% 0% of %, i.e., with the set of all the invertible mappings
contained in the center of % ; indeed, we have
(ouY = UNU* = U . = U n% {the last equality
holds because % ° consists of invertible mappings only). This
occurs in many interesting cases; for instance, whenever X is
finite-dimensional, A is commutative and % is the set of the
linear and antilinear mappings of an algebra with identity
over A (i.e., over R whenever K = C)and itisirreducible (the
proof of this statement requires the use of the bicommutant
theorem of Ref. 12'° and some simple results about the com-
mutants of irreducible sets of mappings'®). Thus, in particu-
lar, it occurs whenever % is the set of all the linear and
antilinear mappings of an algebra over A generated by an
irreducible linear-antilinear representation.

3. THE LINEAR COMMUTANT OF IRREDUCIBLE
REPRESENTATIONS

Definition 3: Let X be a vector space over a division ring
K with aconjugationj. Let ¥ be any semigroup. We call any
homomorphism U from ¥ into the (multiplicative} semi-
group of all the linear and antilinear mappings of X a /inear—
antilinear representation of ¥ in X. We call U’ the “linear
part” of U, i.e., the restriction of U to the subsemigroup
U—us)).

When referring to linear-antilinear representations, we
will make use of the usual definitions and techniques of re-
presentation theory.

Then, the following proposition gives a classification of
the irreducible representations which are linear—antilinear
and satisfy some simple additional requirement according to
the form of their linear commutant:

Proposition I: Let X be a finite dimensional vector space
over an algebraically closed field K with a conjugation j.*°
With reference to Definitions 1,2,3 let ¥ be a semigroup and
let Ube an irreducible linear—antilinear representation of .~
in the vector space X such that the antilinear part % * of
% = U(5) either is void or contains an antilinear mapping
A together with its inverse {in the latter case % necessarily
contains the identity mapping E of X).

Then, one of the four mutually exclusive cases de-
scribed by the rows of Table I occurs, and specifically:

(A) Concerning U: First, we classify the possibilities for
U as follows:

(i) U= U" (hence U" is irreducible; %* is void);

(ii) U # U'(i.e., %" is nonvoid) and U irreducible;

(iii) U # U (i.e., %*is nonvoid) and U" reducible.

Whenever U #U', %* = %'A =A%
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TABLE I. Classification of the linear—antilinear irreducible representations by means of their linear commutant.

4l 74 o
v =0 %" irreducible %" =KE
%"= AE
%' reducible [then,
Uits) 0 ) . aE, O
%' =( and U\ +U! W= _.. Jaek
s) 0 ULls) 1 2 0 &K,
wr£D Y =A% with U, ~U), (then,
0 A, Ul T U T = | % BT”):a,ﬂeK]
A= 0 2 =42 t4 2 77T12 1 EE;
2t .
Ap=n"TpAxTy)

Here, @ is the empty set, ~ denotes equivalence of representations, E,, E, are the identity mappings of X, X,, respectively.

In the possibility (iii) the linear part U of U reduces in
two equidimensional irreducible subrepresentations,

U'= U} @ U}, (hence the dimension of X must be even), and
the corresponding matrix representation’® of A (hence of
% *) is “‘off-diagonal.”

The possibility (iii) splits further as follows:

(i) U£U,U'= U\ ® U}, withinequivalent U, U;

({li") U# U, U'=U' @ U}, with equivalent U\, U},.

In the case (iii"}, for any T, such that
U\ =T,ULT ;" a unique element nek exists such that,
referring to the matrix representation considered above,
nA,, = T,,4,,T,, (moreover, €A, né{AeK:

A =a@aek }).

(B) Concerning % ": The linear commutant % "is a divi-
sion algebra over A (hence % " = % 'u{0}) and the four pos-
sibilities listed in {A) are characterized by % " according to
Table I. Thus, either % " is isomorphic to A (row 2 in Table I)
or to K (rows 1 and 3 in Table I}, i.e., it is a quadratic algebra
over A,” or, finally, to a division algebra of rank 4 over A
(row 4 in Table I), i.e., whenever the characteristic of A is
different from 2, it is a division ring of quaternions over
A .22,23

Proof: Part (4 ): We observe that, in cases (ii) and (iii),
U= U'A=UA""=A%" = A "%, this is indeed an
easy consequence of the assumption that % is a semigroup
and of the existence of 4 and 4 ~!in %>

Let us consider case (iii), and let X, be an irreducible %'
-invariant subspace of X. Then, the set X, = 4X, is also a
nonzero proper subspace of X (which obviously has the same
dimension as X,) and %°X, = X,, %°X, = X,, %'X, = X,
because of the result obtained above. Thus, X, is also a % -
invariant subspace of X (it is obviously irreducible), X,nX. > I8
void [since % isirreducible; indeed % (X,nX,) = X,nX,] and
X, ® X, = X (again because of irreducibility). This shows
that U' can be expressed as the sum of two equidimensional
subrepresentations, U' = U @ U',. Hence, any linear map-
ping Le %' can be written in the form

L___(Lll 0)
0 Ly

Since AX, = X,and AX, = X, the mapping A can be written
in the form

Az(Ao A,z)
21 0
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(where 4, and 4, are antilinear mappings); hence, we easily
get, by making use of the equation %* = 4%, that the ma-
trix representation of %*® is “off-diagonal.”

Now, we easily derive the following observations:

(1) Let two linear mappings M ,,:X,—X, and
M,,:X,—X, existsuchthat L, = M,,L,,M,, for any Le %,
then, M,, = M |, ' (hence the representations U' and U},
are equivalent);

(2) Let T',,M,, be linear mappings that implement an
equivalence between U} and U),. Then M,, = aT,, with
aek.

Observation (1) follows immediately by setting L = E;
observation {2) follows from the equation

Ly =T,LpyT 5 ' =M,L,M ;!

that holds for any Le %', by making use of the Burnside
theorem.” Then, let U and U}, be equivalent and let their
equivalence be implemented by the linear mapping 7',..
Since ALAe %', we get

ALy = TpAdy LA, T ;!
that is,

Ly =A45'T 54,004 A 5!
hence, because of observation (1),
Ay TpA 5 =(A45'T ; '4,,)” ! and, because of observation
(2), 74 5 'T 341, = T, with nek, ie., A, = T4, T),.
Moreover, by substituting this last equation in the previous
one, we get 7 = 7, i.e., p€A. Finally, let @K and let us set

L))
a T CZTE]X] ‘xl 1{»

this is a proper subspace of X, and for any Le % 'and ye Y, we
get

for any Le %',

for any Le %/,

L, x
Ly———( 711 1 )eY .
aT ;! 1% “

Moreover, recalling that the matrix representation of %* is
“off-diagonal”’, any Be% ® can be written in the form

( 0 an)
nT;'B, T3 0/
so that

B, T 'x,

By=al __ );
na ITlElBlzTElxl
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hence, should an aeK exist such that = aa, then for any
yeY,, ByeY,, so that Y, would be % -invariant, which con-
tradicts our assumptions.

Part (B ): The linear commutant % "' obviously is a divi-
sion algebra over A because of the irreducibility of % .

Let %' be irreducible. Since X is finite-dimensional and
K is algebraically closed, the Burnside theorem applies and
(%")' = KE. Whenever %* is void [case (i)], then
%" = (%"" = KE (it follows that % " is a quadratic algebra
over A since K has dimension two as a vector space over A
%), Whenever %* is nonvoid [case (ii)], then %" = AE.

Let U' be reducible [case (iii)]. Let Me(%)"; then, we
get, using matrix representations with respect to the decom-
position X = X, & X,
LM, =ML, LM, =ML,
LyyMyy = Mo,Lo,, Lo,M, =ML,

Since U' and U}, are irreducible, from the Burnside
theorem we obtain M|, = aE,, M,, = §E, with @, 6€K. Fur-
thermore, according to the Schur lemma, M, either is zero
or is an isomorphism; in the latter case M, implements an
equivalence of U and U}, (a similar statement holds for
M,,). Then, let us consider the two possibilities.

Let U} and U}, be not equivalent [case (iii’)]. Then
M, =M,, =0; hence

=[5 2ase]

Since %* = A%", any Me(%")" also belongs to %" if and
only if AM = MA; thus, we get through a straightforward
calculation 8§ = &, and % " has the form reported in the third
row of Table I (hence %" is isomorphic to K ).

Let U' and U}, be equivalent [case (iii"})] and let
T,,:X,—X, be a linear mapping which implements the
equivalence between them; then, bearing in mind the obser-
vation (2) stated above, we get M,, = BT, and, analogously,
M, =yT ;" with B,yeK.

Therefore in this case

E T
-8 oo

As above, for any Me(%")" we get with a straightforward
calculation that Me% " if and only if

laAlz = SAIZ’ [;AUTIZI :BTIZAQI,
@A, =084,, AT ;' =BT Ay

From the first pair of equations we get 6 = &; from the sec-
ond pair, by making use of the equation 74, = T,4,,T 5,
we get v = 53 (we recall that yeA ). Thus, % " has the form
reported in the fourth row in Table I (hence, the division ring
%", K being a vector space of dimension two over A, is a
division algebra of rank 4 over A; therefore, % "'is a division
ring of quaternions over A if the characteristic of A is not
2'27.

Remark 1 If we refer to the Wigner classification of the
irreducible corepresentations over C of a group,® we see that
the representations belonging to the Wigner types I, I1, and
II1, respectively, fall in the cases (ii), (iii"), and (iii").

for any Le%', [
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Remark 2: By making use of the observation (2} in the
proof, one easily gets in the case (iii") that a linear mapping
T'{;: X;—X, implements the equivalence of U and U, if
and only if T'{, = aT,, with ek Thus, the element n'ek
S}lch that9'd,, = T'{,4,,T, is connected to 77 by the equa-
tion 7" = aam, with ack.

Furthermore, one can easily verify by a direct calcula-
tion that the conditions:

(a) nea,

(b) for any aeK,n#aa
are the necessary and sufficient conditions in order to make
invertible any nonzero mapping of the form

ak, BT, .
wTo' @k ) with «,BeK.
Then, in our case, one could also prove that the properties (a)
and (b) hold by making use of the irreducibility of %, which
implies that % "\ {0} is a group.”®
Remark 3: We observe that, in the case (iii”), the algebra
%" over A admits as a basis, for any eeK \ A, the family

((E, 0)(615, 0)( 0 T,2>( 0 ele))
0o EJ\o ee/S\gar5' o) \er;' o))

Moreover, if € is such that € = — € (this is always possible if
the characteristic of A, hence of K, is not 2 *°), then %" isa
division ring of quaternions over A of type (€°,0,7). In par-
ticular, whenever K = C, one can choose € = i (imaginary
unit) and 7 = — 1 (see Remark 2} so that % " is of type

(— 1,0, — 1), i.e., it is a division ring of quaternions in the
usual sense.*®

4. THE LINEAR-ANTILINEAR COMMUTANT OF
IRREDUCIBLE REPRESENTATIONS

In the following proposition we cross the classification
reported in Sec. 2 with the generalization of the Wigner clas-
sification obtained in Sec. 3.

Proposition 2: Let X be a finite-dimensional vector space
over an algebraically closed field K with a conjugation ;.
With reference to Definitions 1-3, let " be a semigroup and
let U be an irreducible linear—antilinear representation of ./’
in the vector space X such that the antilinear part 4 * of
% = U|(S) either is void or contains an invertible mapping
together with its inverse. Then, one of the mutually exclusive
cases corresponding to the squares of Table II occurs, each
of them being characterized by the linear-antilinear centra-
lizer (or commutant group) % of % [where
W< = (%"u%"™)\{0}] asshown in Table II. (In Table II, J
is an antilinear involutory mapping, {2 is a division algebra of
rank 4 over A, and weset A. = A \ [0}, K. = K\ {0},

0. = 2\ {0}. Furthermore, the symbols U\, U}, E, E,,
T,,, 7, ~, have the meaning defined in Proposition 1; =~
means group isomorphism. The explanation of the other
symbols used in Table II is given in Definitions 1-3 and in
the list of symbols, introduced in Sec. 2. Werecall that, when-
ever K = C, A is thereal field R, and £2 is the real quaternion
field Q. )
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TABLE II. Classification of the irreducible linear—antilinear representations by means of the commutant group.

% is potentially
real [see Sec. 2,

2 =0 | LEAD
%' reducible (U'= U o U})
%" irreducible U\ AU U~ U,

akE, 0 aE, BT,

%"'=KE %"= AE @":{( ! ); eK]:K @":KE 1 =p JaBeK (=02
0 @k’ T ! GE,

U =K.& {EJ} %°=A.x{EJ} U= UXEJ } U= U"X{EJ}
=K. &G, £K. XG, =~A.XG, =K. XG, = XG,
[ is complex, [Zu%©is [wu%©is [Zv%©is
see Sec. 2, {¢)] potentially real, potentially real, potentially real,

see Sec. 2, (a)]

see Sec. 2, (a)]

see Sec. 2, (a)]

U= UG (BT )

U = U, EJ |

case (i)] =K. &G, %K. XG, =0, &G, %0, X G,
[wu%©is [ZuZ©is
complex, see Sec. pseudoreal, see
2,(0) Sec. 2, (b)]
For any Ae % <, For any Ae %%, For any Ae*,

% is pseudoreal,
[see Sec. 2,
case (ii)]

% =K. EuUK.A+K. &G,

6 (4 ) is not identical
[%u%*© is complex,

see Sec. 2, (c)]

W =A.BUN. AL A &G,
6(A) is identical

[ v is pseudo

real, see Sec. 2, (b)]

U= UNUAEK. G,
6 (A4)1is not identical
[%u* is complex,

see Sec. 2, (c)]

% s complex (see
Sec. 2, case (iii))

% =K.E

¢ =A.E

U= U'=K.

U= Y=o




Proof: First, we observe that % = (% "u% ")\ {0}

since % is irreducible?® and that, for any 4e%
%" = A %"} Moreover, we remark that, for any Ae % “ the
mapping 6 (4 ):Le %" —~ALA ~'e% " is an automorphism of
the division ring % "'. Then, we consider the four mutually
exclusive cases than can occur, according to Proposition 1.

(i) Let %" = KE. Whenever % “* is nonvoid, for any
Ae%**and L = aEe% " we get ALA ~' = @E. Therefore,
the mapping 6 (4 ) coincides, up to a trivial isomorphism,
with the automorphism; of K; hence, € (4 ) isnot inner. Then,
the first column of Table Il immediately follows by compari-
son with the results reported in Sec. 2.

(ii) Let %" = AE. For any 4e%° and L = AEc %" we
get ALA ~' = AE = L, therefore, the mapping 6 (4 ) is the
identity. Then, the second column of Table II follows again
by comparison with the results reported in Sec. 2.

{iii’) Let

oy — ak, O). ]
“ Ko zE,) K|

then, %" is isomorphic to K and the mapping 6 (4 ) either is
the identity for any 4€% “* or is not inner. If 8 (4 ) is the
identity, % ° is commutative and, since K is algebraically
closed, for any 4e % “* a mapping L ,€% ' such that

L7 = A *exists, so that % ° must be isomorphic to the direct
product of %< and G, **; if {4 ) is not inner, one of the
remaining cases listed in the third column of Table II occurs
{see again the results reported in Sec. 2).

(iii”) Let
BT\,

{5 Yo
“W\Byrs am )

then, %" is a simple algebra of finite rank over the field A,
and, for any 4e %<, the center AE of %" is invariant under
6 (A4 ). Thus, because of a known corollary of the Skolem—
Noether theorem,*® 6 (4 ) is inner. Hence, the last column of
Table II follows by comparison with the results reported in
Sec. 2, except for the impossibility of the case “% pseudor-
eal,” which requires a supplementary discussion.

Let us prove that a mapping JE% “* such that J2 = E
necessarily exists if % "' has the form given above. Indeed, by
making use of % * being equal to 4 % ! for any A€ % “*and of
6 (4 ) being inner, we get that for any Le% ' a mapping
A, e%*existssuchthat 6 (L) = 8 (4, ). Now, leteeK \ A, let
us set

I— (eE , 0 )
0 éE)

and let us consider the mapping 8 (4, ). The 6 (4, )-invariant
subfield of % " is

K ={a,E+a,L:a,a,eA }.
This field is isomorphic to K. Since 8 (4, {4 7) = 4 1, it fol-
lows A 2 €%”; thus, % being algebraically closed, a square
root M, of A3 existsin ¥ and A, M, = M, A, [since ¥ is
8 (4, \-invariant]. Therefore, a mapping J = M [ ', e %
exists suchthatJ 2 = E,**so that the case in the second line of
Table IT never occurs.JJjj
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Remark 4: We observe that the case % = 2. X G, can
only occur if dimX>»4. Indeed, let dimX = 2 and % "=~ 12..
Should % “ be isomorphic to £2. X G,, then a basis of X over
K would exist (see Sec. 2, statement (a)) in which % " is repre-
sented by the ring of matrices

[ 2)esmie]

which is not a division ring.

5. EXAMPLES

Now, we want to show with simple examples that all the
cases listed in Table IT actually occur.

In what follows, we will always set K = C, so that is
complex conjugation and A = R.

As a premise, we would like to prove two remarks
which hold in this case.

Remark 5: We recall that whenever % is a semigroup of
mappings which satisfies the requirements specified in Pro-
position 1, %" is isomorphic to R, or to C, or to Q.

Let %" = RE. Then, the statements (a) a mapping
Je% < exists such that J 2 = E [see Sec. 2, case (i)] and (b} its
converse [see Sec. 2, cases (ii} and (iii)] can be characterized
respectively as follows:

(') for any Be%*, B%R “E,

(b') for any Be%**, B’¢R "E
{here, R * and R ~ respectively are the positive and the nega-
tive reals). Analogously, whenever % " is isomorphic to C
(we call ¢ the isomorphism ¢: % "—C) and for any Be % **
the mapping 8 (B ):Le%"—~BLB ~'€% " is not the identity
[i.e., case (c) of Sec. 2 occurs], then the statements (a) and (b)
above can be characterized respectively as follows:

$(BeR ",

(b”) for any Be#**, ¢ (B*eR ~.

Remark 6: The cases in which % “* is nonvoid and a
mapping J = % “* such that J > = E does not exist can only

occur either if dimX>2 (whenever %" = RE or %" = CE)
or if dimX >4 (whenever

[ )]
//_{(0 aE,) <)

Whenever % " is isomorphic to R, the proof of Remark
5 is immediate. Whenever % " is isomorphic to C, the proof
can be carried out through the following steps: (@) for any
Be%*, ¢ (B*)eR [since B?is 6 (B )-invariant); (3 )ifa Be %
exists such that ¢ (B 2)eR *, then the image of the square of
any mapping of % “*isin R ¥ (since % °* = B« *"); (y) state-
ment (v) of Proposition 2 in Ref. 13 is equivalent to the state-
ment that a mapping Be% * exists such that ¢ (B )eR *.

Remark 5 can then be used to prove Remark 6 (some
easy additional considerations are required whenever

"//"-KaE‘ 0 ) eCD
T WNo a&)S )

We now come back to the problem of giving an example
for each of the cases listed in Table I1. We consider separate-

(a”) for any Be% <,
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ly the four columns in the table and, for any row, we choose
an example with dim.X as small as possible (see Sec. 4, Re-
mark 4 and, above, Remark 6). Furthermore, the sets of
mappings are given in matrix form (we represent any antilin-
ear mapping by a matrix followed by the conjugation j '°).

(i) First column of Table II (%* = &):
row 1, X one-dimensional:

% =R

° = C.UC. j;

row 2, X two-dimensional (see Remark 6):

U=U = [( “ﬁ_ g_) a,ﬁeCrs

(we observe that %' is a division ring isomorphic to @),

1 O 0 1
cl __ ca __ ;o
U —C.(O 1), 4 -—C.(_l O)_],

row 3, X one-dimensional:
Y =C*»
%°=C..

(i1) Second column of Table II:

row 1, X one-dimensional:
% =RURaj 0#aeC)®
X" = U\{0);

row 2, X two-dimensional (sec Remark 6):

@:{( @ _ [i):a,ﬂeC], Ur=U'f

- @
1 O 0 I
<l — . ca _ R. ’
w=rfy ) w=R (D) o)
row 3, X one-dimensional:
X = CuCj,»®
%°=R..

(iii) Third column of Table II:
row 1, first case: X two-dimensional:
I o 0) } a __ 1 0 1 s
74 —[(0 _E aeCt, % —02/(1 O)_],
U= U\{0};

row 1, second case: X two-dimensional:

0 0 1
@l= {(r ): ,ER}, nga= l( .
o s/ “\1 o)
0
2 = {(g a)’ aEC.], 2= 27
row 2,X four-dimensional (see Remark 6):
a B 0 0

@I= . a,ﬂ,%aec >

0
0

=™ o
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0 0 1
00 0 1)
=21y o 0 o
01 0 0
@ 0 0 0
0 a 0 0
cl .
Y = 0 0 @ O.aeC.,
0 0 0 @
0 1 0
-1 0 0 O
ca ___ cl '
wE=2N o o o P
0 0 —1 0

row 3, X two-dimensional:

wolfy Spesc]. = s

U= U = {(‘; (07): aec.}.

{iv) Fourth column of Table II:

row 1, first case, X four-dimensional {see Remark 4):

a B 0O 0
-8 @ O 0
1__ i ,
% = 0 Y a,BeC
0 0 B «a
0 0 1 0
0 0 0 —1
a __ 1
=21y 6 o o )P
0o -1 0 o)
a 0 0 B\
0 a g 0
@cl_ _ .
0 7 & 0) a,peC ¢\ {0},
- 0 0 @
0 0 1 0
0 0 0 -1
@caz@cl
1 o o o}
0 -1 0 0

row 1, second case, X two-dimensional: see the example for
column 2, row 2, and interchange % \ {0} with %° '¢;

row 3, X two-dimensional: see the example for column 1, row
2, and interchange % \ {0} with %<.'®
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The properties of matrix orthogonal polynomials on the unit circle are investigated beginning
with their recurrence formulas. The techniques of scattering theory and Banach algebras are used
in the investigation. A matrix generalization of a theorem of Baxter is proved.

PACS numbers: 02.30.Gp

I. INTRODUCTION

Recently Geronimo and Case"? have used the tech-
niques of scattering theory and Banach algebras to study the
properties of scalar orthogonal polynomials on the unit cir-
cle (SOPUC) and real line (SOPRL). These techniques have
provided a unified basis for studying the properties of
SOPUC and SOPRL and they have shed light on the close
connection between these two different systems of
polynomials.

This article is the first in a series of two articles in which
we use the techniques of scattering theory and Banach alge-
bras to study the properties of matrix orthogonal polynomi-
als, on the unit circle (MOPUC) and, on the real line
(MOPRL). Many of the properties of MOPUC and their
relation to the planar-least squares problem have been inves-
tigated by Delsarte et al.,>~> and we shall call upon their work
(especially Ref. 3) many times. Our main concern in this and
the following article will be to investigate the properties of
MOPUC and MOPRL beginning with the recurrence for-
mulas satisfied by these systems. As in the scalar case the
techniques of scattering theory and Banach algebras provide
a unified basis for studying the properties of MOPUC and
MOPRL and exhibit the close connection between these two
systems.

In order to help motivate our discussion we begin in
Sec. II with a Hermitian matrix-valued spectral functionp(6 )
on the interval [ — 7,7]. Two dual sets of matrix polynomi-
als orthonormal with respect to dp(6 ) are developed and the
recurrence formulas they satisfy are derived. The recurrence
formulas are used to obtain the Christoffel-Darboux formu-
las. In Sec. ITI we take the recurrence formulas as fundamen-
tal. The techniques of Banach algebras and scattering theory
are introduced and used to discuss the properties of the Sze-
g6-Jost function. A number of other useful solutions to the
recurrence formulas are introduced including polynomial
matrices of the second kind. Finally in Sec. IV it is shown
that the matrix polynomials are orthogonal with respect to
some spectral function. Also discussed is a generalization of
a theorem of Baxter® which exhibits the close connection
between the decay of the coefficients in the recurrence for-
mulas and the decay of the Fourier coefficients of the weight.
Explicit integral representations of many of the functions
introduced in Sec. III are derived.

Il. PRELIMINARIES
Let p(6 ) be a bounded, nondecreasing / X/ Hermitian
matrix on the interval [ — #,7] with an infinite number of
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points of increase.” By nondecreasing it is meant p(6,)<p(6,)
for all 8,<0,. (The notation 4 <B for Hermitian matrices 4
and B means B — A4 is nonnegative definite.)

Let {C,}7_ _ . be the matrix Fourier coefficients as-
sociated with p(@), i.e.,

C, =(1/2n) Jﬂr e *dp@), k=0,+1,+ 2,
-7 2.1)
Since p(0 ) is Hermitian it follows that
C_.,=Cl. (2.2)

Using the C, a square block-Toeplitz matrix T, (p) of order
I(n + 1) can be constructed as follows:

¢, ¢, C, - C_,
Tn (P) — C;l Co C—l Cl ~n ,

Cn Cn— 1 Cnfz " CO
n=0,1,2" (2.3)

From the properties of p(6 ) one deduces that T, (p) is
positive definite. Consequently

D, (p) = det[T, (0)] > 0.

It is now shown that p(6 ) determines, up to a constant
right unitary factor, a set of matrix polynomials {¢ ®(z,n)}
with the following properties (for alternative developments
see Youla and Kazanjian® and Delarte ez al.?).

(a) ¢ ®(z,n) is a polynomial in z of degree n with the
leading coefficient a / X/ nonsingular matrix.

(b) (1/27) 57,4 *(e”,n)'dp(0 ) ® (", m)
= Ian,m z2= eie' -
To see this, assume that (a) and (b) hold and write

¢R(ei9’n)= i K(n,m)eimg'

(2.4)

(2.5)

Multiplying on the left by e ~*°dp(6 ) and integrating gives

> C_.K(nm)=K'(nn)"'s,, O<p<n, (2.6)
m=0
or
C_mH{nm)=15,, 0<p<n, (2.7)
m=0
where I is a / X/ identity matrix and
H(n,m) = K (n,m)K Y(n,n). (2.8)
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The above equations are equivalent to

G €. Co -~ C_, [[HnO
¢, C €, - C_,.||HNY
Cn Cn -1 Cn —2 o C() H(n’n)
0
0
={. (2.9)
I

where all the entries in the above equation are/ X / matrices.
In order to solve the above equation it is necessary and suffi-
cientthat thedeterminantofthe! (n + 1)/ (n + 1)matrixon
the lhs of the above equation not vanish. From Egs. (2.3) and
(2.4) one finds that this condition is satisfied. Therefore,

H (n,0) 0
Hn,1

(?’) =T, Yp) ? . (2.10)
H(n,n) !

Multiplying the above equation on the left by the / X/ (n + 1)
matrix [0,0,--,/ ] and using (2.8) gives
K (n,n)K Y(n,n) = H (n,n)

0

= [0,0,-1 1T (o) ? : (2.11)

1

Since T, '(p) is positive definite, the above equation deter-
mines K {(n,n} up to a right unitary factor. Let us call
{¢ ®(z,n)} the right orthonormal matrix polynomials associ-
ated with p(6). To find the left orthonormal matrix polyno-
mials {¢ “(z,n)}, change ¢ ® to ¢ - in (a) and change (b) to
(b1) (1727)57 . He",n)dp(0 ) ()" = IS,
Writing
sHe%n)= 3 Jlnm)em, (2.12)
m=0

and following steps similar to the ones given above yield

(L (n,n),L (1,1 ~ 1)L (1,0)] = [1,0,-01T 7 (o),  (2.13)
where
L (n,m) = J Y(n,m)J (n,m). (2.14)

Multiplying (2.13) on the right by the / (n + 1) X/ matrix
[£,0,--,0]" and using (2.14) gives

1

Jmn) (n,n) = L (n,n) = [1,0,0,+]1T ! ? , (2.15)

0

which determines J (n,#) up to a left unitary factor. The use-
ful relation

L (n,0) = [1,0,,01T 7 '0)[0,0,-,1 ' = H (n,0), (2.16)

can be deduced by multiplying (2.10) on the left by [1,0,---,0]
and (2.13) on the right by [,0,---,0]".
Beginning with @ ®(z,n) one can derive the recurrence
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formulas satisfied by these polynomials by noting that
2"~ (1/2")¢ *(z,n) — ¢ H(1/2%,n)'T (n,n) " 'K (n,0)]

= nil ¢R(Z’i)B (ln—1), n=12,.

i=0

(2.17)
Multiplying on the left by ¢ *(1/z*,m)'dp(6 ), m < n, gives,
using (b) and (b1),

K'n—1n— 1K nn)'8,,, | = Blmn—1).(2.18)

Therefore,

¢ “(zn)K Y(n,n) — 2"¢ “(1/2*,n)'T *(n,n) 'K (n,0)K *(n,n)
=2¢Rzn — DK n — Ln — 1), (2.19)

The dual relation

J(n,n)d Hz,n) — J Hn,n) (n,0)K T(n,n) " 'z7¢ R(1/2* n)"
=J'"n—1,n— l)zéYz,n — 1) (2.20)

follows in a similar manner.
Following Delsarte et al.,” it is possible to rewrite (2.19)
and (2.20) in terms of a single parameter by defining

E, =J"nn)""H (n,0K Y(n,n)~"
— JH{myn) 'L (m,0)K Y(n,n)~", (2.21)

where (2.16) has been used. Substituting the above equation
into (2.19) and equating coefficients of 2" yields

I—E'E, =K{nn)~'K(n—1Ln—1)K*n—1n—1)

XK f(n,n)~ 1, (2.22)
which is positive definite. Equation (2.22) implies
IE, |l <1, (2.23)

where the norm used is the spectral norm (i.e., the magnitude
of the largest eigenvalue). Since K (n,n) is defined only up to a
right unitary factor, it is convenient to choose

(I—EYE)=K'n—1n—1K"nn"", (224

where the Hermitian square root of / — E | E,, is implied.
Note that the following identities are easy consequences of
(2.23):
E(I—-E'E)?=(I—-EE!)E, (2.25)
EI-E'E)'=(UI—EE!)'E,. (2.26)
Note that (2.21) and (2.24) determine E, only up to left and
right unitary factors independent of ». If the spectral func-
tion is chosen so that C, is equal to I and if
& (2,00 = I = ¢ ®(z,0) then the { E, } are uniquely
determined.

Using the above equations one can recast (2.18) and
(2.19) to read

¢ zn) — E,dMzn) =2 — EE}) ¢ zn — 1) (2.27)
and
$Rzn) —El¢ zn)=(I—E}E,) ¢ zn —1), (2.28)
where

éRiz,n) = z"¢ *(1/2%,n)". (2.29)

As in the scalar case, the above equations can be written in
the compact form
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&b (z,n) = C (z,n)® (z,n — 1), (2.30)
with

Slzn—1)= (:i R{éz B i;) (2.31a)
and

C(zn)=B(E,)D(2) (2.32a)
Here

(I—EENY 'Y E(I—E!E,)'?

B(E"):[EZ(I—E,,EZ)"'” (I—ELE,)"'? > (239
and

pi=[ 7] (2.3

Asnoted by Delsarteet al.,® B (E, ) has the following interest-
ing properties:
B(—E,)=B(E,)"",
with
J= [ -1 0].
0 7

The last property classified B (E,) as a J-unitary matrix.

BYEB(E,) =J,  (2.35)

n

(2.36)

Equation (2.30) can be recast in the equivalent but more
symmetric form

Dzn)=Clzn®zn—1), n=12-, (2.37)
with

<1>(z,n)=( f ) +), (2.31b)

o “(1/2%,n)

and

Cz,n)
, 2l —E,E;)"'"? E,I—E}E, )*'/2 ol
—[E YW—EET)~"% -] (I—EYE,)" "2~

(2.32b)

The following is an easy consequence of the J-unitarity
of B(E,):
Theorem 1: Let @'z ,n) and @ '*(z,,1) be solutions of
(2.30). Then
~ -1
b (1/2F, *(
(1/2F,n) 0

0\ ~
1)(15(2’(22,)1)

- — (z, 0\ ~
= &(1/24n — 1)*( lea/z)f )cb'z'(zz,n —1).
0 1
{2.38)
Two important special cases are given below.
Corollary 1:
B P2 —gp iV t -7 0 5 (2)
Lo @)= (1/2% 1) 0 7 D Yz,n), {2.39a)
and
M pD=gpV of—1 0 2) .
L@ ]='"(1/z%n) 0 / D 'Yz,n), (2.39b)

are independent of n.
Proof: Equation (2.39a) is obtained by setting

1361 J. Math. Phys., Vol. 22, No. 7, July 1981

z, = z, = z in (2.38}. Equation {2.39b] can be proved using
either (2.39a) and (2.29) or (2.32b).

Corollary 2 (Christoffel-Darboux formulas):

é R(Zl’”)*¢~ R(zz,n) - L(zl’”)+¢ Hzyun)

(1= 212) S ¢z i)' e, (2.408
&Yz Hzan)! — 6 R(z,n) Mzan)'
(1 =22 ¢ %z, izl (2.40b

=1

Proof: Setting @' = & and z, = 1/z¥ in (2.38) gives

& z,n)' @ R(zon) — & Mz ,m)'d Hzam)
= ¢z — 1)’ zan — 1) — 2826 Hzpom — 1)
¢ Yzan — 1) (2.41)
= ¢ Mewn — 1)@ Mzan — 1) — ¢ Hzn — 1)'¢ Hzon -
+ (1 —z¥z2,)6 Yz \on — 1)’ Hzon — 1), (2.42)

Equation (2.40a) is obtained by iterating (2.42) down and
using the fact that

6 M(2,,0)'6 "(2,,0) = ¢ Hz,,0)'d “(2:,0) (2.43)
[see (2.11) and {2.14)]. Equation (2.40b} can be obtained by
setting @' = @7, z, = 1/z* and z, = 1/z¥ in Eq. (2.38),
then multiplying by — (z,z¥)" and following procedures
similar to those that led to (2. 43). From (2.40) one can easily
show (see Delsarte ez al.?) that ¢ “(z,n) and & ®(z,n) are non-
singular for |z|< 1.

For z, = 1/2z% in (2.40) one has

R(1/2%n) b Rizn) = ¢ Y(1/2%,n)'¢ “(z,n). (2.44)

lll. THE RECURRENCE FORMULAS

Now let us turn things around and begin with the recur-
rence formulas. Thus given a sequence { £, } 7_, of complex
{ X ! matrices satisfying Eq. (2.23), one can uniquely con-
struct, using the recurrence formulas (2.37) and initial
condition

#R(z,0) = Hz,0) =1, (3.1,

a dual sequence of polynomial matrices {¢ ®(z,n)]=_, and
{¢ (z,n)}=_ . Furthermore, Delsarte et al.’ have shown
that these polynomial matrices are orthogonal with respect
to a unique spectral function p(6 ).

To proceed further, it is convenient at this point to in-
troduce the techniques of Banach algebras. Let v{n) be a real
even function of n with the following properties:

v0)=1, vn)>1, Vn,
v(n)<v(mjpin — m), Vn,m,
and
lim [p(#)]"" = R>1. {3.2)

H— 0
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Let a, be the space of functions such that if gea,, then

ge)= S e,

m= —

1/R<|z|<R, (3.3)

with

v(n)|e(n)| < -

lel,= S

n= — o

(3.4)

Let a," and a, denote those functions in @, of the form

glz) = ki clk )2, (3.5)
and B

hiz) = k:i ) b (k) (3.6)
respectively.

If ||g||, is thenorm ona,, a," ,and g, , thena,,anda,",
anda, are Banach algebras. We will denote by a the Banach
algebra where v(n) = 1 for all n. It is obvious that

a,Ca. (3.7)

Let 4, be the class of / X/ matrices such that if Ge4,, then
the entries in G are in a, and

Gie)= 3 Clk)', 1/R<|zI<R, (3.8)
k= —

with

o(k)|C (k)| < . (3.9)

IGl,= 3

k= — o
Here C (k )isan/ X /matrix. The matrix norm used above can
be any Banach space norm with the property
4B |<|4 ] |B|, (3.10)

where A4 and B are / X! matrices. For convenience the Hil-
bert-Schmidt norm, i.e.,

172
B1=(S le,F) " = 187,
i

will be used.
A 7 and 4 ;- will denote the collection of functions in
A, of the form

(3.11)

Gie)= 3 Clk)t (3.12)
k=0
and
H(z)= i B (k )z, (3.13)
k= oo
respectively.

If||G||, isthenormon4,,4 ;*,and4 , ,then4,,4 *,
and 4 [ are Banach algebras. We will denote by 4 the Ban-
ach algebra where v(n) = 1 for all n. Again it is clear that

A,CA. (3.14)

Returning to the recurrence formulas, it will be assumed
throughout the rest of the discussion that

S un)E, | < . (3.15)
It is useful to define
$R(z,n) = aln)”'$ Rz.n) (3.16a)
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and
¢ Hzn) = zn)B(n) ", (3.16b)
where
aln) = 1‘[ (I — ElE)?
E(Iiz—lEIEl)"z(I—E'{EZ)"Z---(I—EI,E,,)'“ (3.17a)

and

n

Bin= [ U-EEN"

i=1
=(I—E,E}\'I-E, \E}_,)"*{I-EE}",
(3.17b)

with

a(0)=B(0)=1
Equations (2.23) and (3.15) imply 0 < |@(e)| < o and
0<|B ()| < . (See Delsarte ef al.*) Using the above equa-
tions, (2.30) can be recast as
$Ran) =¢%an—1)

+aln— 1) 'ELBTn — )" {1/z%n — 1)
(3.18)
and

$Yzn) =Y zn — 1)

+22$ (/2% n — WYalln — WEIB(n — 1)
(3.19)

These recurrence formulas lead to the following theorem.
Theorem 2: For every n >0

6=t/ < T [1+o@ElIni =], (3:20)
and forn>m>0
16 **z.n) — 8™ Hzmlll,

n—1 N
< Y vk + DEL | lIg M2k vk ), (3.21)

K=
with

i) = max(|a(i)~'| 1B@)], |a@] 1BG), (3-22)
and

pR-=g¢R ot (3.23)

Proof: Equation (3.21) is an immediate consequence of
(3.18) and (3.19) while (3.20) follows from (3.18) and (3.19) by
induction. )

It is clear that the bounds on ¢ ®(z,n) are the same as
above. . .

Corollary 3: If (3.15) holds then ¢ ®(z,n) and ¢ L(z,n) are
bounded in norm for all # and there exists /%, €4 ;' and
f® ed ;* such that

6 ®tz.n) — FRM2),—0s

asn—roo0.
In analogy with scalar polynomials orthonormal on the

unit circle (Geronimo and Case'),

(3.24)

" ()= alelf (2 (3.25)

and
R (2)=F% (2B () (3.25b)
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will be called, respectively, the left and right Szeg6—Jost
functions. Since the convergence of ¢ (1) to fR:!(z) is uni-
form in the disk of radius R >1, f®"(z) are continuous on the
disk and analytic in its interior. This, plus the fact that
# R(z,n) and ¢ “(z,n) are nonsingular for |z|< 1, implies that
f® (z) and f*, (z) are nonsingular for |z|<1.

A second set of matrix polynomials [ ¥ (z,n)}

(M) )
¥(z,n) = ( M1z (3.26)
satisfying (2.37b) with initial conditions
YHzl)=(I—-EE])" "z - E),
YRl =z —EN — E1E)""? (3.27)

can also be constructed. These will be called matrix polyno-
mials of the second kind.

Theorem 3: For every n > 1

[*H(1/2%,n)1), < H (1 + o(i)| E;|7ti — 1)), (3.28)
and for every n > r;z:>11
[z, — g*Hz,n)|,

< "2‘ vk + DIEL,  [yk)[g™H /24K, (3.:29)

k=m
Proof: Use procedures analogous to those used in the
proof of Theorem 2.
Corollary 4:1f (3.15) holds then /®*(z,n) are bounded in
norm for all # and there exist f RL in 4 5 such that

+a
"M z,n) — fRY (2)]],—0,

as n—oo.
Again R (z) have extensions that are continuous on
and analytic within the circle of radius R.
Theorem 4: If (3.15) holds then there exist two solutions
of (2.37b),

(3.30)

_ (¥ (zn)
¥, (zn) = (¢+(z’n)), (3.31)
and
_(¢-tzn)
V_(zn) = (¢(z,n)>’ (3.32)

with ¥, (z,n], ¢ (z,n)ed | and ¢_(z,n), ¥ _(z,n)ed _ satisfy-
ing the boundary conditions

1, (¥n) — Te = "%)[|—0 (3.33)
and

¢ . {e“n)fj—0 (3.34)
as #—oc.

Proof: Inverting (2.37b), then iterating upwards and us-
ing the boundary conditions yields the following equations
for ¥ (z,n)and ¢, (z,n):

Yoz =2" [ U—-EE) '

i=n+1
~2 5 [ U-EE) "Ed. L)
F=n+1j=n+1
(3.39)
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and
buem=—7 S [ U-EJE)"EN. ()
i=n+1j=n+1
(3.36)

Substituting (3.36) into (3.35) then using successive approxi-
mations yield the bound

[+l ml|<Dn + 1) exp( s EIf 63
where )
Din+l)= [[ W—-EE) " \I-EE)"".
S (3.38)
This leads to

o0

[¢+(e®nlfi<Din+1) 3

=n+1

E| eXp(_ 3 | |Ei1)2 (3.39)

=i+
and

oc

I, (e%n) —e™ [ U—EEN"|

<Dn+ 1)(2+ IE) exp(jj; | EIf. G40

Letting z—1/z, ¥, —>¢¥_, ¢, —¢_,and E,—E} in(3.35)
and (3.36) gives equations satisfied by ¥ _ and ¢_. These in
turn lead to inequalities for ¥_ and ¢ _ similar to those
above.

Since ¥ (z,n) and ¥_(x,n) are linearly independent,
one can write
D(z,n)=V¥_(z,n)4 (2) + ¥ __(z,n)B (z), (3.41)

where each component of ¥ _(z,n) and ¥ (z,n} is multiplied
by 4 {z) and B (z) respectively. Matrices 4 and B can be evalu-
ated using (2.39b). Thus
Az)=L[¥Y_,P]

=y _(1/z*n)'¢ (1/2%,n)" — ¢_(1/2%n)'¢ "z,n)

=/® (2). (3.42)
Here Corollary 1, (3.33), (3.34), and (3.25) have been used.
Likewise
B(Z) = —L ['1/+’¢]

=9 (1/2%,n)'¢ “z,n) — ¢ (1/2*n)T¢ *(1/2*,n)*

2l =1,

=fL (1/z%)". (3.43)
For polynomials of the second kind one has
Yizn) =¥ (zn)f" (1/2*) — &_(zn)fR _(2),
Iz] =1, (3.44)
where
(/24 =¥ (1/2% )" z,n) + 6 (1/2%0)" YR (1/2%n)"
(3.45)
and
Sale) =9 (1/z2%n) YR (1/2%n)" + ¢ _(1/2%n)"Y"z,n).
(3.46)
Similarly
¥ (zn) =¥ nlf" @)+ Pnf 2], (347)
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and
V_(zn) = [ @ (znlf R (1/2% — Wiznlf® (1/24)7], (3.48)
where (3.42,43,45,46) and (2.44) have been used.

V. THE SPECTRAL FUNCTION
With the above material one can prove the following
theorem.

Theorem 5 (orthogonality): If (3.15) holds then

W2r) [ 6Heon dplo1s el = I,

and

(2m) [ ¢%en) dé(6)p Nem) = I6,,, @)
where

dpl6)=o0{8)db, (4.2)

almost everywhere with

ot6) = [ (€)™ (€)' ]7" = [F% () f% ()] >o0.
(4.3)
Furthermore, if det[ /%, (2)]#0and det[ /% (z)]#0 |z|<R,
then oiz), and o{z) " 'e4, . Note that (4.3) gives a right and left
factorization of o.
Proof: Consider the following integral:

A= (1727 Jﬂr ¥, (en) f (?) ¢ e m)tdo, n>m.
- (4.4)

Since ¥ (¢*,n) and f~_ (¢’) ' are analytic inside the unit
circle and continuous on it, and ¢ “(¢’,n)" is a polynomial in
1/z, (4.4) may be evaluated using the residue theorem. From
the recurrence formulas and (3.1) one finds

Y. zn) =z [[ U-EE}) '"*+0@"+Y,

i=n+1

3

fhla=T[U-EE)'"+0@),

and
¢ (1/z%m)" = 1/z" H U—EEHYY24ro0(1/27 0.
i=1
(4.5)
Therefore,
A4=5,,1I (4.6)

Alternatively, solving (3.41) for ¥ __(z,n} and using the result
in (4.3) yield

A =(1/27) . ¢L(e"6,n)[fl‘+ ()] f ()

X ¢ e, m)" d@
= (1/2m) | ¢_(e%n) fR () fY () ]!
XfLe?) "' e, m)" d6. (4.7)
From (2.44)
SN =N T ). (48)
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Therefore the second integral in (4.7) becomes

— (1/27) f b [f% ()16 e m) do.
) (4.9)

Taking the Hermitian conjugate of (4.9), then evaluating it
using the residue theorem and the recurrence formulas, one
finds that it is equal to zero. Thus

(]/277.] 7 ¢ L(eie’n)[ L+ (eiS) L+ (eiS)'?]—l¢ L(er‘B’m)T d@

=16
If n<m in (4.1), the result follows by taking the Hermitian
conjugate. The dual relation for right orthogonal polynomi-
als can be obtained by using the procedures described above.
Sincef™, (¢”)andf® (¢"®)are nonsingular on the unit circle,
Eq. (4.3) implies (@) > 0. If det [f", (z)] and
det [f® (2)]#0, |z| <R, the Wiener-Levy theorem and Cor-
ollary 3 imply o and o~ " are elements of 4,.

Theorem 5 shows how tightly the decay of the Fourier
coefficients of the weight is linked to the decay of the coeffi-
cients in the recurrence formula. The converse is also true.

Theorem 6: Let R = 1 in (3.2) and

n>m.

n,m?

(1/27) fr dp(6) =1, (4.10)
with
dplB) = o(6) db,

almost everywhere. Then (3.15) holds if and only if 0{6 ) > O,
and ||olj, is finite.

This is the matrix generalization of a theorem of Bax-
ter.® Before proving Theorem 6 let us consider another use-
ful matrix generalization of a result of Baxter.

Theorem 7: Let {6 ) >0, and ||o}}, be finite. Further-
more, let the matrix functions

g’ll.Z(er'é)) — 2 é\l,;’(m)eim(}’

m=10

(4.11)

and
fI,Z(e,'(-)) — i FAI,Z(m)eime’ fl.ZeA ”+ ,

m=20

(4.12)

be related by the equation
(1/2m) J. g (e \alB)e —*° do

= (l/Zv)J fle®)al@)e*do, 0<k<n, (4.13)
and

(1/27) f o622 (€¥)e~ *°

= (1/27) f” ol6) fYe)e—*°, O<k<n. (4.14)

Then there exists an integer N and a constant M, both de-
pending on o(@ ) such that for all n >N

llgs? — £ 3l <ML = £ (4.15)
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Here

1,2 _ ’\1.2 im0
fn) mZ’o F - (m)e
Proof: Hirschman® has proved this result in the case
v(n) = 1 for all » and a minor modification of his techniques
gives the theorem.

Proof of Theorem 6: That the conditions are necessary is
a consequence of Theorem 5. To prove sufficiency note that
(3.16), (3.17), and (4.1) imply

(4.16)

(127 | o0)b e ne—*do=6,,, O<k<n.
Since (6 ) > 0 and o€, one can factorize o (Gohberg and
Krein,'” Gohberg''). Thus

(4.17)

oc=DD'=B"B, (4.18)
where
BB 'DD 'ed;), and B'BY-'.D'.DT-'eq .

(4.19)

Therefore,

/2m) [ ol0)B~'BY0) e~ do= 6,0, (420)
where

BY0)=(1/27) B1d6. (4.21)

Using Theorem 7 one finds that é'(e*,n)—B ~'BT(0)""in
norm. Likewise, ¢ ®(e?,n)—D '(0)D ~'in norm. Substituting
(3.16) into (2.27), then multiplying on the right by DD ¥(0)
yields

éYen — 1)'DD10)~" = & (e n)'DD 10}~

— e~ "B ()~ 'E,a{n)é R(e®,n)DD T(0)~ . (4.22)

Noting that the coefficients of e ~ ¢ on both sides of (4.22)
are equal to zero, one can write

1 “e®,n — 1)'DDY(0)~ ||, <||d “e®,n)'DD *(0)~ |,
+ vniy(n)|E, | ||é (e®,mDD T0) |,

—~ 2u(n)y(n)|E, | |4 *0,nD (0)D (0} (4.23)
Therefore,
3 ompm)|E. | (211 (0.1)D (0D 10) ||,
~ |I¢*e“.mDD*(0)~"||, 1+ DD Y0},
<|lé-(e",n)'DD1(0) 7", (4.24)

Since ¢ “(¢",n)" converges in norm, the lhs of (4.24) is finite as
n— . The term in the bracket on the rhs converges to one
while the norm convergence of ¢ ®(e?’,n) and ¢ L(e"®,n) imply
¥(n) is nonzero for all n. Thus the theorem is proved.

Using Theorem 5, the following expressions for "(z,n)
and ¥®(z,n) can now be obtained:

L __l_ T (42 L{,i0 ,\ __ 4L
den = = [ (SED) 84 ) ~ 6 Hamot0) de,
(4.25)
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and

(S Jete18 M — 8™ as.
—2Z

1
R _
v = 2 e
(4.26)

- T

With these expressions and Corollaries 3 and 4, /%, () and
R .(z) can be represented as

L (" ("’m“)a(e)defa(z), 2] <1(4.27)

2w ),

L
Lal2)= o0

and

R SNE@ [ (42
flala) = Y. Jl,,(d"-z)a(e)de’ |z| < 1. (4.28)

Integral representation for ¢ , (z,n)and ¢ , (z,n) can now be
derived using (4.27) and (4.28) in (3.47) and (3.48), respective-
ly. For example,

voien) = = (D) ke

el —z

Xol0)dofY (z), |z} <1. (4.29)
and
=L T (24" v ot
y-(en) 477 an(z—efe)‘ﬁ te%n)
Xo(0)dofR (1/2%4)', |z > 1. (4.30)

Since oe4,, the series given by the above integrals is uni-
formly convergent for |z| = 1.

V. CONCLUSIONS

The techniques of scattering theory and Banach alge-
bras have been used to study matrix orthogonal polynomials
on the unit circle. Using these techniques, the close connec-
tion between the decay of the coefficients in the recurrence
formula and the decay of the Fourier coefficients of the
weight has been exhibited.

ACKNOWLEDGMENT

This work has been supported in part by NSF Grant
MCS-8002731.

'J. S. Geronimo and K. M. Case, J. Math. Phys. 20, 299 (1979).

*J. S. Geronimo and K. M. Case, Trans. Am. Math. Soc. 258, 467 (1980).
*P. Delsarte, Y. V. Genin, and Y. G., Kamp, IEEE Trans. Circuits and
Systems 25, 149 (1978).

*P. Delsarte, Y. V. Genin, and Y. G. Kamp, SIAM J. Appl. Math. 36, 34
(1979).

P. Delsarte, Y. V. Genin, and Y. G. Kamp, IEEE Trans. Inform. Theory
26, 465 (1979).

%G. Baxter, Trans. Amer. Math. Soc. 99, 471 (1961).

M. Rosenberg, Duke Math. J. 31, 291 (1964).

*D. C. Youla and N. N. Kazanjian, IEEE Trans. Circuits and Systems 25,
57 (1978).

°L. 1. Hirschman, Jr., Duke Math. J. 34, 403 (1967).

1. C. Gohberg and M. G. Krein, Am. Math. Soc. Transl. Ser. 2 14, 217
(1960).

""I. C. Gohberg, Am. Math. Soc. Transl. Ser. 2 49, 130 (1966).

Jeffrey S. Geronimo 1365



Universal formats for nonlinear ordinary differential systems
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It is shown that very general nonlinear ordinary differential systems (embracing all that arise in
practice) may, first, be brought down to polynomial systems (where the nonlinearities occur only
as polynomials in the dependent variables) by introducing suitable new variables into the original
system; second, that polynomial systems are reducible to “Riccati systems,” where the
nonlinearities are quadratic at most; third, that Riccati systems may be brought to elemental
universal formats containing purely quadratic terms with simple arrays of coefficients that are all
zero or unity. The elemental systems have representations as novel types of matrix Riccati
equations. Different starting systems and their associated Riccati systems differ from one
another, at the final elemental level, in order and in initial data, but not in format.

PACS numbers: 02.30.Hg, 03.20. + i

I. INTRODUCTION
The object of the present paper is to show how ordinary
differential systems of arbitrary order

E =X(EpEnnbint), =12,k (1)

having a great diversity of nonlinearity of the X;, and cover-
ing all cases arising in practice, may be reduced down to
Riccati systems

xi =Ai +Bia'xa + CianaxB’ (2)

i=12,.,n, n>k, ABC constant

(summation on repeated Greek indices understood), having
only guadratic nonlinearity. Finally, reductions of Eq. (2) to
elemental Riccati systems (ERS)

ii = EiaBZaZB! (3)
i=12,..,p pn)>n,

are achieved, wherein each E, ; is either O or 1 in a definite
and simple pattern. The differing Riccati systems {2) for dif-
fering A,B,C are all subsumed in the same ERS of Eq. (3)
upon assigning in the latter suitably differing initial data.

The cost of reduction to the universal ERS formats is an
appreciable increase in order, p > n > k. This is owing to the
repeated and systematic use of an ancient and very simple
device, that of introducing appropriate collectives of varia-
bles and parameters as new variables.

Notwithstanding this cost, the point remains, first, that
it is the quadratic nonlinearity alone which may be regarded
as the ultimate one; and, second, that very general systems,
Eq. (1), may not only be “quadraticized,” Eq. (2), but elemen-
tally quadraticized, Eq. (3). This does not, of course, in itself
solve nonlinear problems as yet. It does, however, so reph-
rase them into sufficiently simple and universal terms that
something approaching a general theory of differential non-
linearity may be vizualized, whereas, otherwise, there is only
a potpourri of special cases, disconnected, incoherent, and
intractable.

As so many natural laws and models of natural phe-
nomena have their statements directly in the form of Eq. (1),
it is scarcely necessary to belabor how ubiquitous and refrac-
tory they are. Let us recall only a few examples of classical
and of current interest, such as: the many-body problem of
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Newtonian or Hamiltonian dynamics'; the Fermi—Pasta—
Ulam problem? of nonlinear yet non-energy-equipartition-
ing conservative oscillators; the nonconservative oscillators
like that of Van der Pol, exhibiting limit-cycles, or like that
of Lorenz showing ‘“chaotic” behavior®; the Painlevé trans-
cendents that stem out of similarity solutions to solitonic
wave equations®; the Lane-Emden equations’ for stellar po-
lytropes, and as well the Fermi-Thomas equation for atomic
potentials; the Navier-Stokes equation of fluid dynamics®
{(when the velocity field is Fourier-analyzed spatially and the
Fourier series is at first truncated); the nonlinear rate equa-
tions of chemical kinetics,” which comprise one of the signifi-
cant statements of the nonequilibrium behavior of matter
(including oscillatory behavior of Zhabotinsky and other
types), and which rival or exceed in complexity the Navier—
Stokes equation in important situations of high biochemical
diversity; and the similarly structured rate-laws in models of
ecological dynamics, such as those due to Volterra.®? Several
of these examples are at the outset in the form of Riccati
systems, Eq. (2).

1. REDUCTION TO RICCATI FORMAT

We may first notice in regard to general differentiatl sys-
tems of type (1) that the near-trivial introduction of an addi-
tional variable formally erases the distinction between
autonomous and nonautonomous problems, according to

é:i =Xi(§l»§2"":§k7§k+l)’ §k+l =1

In this view the linear system

£ =F,(t), + Fit) (4)
falls into
E =Folbi i) +Filliir) Exin=1, (5)

which may be considered in present context to be nonlinear.
This reclassification of Eq. (4) reflects and respects the fact
that (4) suffers fundamentally from the same difficulty as
general nonlinear £, = X,, namely, that, in order to compute
tions), one does not generally have a simple recursive rule for
the computation; the binary products F,, £, in fact have the
same character as the products C, ;. x;x, in the Riccati sys-
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tem (2), and (5) may indeed be made over into a Riccati sys-
tem on this basis, using methods described below.

A few examples will now be considered to show how, by
other simple adjoinders of new variables (besides £, , ),
quite diverse differential systems may be cast first of all into
polynomial ordinary differential systems (PODS)

7, = P.mNaomy), i=12,.00 I>k

(P; a polynomial in its arguments).

Following that, the reduction of PODS to Riccati systems
will be described.

Consider three particles in nonrelativistic motion under
Yukawa forces with potentials

Vie=8p [exp( — Airp))/ra  etc,

and equations of motion
m i, =gt — v )(1/r, + 4,/r,) exp( — A1)

+ ga(r, — 0)(1/r3, + A3/75, ) exp( — Ayra),  ete,

(6)

where efc stands for the remaining potentials and equations
of motion obtained by cyclic permutation of 1,2,3. This, of
course, stands for a little prototype of the many-body prob-
lem, whose generality may also encompass more particles,
other sorts of central as well as noncentral forces, many-
body forces, dissipative forces, etc., without harm to the
thrust of the following type of construction.

Write

U, =1/rn, u,=1/ry, uy=1/ry,

¥y = [(x; _xj)z +(y: — yj)z + (z; _Zj)z]l/z,
w, = expl — A7), W, = exp( — A,r3),

w, = exp( — A,;73),
and then Eqgs. (6) go over into the polynomial system
r=v,
m\v, =gw(uy +Auilr, —r,)
+ g}le(ug + /1314%)("1 —r3),

i, = —ui (v, — vo)(r, — 1), )
Wy = —Awu, (v, — vo(r, — 1),
etc .

We have also

4 _L)- _ . s b
dt(“l P = (Vi — Vo)e(r, l'z)(ul "?2)

= — (v, = V)«r, — 1))
><<u% TRLIT L)(ul _ )
ra P ry

d
E [w, — exp —4,r,)]

= —Ay(v, — VoJ(r, — rz](wlu1 _ &xpl _’1:’12))

ri2
= — AV = VyJ(r; — 1)

><[w.(ul — r—fz)+ rfg [w, — CXp(—/llrlz)]],

ete,
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or
1
af we o
a0 12
w, — exp( — A7)
uf + _u_1+ .L 0
4T "%2
= — (v, — Vy){{r; — 1)) 2
Aw, —
ri2
|
u, —
X s ete,
w, — exp( —A,ry2)
telling that the initial data
u = 1/ri;=0 etc at t=1I,, (8)

w; — exp(—A;rp)=0

persist for all times, and that, upon these data, Egs. (7) en-
compass Eqs. (6) with perfect fidelity.

Thus is achieved, through systematic use of the old de-
vice of bringing in suitable new variables, a recasting of the
original problem (6) in r;,v; over into its faithful rerepresen-
tation as the PODS (7) in r,,v,,u,,w;. with the proviso of the
initial data (8). Absent this proviso, the system (7}, being of
higher order than (6), overreaches itselfin stating, as it stands
alone, quite a lot more than (6). The proviso then remedies
this overstatement, trimming (7) to exact faithfulness to (6).

Consider next the following somewhat contrived illus-
trative problem. A plane pendulum, with an arm of negligi-
ble mass compared to its bob, has a temperature oscillation
impressed upon it, producing a prescribed alteration of its
length say,

r=a+ Bsn(yt, k),
with sn being the Jacobian elliptic function of modulus k.
The equation of motion for this arm-variable pendulum is

4 (?6) = — grsind
dt

or, using the above device of making the system formally
autonomous,

6= o,
_ 2Byw cnyrdnyr g sinf , 9)
a + fBsnyr a + Bsnyt
=1
Introduce new variables
&= snyr, m=cnyr, {=dnyr,
u=sinf, v= cosf, w=(a+PLE)"",
to bring the PODS
=0, o= — 2Byoniw — guw,
=1, E=yn, (10)
0= —vEs, &= —vk€n,
i=vw, V= —uw, W= —PByro’ns.

The overstatement here, as earlier, is remedied by re-
marking that (abbreviating the sn,cn,dn as s,c,d)
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4"

ar\!” 3
| 0 —E+d —Mm+o\E—s
== ¢ +d 0 §+s |n—c
k*n+c) k& +5) 0 —d

d (u— sinH)_( 0 w)(u— sine)
dt\v—cos6/) \—w 0/\v— cos8/
d 1 1
dt (w a +ﬂ§) At (w * a
so that if we impose the initial data
f—s=n—c={—d=0

u— sinf=v— cosb=w—(a+pE)"'=0
then these relations are maintained for all times. And so,
upon these data and none other, the enlarged system (10)
comprises the starting system (9) faithfully. The starting sys-
tem has been “polynomialized.”

The examples have been chosen to be a little involved in
order to illuminate and buttress the contention being made
that even quite complex starting differential systems will
yield to reduction to PODS. In particular the lesson is clear
that the presence of transcendental functions in the initial
differential system is no bar to polynomialization. The pro-
cess illustrated above of effectively “differentiating-away”
the transcendents, as with sny7, sind,exp( — A7), is evidently
very far-reaching. One can see quite easily that, solong as the
initial system involves transcendental functions which are
themselves controlled by differential equations of finite or-
der of a wide variety (including the circular, hyperbolic, el-
liptic, hypergeometric, Bessel, etc., functions of classical
analysis—but excluding the like of the gamma function
which obeys no differential equation of finite order), then the
scheme of introducing new variables and differentiating-
away the transcendents becomes practicable. While further
characterization of the polynomializable differential sys-
tems is not simple, their scope certainly spans rational and
irrational functions, and certainly an appreciable class of
transcendents (including also rational or irrational functions
of transcendental functions and vice-versa, as well as many
kinds of transcendental functions of transcendental func-
tions). The reader may find it interesting to try to build dif-
ferential systems from the familiar functions of classical
analysis (excluding the gamma or like functions failing to
satisfy finite-order differential equations) which are not

] at t =1,

S

+ﬁ§)(“’ T a +lﬁ§>’

polynomializable.

_ When one thinks at the outset of computing from
& = X, thesuccession &,,£,,-- toward thereby building a for-
mal solution &, (¢ ) as, say, a Taylor series, one recognizes that
the differentiating-away process that produces 7, = P, is
simply of the nature of a systematic means for handling the
peculiarities of the assorted special functions entering X,
through, in effect, extruding the peculiarities into that much
simpler condition represented in their assorted individual
defining differential equations, that is, through exploiting
the simple recursive relationships between the functions and
their derivatives. Both the “‘gross” structure of X; consid-
ered as a function of other functions, as well as the “fine”
structure of these other functions, will in very many cases be
capable of being differentiated-away.

We will now take it for granted that the redescription of
an initial differential system by means of an equivalent
autonomous PODS has been performed, and examine
whether and how PODS may be reduced down to quadratic
or Riccati format.

Let us begin with a simple example,

N =ao+am+an +an, (11)
going a step beyond the well-known classical Riccati
equation

N=ay+an +a’,
where the a; are prescribed constants. Using again the device
of bringing in additional variables, let { = 7, giving the joint
system

N =a,+ a7+ a5 +an, (12)

§=2aym + 2a,§ + 2am6 + 2a:,5 2.

This is a Riccati system in that only terms up to quadratic
degree enter the right-hand members. As previously, we
have an overstatement in this second-order system, again
remediable by computing

d

Z (& — %) = (2a, +2a:5)i§ — 1),
and insisting on initial data

E—n"=0 at
that perpetuates £ = % for all time, ensuring that Eq. (12)
holds perfectly to Eq. (11). The decrease in polynomial de-
gree has been traded for an increase in order, with appropri-

ately restricted initial data.
In this same vein, for the general PODS we have

t=t,

7, = P,(n|r) = polynomial in % of degree r at the highest
= ¢ E') + ¢ 1!(1 77(1 + ¢ izaﬂna 77/3 + d) ?{xﬁyna 77[)’777' + d) ?ﬂﬁ}’d 77(1 1][}77)'775 + e + ¢ ir(l/3---pz777a 1]/3 "'77;1 770’ (13)

=12,/

and may introduce x,; = 7,7, to give

r-fold monomial

1:]1' = (D? + ¢:1rx 77(1 + ¢ ?(z/}xa/] + (p ?a/}yxa/}ny + ¢;t1/37<5'xa/377)'77§ + o + ¢ ;a/}-~-pax(1/377y776'.'77 /71717’ (14)

and additionally
xij = q) t')T]j + ¢ ilax(xj + ¢ ?a/}xaﬁnj + ¢ ?abyxaﬁx7fj

+ ¢?a/3y§xa/3777/'x6j + -+ 4 :aBy-upaxabnyn(?"'npxuj -+ [* ]’ (15)
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where [*] means the same terms as first written but with i and
J interchanged.

The introduction of the x’s into 7,,x;; is at the outset
ambiguous, and the ambiguity has been resolved in the par-
ticular way shown for the sake of a certain convenience.
Namely, when we calculate
d
7 (xi; — 175 i
= ¢ :!a(xaj - 77(17]]) + ¢ iaByxaB(xyj - nynj)

+ e+ ¢ :aﬁyv~vpaxaﬁ7’7"'np(xaj - 770771')
+[*,
we have that, if initial data

x;—n, =0 att=¢,
are prescribed, then the connection x;; = 7,7 ; is maintained
for all time. And then the joint system Eqs. (14) and (15) in all
the A =/ + /(I + 1) variables

NN Mis X110 X 12000X 115 X220X2350000% 25 o 5 Xy
Ofr, say, u,,U,,...,u, is of structure
u, = Pulr—1), (16)

while being exactly equivalent to the starting system, Egs.
(13). So quite generally a decrease of polynomial degree is
achieved, albeit at the expence of an increase in order (to-
gether with restricted initial data).

By repeating this type of process r — 2 times in all, with
dueincrease in order along the way and with due restrictions
on initial data, we have the result that very general starting
systems may, following their preliminary reduction to polyno-
mial systems, be brought down to a Riccati system

x,=A,+B,_x, + Cuﬁxaxﬁ, (17)

a“va 1

which is, under suitably restricted initial data, exactly equiv-
alent to the starting system.

As will be at once evident, the Riccati system cannot, on
the above basis, be reduced any further. The quadratic non-
linearity stands as the final intrinsic one. If, however, one
persists in grouping x,x, as a single new variable, linear
equations plus new Riccati equations follow, and continuing
in this way produces a linear system of infinite order, as will
elsewhere be discussed.

Certain kinds of Riccati systems have been discussed”
from the viewpoint of exact linearization procedures, akin
more or less to that for the classical elementary Riccati equa-
tion, but none so far has proven to be comprehensive.

lll. CONCLUSION: ELEMENTAL RICCATI SYSTEMS

The reduction scheme that has been advanced, running
from general differential systems to PODS to Riccati sys-
tems, admits further simple reduction to elemental or “ca-
nonical” forms of Riccati systems.

It may be noticed first that Riccati systems are formally
reducible, in many ways, to systems with only quadratic
terms. The simplest way is to adjoin one more variable to Eq.
(17),

2

X; =Aixn+l +Biaxaxn+l + Cianaxﬁ’

x,,,=0
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with the initial datum x,, _ , = 1. That is, linear terms may
always be quadraticized, though not conversely. It is suffi-
cient then to deal always with

X =Dippx,Xs (18)
of arbitrary order, or, in a condensed notation,

x =x°9x, (ach),=D, za,b;,

where D, ;, can always be counted as having a prescribed
symmetric part inj,k, plus an arbitrary skew-symmetric part
inj,k. The Riccati problem (18)is then characterized by com-
mutativity of the binary operation © (when D is taken purely
symmetric) but by nonassociativity a(boc)+(acbjoc in

general.
Rewrite Eq. (18) as
xi = (DianB)xa
EXia xa ’ ( 19)
and consider the outer product
UijkIEDijkxl
with
X; i = U ijAR"
Then
Urjkl = DiijIo"xa
= DijkaXla
or
Ui JKI = U; Jjko UIa/{/l s (20)

with initial data U, 4,(0) = D, ;, x,(0). The quadruple indices
to U here may be understood to run, for example, in dictio-
nary order 1111,1112,..., which may in turn be designated
anew as 1,2,..., so that Eq. (20) is itself a Riccati system

U, =E,, U U

7

(21)

with all E_,. zero or unity in accordance with Eq. (20).

The integration of the Riccati system (19) is thus made
to depend on that of the elemental Riccati system, Eq. (20) or
(21).

The ERS of Eq. (20) may also be seen as a type of matrix
Riccati system as follows. Write Eq. (20) as

Uijkl = (Jijka(sava/{,u U/wm ’
and regroup as
Ui =uiasugs, (22)
(A51=5,,5,,).
Now designating the collection of square matrices U'",
U“%,..andd "1 A4 "2, .asU U ?,--and4 ',4 %,-(going,say,
in dictionary order for the double superscripts jk ), Eq. (22) is
U'=UA7T".
Also, under linear transformation
U, ki = r jkaB VaBil’
Eq. (20) goes over to
Vabil = Vapia T

abic® oA pr

VpTM H
or to

7iab) _ prab) - (pr)
Vi =V \rgvign,
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viz.,
Vi=virer,

while, under the quite different transformation
Uijkl = AkiaB Waﬁjl’

Eq. (20) reads

Wabjl = abjoA}J,uv Wyva}»’
W = Wi WAy,
Wi=WWrA?Y,
Since the “direction” of W=(W ', W 2,...) remains fixed (all
derivatives of W' being proportional to W), we may take
Wit)=WwI10Z{)=0Z,
and deal with the scalar Z according to
Z=ZQ'ZA",
Z(0)=1
Similar scalar equations follow by similar means for ' and

Vabove.
The simple case here of Z commuting with all A ‘brings

Z=2Q"A"Z
with solution
Z=(I—-Q"A")" "

But, as examination shows, this is of little use in view of the
severe restrictions that come to be placed upon D, ;.

The theory of matrix Riccati equations® appears so far
to be limited to single matrix equations of a particularly sim-
ple type, and is of no evident bearing in connection with the
present matrix Riccati systems in U',V*,W* or the single
matrix Riccati equation in Z.

Finally, another sort of reduction of general Riccati sys-
tems (17) to elemental form may be considered in an addi-
tional differentiating-away procedure. In (17) place x; = y,,
so that

)}i = (Bia + 2Cia/3xﬁ)ya

(Cijn =Cu;)y i=12,.,n
Calling

Y, =B, +2C, 3xg,
we have

Y:‘j =2C, 3 yg,
or

Yij = ZijB Vg, Zijk =0.

In all, the Riccati system
Vi=Yuyar Y, =Ziypys Ziy =0, (23)
follows from Eq. (17), with initial data

Yi(0) =4, + By %, (0) + CiopX, (0)x(0),

Yij(o) = Bij + 2C[jﬁx[)'(0)?

Z,,(0) =2C,,
and with x, computed from y, by quadrature.

A convenient redesignation of y,Y,Z is

1370 J. Math. Phys., Vol. 22, No. 7, July 1981

Vs Vaseoos Vo =Z 132250032,
Y, Y50 Y

nh

in dictionary order

Trseseyees

Z v Z s s 1seie L, 10 dictionary order

Ezn+n3+l""’Zn+nz+n;"';"' ntonponte

Then the system (23) is

2, =E¥pzpz,, i=12,.,n+n*+n’,

with coefficients
E;'jk = 61j6ni+ 1,k + 52j6ni+ 2.k + e+ 5nj5ni+ nk*

For example, for a starting Riccati system of second order
(n=2)

E?}k = 51j52i+ 1k T 62j62i+ 2.k
Lk =12,.,14

and the square matrices [E *] & have unity in the (1,2 4 1)
and (2,2/ + 2) positions, and zeroes elsewhere.

This completes the statement of the second form of re-
duction to an elemental Riccati system.

In summary, it has been shown, through a chain of ele-
mentary steps, that the reduction scheme

very general nonlinear systems—»
polynomial systems—

Riccati systems—

elemental Riccati systems,

performs a universalization of nonlinear differential
systems.

The reduction to elementary universal formats in Eqgs.
(20) and (24) is, of course, bought at the price of appreciable
increase in order of the ERS. So long as one wishes to survey
the general situation of initial Riccati systems (17) bearing a
great burden of general parameters 4,,B,;,C, ;, the shifting
of this burden into the initial data of structurally simple ERS
clearly must cost this price. It is to say simply that great
parametrization may be viewed in terms of great order.
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Using a regularization of the classical Kepler problem, we show that a change of process and a
change of time in stochastic differential equations allow a treatment of singular potentials in

Wiener integrals.

PACS numbers: 02.30.Jr, 02.50.Ey, 03.65.Db

1. INTRODUCTION

It has been known since the thirties that in some sense
the Coulomb problem is equivalent to the harmonic oscilla-
tor problem. See for example Ref. 1. More recently it has
been used by J. Schwinger in his lectures to solve the problem
of the hydrogen atom. Heuristically it suffices to observe the
close relationship between the Laguerre and Hermite poly-
nomials.” More generally it has been demonstrated by D.
Fivel® that a solution ¢ of the radial Schrédinger equation
for a spherically symmetric potential of the type

Vir)=(g/r) + (G /r)ulr)
and of energy E, can be transformed into a solution @ of the
radial Schrddinger equation

o |2kt Gurn + ﬁ—le) ¢ = €p,
2m 2 2m y
where one has made the following substitutions

r= yz’ ‘//(r) = yl/2¢(y)»
and the identifications
—8E=K, e= —4g, A=2 +1

See also, F. Goded.*

Moreover, it should be noted that these transforma-
tions have made it possible to find the discrete spectrum of
the hydrogen atom from the one of the harmonic oscillator.
The three-dimensional Coulomb problem was related to the
two-dimensional harmonic oscillator, for instance, in Ref. 5
and to the three-dimensional oscillator in Ref. 6. The con-
nection between the nonrelativistic quantum mechanical ei-
genvalue problem and a Lie algebra eigenvalue problem has
been extensively developed. See, e.g., A. O. Barut.”

A similar correspondence exists also at classical level as
has been noted by P. Kustaanheimo and E. Stiefel® and was
used to regularize the Kepler problem in R * by mapping R *
into R * and by an appropriate change of time. In R * the
equations of motion of the Kepler problem are also linear
differential equations with constant coefficients, thus re-
maining completely regular at the center of motion. In 1979
1. H. Duru and H. Kleinert” used these transformations to
express the Green’s function of the hydrogen atom calculat-
ed as a Feynman path integral in terms of the Green’s func-
tion of the four-dimensional harmonic oscillator.

However, the mathematical theory of Feynman path
integral'*~'? does not allow one to deal rigorously with the

“On leave of absence from the CPT CNRS (Marseille).

1372 J. Math. Phys. 22 (7), July 1981

0022-2488/81/071372-05$1.00

case of a singular potential like the Coulomb potential. This
is the reason why in this paper we treat the corresponding
imaginary-time Schrdédinger equation which can be solved
by the Wiener integral. In the past decade the method of
associating stochastic processes with quantum theories for
imaginary times has become more and more important. See
Ref. 13 and the references therein. In the first section we
briefly review the results known about the connection be-
tween stochastic differential equations and elliptic equations
and Ito’s formulas of stochastic calculus. We also recall the
formulas allowing a stochastic change of time.

The second section deals with the well-known results of
A. Hurwitz about the composition of quadratic forms.

The third section gives the main result of our paper,
namely that through a change of variables and the introduc-
tion of a stochastic time one can map the stochastic differen-
tial equation associated with a harmonic-like potentialin R
into the stochastic differential equation associated with a
Coulomb-like potential in R ". Finally, special cases are con-
sidered, in particular the pure harmonic oscillator in four
dimensions.

Our purpose is to stress that the method we describe is
especially well suited to the treatment of perturbations of the
Coulomb potential as was the case in classical mechanics.”
In a later publication we intend to elaborate this point.

2. SOME RESULTS ABOUT STOCHASTIC CALCULUS

In this section first we briefly describe the well-known
results about the connection between the elliptic equations
and the stochastic differential equations (see, e.g., Ref. 14 for
more details).

Given an equation of the type

a Y
— N bbby ——— + VX)) =—
’ 2 bucdy 9x,0x; ( )]¢ ot
for which there exists a strictly positive solution ¢, one
makes the change of function

Ylx) = d(x)é (x),
and ¢ satisfies the parabolic equation
a¢ a3’ IF d¢
—— = —Nbuby——0+2D b by ——,
at 2 bubn x,0x, ¢+ 22 bubu ax, 9x,
where F = Ing,,

The solution of this equation with initial condition ¢
(with appropriate regularity properties) is given by

$(tx)=E d@ (1))
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where £ is a stochastic process solution of the stochastic dif-
ferential equation

(2 By )dt+ S byduw,
=a,dt + Eb,-jdwj,

where the w; are independent Wiener processes.

Ito’s lemma (formula) allows us to consider a change of
variables, viz. if uis a C * function then «(£,(z ) = £ (¢ ) defines
a stochastic process which satisfies the stochastic differential
equation ({to’s lemma):

dg(t)=Adt+ Y Bduw,

where
du 1 X
A= — b.b,;,
¥ dx, % 2 ,; ax 8xk ,z imH
N du
B = b,..
! K= Ox, Y

In what follows we shall need a change of time and this can
be made through the introduction of a family 7, of stochastic
times defined by

uifmmmm

where g is a positive continuous function for which

[Cetctnds =,
0
with probability one. Introducing the random process

nis) =& (7,),
the new random process 7(s) satisfies the following stochas-
tic differential equation:
B;

s+ Y ————dw
g(n(s)) 2 (g(ns)1'?
See Ref. 14 for a proof of this result.

dnls) =

3. THE THEOREM OF A. HURWITZ ABOUT
COMPOSITION OF QUADRATIC FORMS

Let us consider the following problem: For which value
of N does there exist a formula

(] 4+ x{) P+ YN =2+ e+ 2, (3.1)

where the z; are homogeneous bilinear forms in x and y? This
problem has been solved by A. Hurwitz'® for quadratic
forms over the complex field. The theorem of A. Hurwitz

x, X, X, X4 X5 Xg
— X5 X, X, — X, Xe — X5
—X;  — X4 X, X, x; — X
— X X — X X — X — X

B(x)= 4 3 2 1 8 7
—Xs — X — Xy Xg Xy X2
— Xe Xs Xg X7 — X3 Xy
—X; —Xg Xs —Xs — X3 Xq
— Xy X7 — X —Xs X4 X3
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states that this is only possible if N = 1,2,4, or 8. The case
N = 1is trivial and we will discuss the other cases briefly.
For a proof see Refs. 15 and 16. ’

The assumption about z implies that

z=B(x)y, (3.2)
z (B )ixi y, = z B(x); v, (3.3)

and (3.1) is equivalent to the condition on the matrices B *

‘B*B* =1, (3.4)

‘B*B'+‘B'B*=0, k #I, (3.5)
as a special case forx = y

s#=(35), 39

i 7
and the matrix B (x) satisfies the condition

‘B(x)B (x) = |x|*. (3.7)
For N = 2 one has explicitly the matrix B (x),

Bix)= G (3.8)

X2 Xy

This matrix has the following geometrical interpretation.
Letz = x, + ix, be the plane of the trajectory of a mov-
ing particle. For regularization purposes Levi-Civita'’ has
introduced a parameter plane w = x, + ix, mapped onto the
physical plane conformally by the transformation
a2 = xi —x3

z=w", (3.9)
Y2 =2xx,.

Accordingly, parabolic coordinates are introduced in the
plane of motion. A conical section centered at the origin of
the w-plane is transformed into a conical section of the z-
plane having one focus at the origin. For this reason the
transformation is a very practical method for the discussion
of the Kepler problem.

For N = 4 a generalization of this transformation is
en by

X, =X, —X3; X,
X2 X — X5 —X3
B(x)= (3.10)
X5 X4 X, X,
X, —X; X —x,

Notice that 2, B (x),x, = 0, the mapping x—z is actually a
mapping of R *into R *. Thisis exactly what we want tostudy
motions in R 3. R * is mapped into R * in Levi-Civita’s style.
That is to say, distances are squared and angles at the origin
are doubled. For N = 8 a matrix satisfying the required
properties is, for example,

X7 Xg
Xg — X,
— Xs X6
X6 Xs
. (3.11)
X5 — X,
— Xy — X
X X3
— X, X
Ph. Blanchard and M. Sirugue 1373



Again we remark that

S Blx)x, =0,

I=1
Hence x—z is a mapping from R ¥ into R.

Remark 3.1: The matrix B (x) has the following basic
properties: the elements are linear homogeneous functions of
the x;; B (x) is orthogonal in the following sense: the scalar
product of two different rows vanishes and each row has the
norm |x*| = x} + - 4+ x%.

Remark 3.2: For N = 4 the matrix B (x) is connected
with the rule of multiplication of quaternions and for N = 8
with the multiplication of octonions.

i=23,.,8

4. TRANSFORMATION OF THE STOCHASTIC
DIFFERENTIAL EQUATION

Let us consider the following elliptic equation,

%5=.“i_”32w+_n(z )

2m & 9x? =
which is the Schrodinger equation (with imaginary time) for
a potential which is rotationally invariant in N dimensions.
Let us assume that

2@ >0, z—+ w,

which ensures that the spectrum of the Hamiltonian is pure-
ly discrete. Moreover, we assume that the ground state ¢, is a
positive nonzero function (see Ref. 18 for the conditions on
)

Our first observation is that ¢,, is rotationally invariant,
hence

N

dox) = 9 3 ), (4.2)
=1

Consequently the drift term in the associated stochastic dif-

ferential equation is of the form

4, = —F(Z )x : (4.3)
i=1
and the stochastic differential equation can be rewritten as
dni)= —F(3 n)ni it oo dute,
i=1
i=12,.,N, (4.4)
where the w, are independent Wiener processes.
Now let us consider » matrices B from R ™ to R ¥ with
real entries, such that
‘B'B'=1, (4.5)
'‘B'B'+'B/B'=0, Vi#].
We have discussed in Sec. 3 the possible choices of N and »n.

Nevertheless, these matrices allow us to define a transforma-
tion from R ¥—R "

yx = S B )xx. (4.6)

k=1
Then if we define a new stochastic process &;(¢) fori = 1,..n

§i(e)= y:(nle)), {4.7)

Ito’s formulas allow us to write the stochastic differential
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equation satisfied by the ¢;. Explicitly,

ay; N,
L =2 B'yx,.
Eoy [;( Jix;
Hence
N ay,

N N N
S 4= -2F(3 ) $ 3 B
k i= =

=1

whereas
3y,
2 = 2B
9x, 0x,
Hence
N 3y,
= 2c;.
kz'l axz '
Consequently
d§f(t)=(—2F{[2§ (¢ 212 }0e) 4 2¢;) d
2
+ — Z (BX)imlt) dwyt). (4.8)
‘/ ki=1

We introduce now a stochastic time 7, (see Ref. 14) through
the formula

t= f S &is) ] (4.9)

i=1

Then if we define a new stochastic process @,

O,s5)=4(r), i=12,.,n, (4.10)
it satisfies
ZF{[EOI‘(S)Z]I/ZI zci ]
(s) =1 — ) T 4
e [ zowr1” Y el
1 2

b o & B Me(r e o) (410

Equation (4.11) can be simplified by the following remark.
Let £, be the stochastic processes whose differentials are giv-
en by

d(s) =

1 2 Kyl
T (30, aR] 7 gy P medri) don (12)

They are independent Wiener processes.
Indeed, let 4 be a smooth function. Then
H(x)=E. {h[§(1)]},

satisfies the differential equation

d 2 &4 &

ZHitx)= 4.13
% {t.x) (4.13)

with the initial condition lim, , H (t,x) = A (x). Hence if we

specialize 4 to be

h (x) = expli 2 Aix;)

we get
H(t,x)=exp(—— %z/lf+z'2/lix,). (4.14)
Hence the result.
Ph. Blanchard and M. Sirugue 1374



Consequently one writes Eq. (4.11) as

F{[Eai(s)z]”z} <
dO,(s) = {—ZW@(SH _[W] ds
+ - dE,. (415
m

Notice that for N = 2 and N = 4 the ¢,’s are zero but for
N = 8, C, = 16. Solutions of differential equations of this
form have been called “distorted Brownian motion.” See,
e.g., Ref. 13.

Now let us consider a C *>-bounded function @ on R *.
Then

¥s, ))=E, [ [09)]}], (4.16)
satisfies the parabolic equation
E; FIZ_ o)l & 3 2 & P
L2 [ : 172 Eyj ¢_+__2 v
s (Z7_ ) ST Ay mSh dy;

=0, (4.17)

which actually corresponds to a (imaginary time) Schro-
dinger equation with the spherically symmetric potential
given, up to a constant, by

V(R)=(1/2m')(VA + A-4),
A being the drift in (4.3).

Explicitly from (4.15) we have the new potential (in the
case N = 2,4}

m' = m/4, (4.18)

1 s 2F(R)

VIR)= — |2F(R?—F'(R) — , (4.19)
m'’ R
which corresponds to the old one
() = L [F(P)? — 2F'(P)r* — 4F (F)]. (4.20)
m

As a special case we recover the pure Coulomb poten-
tial if Fis a constant, i.e., if v(r?) is a harmonic potential.
We can summarize our results in the following.
Theorem 4.1: To any stochastic process 7 in R ¥
(N = 1,2,4,8) the solution of the system of stochastic differ-
ential equations is

1
dnit)= —F| 3 nler|nieide+ s,
where the w,’s are independent Wiener processes and Fsuch

that the solution is unique. One can associate a stochastic
process @ in R " (n = 1,2,3,1) by the following relation

O (s)= By, )n(r,),

where B (x) is an N X N matrix whose entries are linear and
homogeneous in x; and satisfy

S

i=1

and the stochastic time 7, is defined by

s:f dt 27;(:)2 1z,

=1

‘B (x)B (x) =

The random process @ in R " satisfies the stochastic differen-
tial equations

1375 J. Math. Phys., Vol. 22, No. 7, July 1981

[, FL[E0,6P1"") _]
de,(s) = [— 2———-——[2@“)2]”2 O,(s) + [2@,-(3)2]”2 ds
2
T

where £, are independent Wiener processes.

Corolary 4.2: For F = (a positive constant) and N = 4
the process @ in R * is associated with the pure Coulomb
problem with a mass m’ = m/4 and a coupling constant
g=2w.

Remark 4.1: The previous result can be applied to the
radial (imaginary time) Schrodinger equation if we remark
that the centrifugal potential in R ¥ (N>2) is of the type

kik+N—2)/7,

and can be absorbed in the solution through a change of the
drift term. Explicitly one has the equation

%,

— Ult,r
% (&)
1 3* 2a+N—14
= — |- = +2IN+ Z———— Uty
2m or r ar (t1)
Then we are reduced to the previous case for one-dimension-
al systems.

Remark 4.2: In Ref. 8 the kernel of the transformation
(4.6) has been explicitly given for N = 2 or 4. The counter
image of a point in R * is a circle in R * of radius 1/7. Never-
theless it is shown that one can choose an inverse if we use the
auxiliary condition

X,dx, — x3dx, + x,dx; — x,dx, =0.

Then we can compare the two systems of stochastic differen-
tial equations and derive explicitly an expression for the Ra-
don-Nykodim derivative of the corresponding measures;
each of them is equivalent to the Wiener measure through a
well-known formula of the Feynman—Kac type (see, e.g.,
Ref. 18).

Remark 4.3: As is pointed out in Ref. 14, any homogen-
eous Markov process can be obtained from a Wiener process
by means of a random time substitution and a state transfor-
mation. A similar remark was made for the Coulomb prob-
lem many years ago by V. Fock,' which showed the equiv-
alence of the bound-state problem of the Coulomb problem
to force free motion on the surface of a 4-dimensional sphere.
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Jump conditions for fields that have infinite, integrable singularities at an
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Jump conditions are derived for a basic set of first order partial differential equations whose fields
have infinite, integrable singularities, as well as finite discontinuities, at a moving and deforming
interface. These basic formulas are then applied to Maxwell’s electrodynamic equations and yield
the jump conditions that hold when the electric and magnetic fields have such singularities. These
jump conditions are shown to be generalizations of formulas previously derived for double charge
layers in electrostatics and for an interface with surface magnetization density in magnetostatics.
The basic formulas are also used to obtain jump conditions for the wave equation and other
second order partial differential equations whose fields have finite discontinuities at an interface.
A similar application to second order vector identities yields a new set of jump identities. These
identities show that the normal and tangential components of the jump in a vector field are
kinematically interdependent; e.g., shock waves and vortex sheets are kinematically linked—a
fact that may be significant for shock-slip flows in aerodynamics. The jump identities also indicate
the fields that must be measured at an epoch in order to calculate the instantaneous growth/decay
rate of a propagating discontinuity, such as an atmospheric front. A feature of the derivation is
that the field jumps and surface densities are mathematically defined as continuous and
differentiable functions of three-dimensional space and time that assume physical values on the
physical interface. This approach is simpler and more general than previous approaches that
define jumps and surface densities only on the physical interface because the brackets (jumps) now
commute with a// derivatives, instead of with only the tangential and displacement derivatives.
Boundary value problems with propagating infinite singularities in the electrodynamic fields are

presented as examples.

PACS numbers: 02.30.Jr, 03.50.De

. INTRODUCTION

The jump conditions that hold for fields having step
function discontinuities at an interface do not, in general,
apply if the fields have coincident Dirac & function or higher
order integrable singularities. For example, if curl p = 0, the
familiar jump condition 7/ X[ p] = O does not usually apply if

the surface density P=lim,, , J. p dn is definite. Such a
an
surface density could arise from a discontinuity in the poten-

tial function for p, and several restricted examples of this
type have been treated by Stratton.' The purpose of this in-
vestigation is to derive more general jump conditions for
wider applications in physics and mechanics.

In our derivation, the field jumps and surface densities
are treated as continuous and differentiable functions of
three-dimensional space and time that assume physical val-
ues on the physical interface. This approach, which is justi-
fied in a subsequent section, is simpler and more general than
previous treatments? that restrict the mathematical defini-
tion of these entities to the physical interface itself. Elemen-
tary examples are given in Appendices B and C.

Derivations of jump conditions at moving and deform-
ing surfaces may be done either in four-dimensional space—
time,** or in three-dimensional space by utilizing moving
regions of integration®®; we will use the latter three-dimen-
sional approach. The relevant characteristics of moving sur-
faces and the sign convention are summarized in Appendix
A.

1377 J. Math. Phys. 22 (7), July 1981

Il. DERIVATION OF BASIC JUMP CONDITIONS
Derivation: Consider equations of the form

A= — 22, (1a)
at

m = grady, (1b)

b= — ¥ (1c)
ot

j=curlp, (1d)

& =divgq, (le)

where the fields 6,¢,w, p,q have step-function (H-function)
and 8-function singularities at a moving and deforming in-
terface S that has local unit normal 7 and speed of displace-
ment N [Egs. (A2),(A3)], as shown in Fig. 1. As a conse-
quence of the movement of S and of the space and time
derivatives in Eqgs. (1), the fields A,m,b,j,& have H-function,
&-function, and & -function singularities on S, where § ' de-
notes db (u)/du. We shall write, for brevity,

6,¢,w, p.qg =0 (5) (2a)
and

(A.mb,j,&)=0(5"), (2b)
where the highest order singularity is indicated and the exis-
tence of the lower order singularities is presumed.

In order to derive the corresponding jump conditions,
Egs. (1), with the exception of {1¢c) which is essentially repet-
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FIG. 1. Moving and deforming interface S with unit normal / and speed of
displacement . Positive and negative sides of S are defined relative to A, as
shown.

itive, are expressed in integral form

ff /{dr_——jjfedr-i—#euﬁda, (3a)

Jffmdr:#z/zﬁdo’, (3b)
ﬂf”’zfﬁ}gﬁxpd“’ (3¢)

Ufg(h:#q-o do, (3d)

where volume 7 and its surrounding surface ¢, with outward
unit normal ¥, are taken to be moving with the mathematical
velocity field U(r,# ), which is distinct from any physical field,
and where Gauss’ divergence theorem and the transport
theorem? have been used. Since the second integral in Eq.
(3a) is purely a function of ¢, it is appropriate to take its time
derivative. We adhere to Hilbert’s view that natural laws
should be expressed in integral form; in regular regions, Egs.
(3)reduceto (1), and at asingular interface they give the jump
conditions that we shall now derive.

We choose 7 to be the curvilinear pill box 7’ that inter-
sects the interface S, as shown in Fig. 2, and whose height An
is everywhere bisected by .S and may be arbitrarily small; 7" is
further taken to move with S through normal displacements
by specifying that U(r,t ) satisfies the condition

Ui = N. (4)

Subject to these conditions and to Egs. (2), Egs. (3) become in
the limit as 4n—0

”Ads
~ %”9d5+ ” (61N dS + 9§9U-(i><ﬁ)d1

(5a)

JJMdS: Jf (1A dS + SQW(ixﬁ) di, (5b)
fdeS ffnx[p]ds-f—ff
”5d3= ” [q]+7 dS + §§Q-(i><ﬁ)dz, (5d)

where the capitalized fields are surface densities that corre-
spond to the lower case volumetric densities and are defined,

A)X Pdl, (5c)
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FIG. 2. Volume of integration 7' that intersects interface S. The bounding
surface o’ consists of a right quasicylinder of length A# and its two quasi-
planar end surfaces, all with outward ur}it normal ¥. On the circuit line /,
where o' intersects S, the unit vectors ¥, /, and A are mutually orthogonal, as
shown.

representatively, by

6= lim | 6dn (6a)

An—0 Jan

for the fields of Eq. (2a) and by the more general relation

ffA dS= 4]:20 ff Adr (6b)

for the fields of (2b}.

We now assume that all of the integrands in Egs. (5) are
continuous and differentiable functions of three-dimension-
al space and time. (This assumption will be examined in Sec.
I11.) The second term in Eq. (5a) may then be transformed by
the kinematic theorem®

([ oss= [][[5 - 2)o-savole

+ fﬁeu-(i X A) dl, (7)

where £2 is the mean curvature of S [Eq. (A4)], and the line
integrals in Egs. (5b)—(5d) may be transformed by Stokes’
theorem” (actually due to Ampere, Kelvin, and Hankel?);
then Egs. {5) become

- + N0+ 2086 + N [0]]ds =0,
(8a)

JJ [ — M+ il4] +A20¥ + (V—ﬁ—(%)W}dS=O,(8b)
ff { — T +AX[p] — ((AX P)}V)i + A(A-curl P)

— AXgrad(A- P)}dS =0, (8¢c)

ff Z + A+[q] + Acurl(ixQ)}dS =0, (8d)

where the third term in Eq. (8¢) is expressed for brevity in
Cartesian notation. The integrands in Egs. (8) are assumed to
be continuous, and since these equations hold for any area on
S the integrands must vanish:
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A=NI[8]+20NO — (i +Ni)9, (9a)
ot dn
M = A[¥] +ﬁznw+(V—ﬁi)w, (9b)
on
d a
B=N[w] +2mvw—(5; +Na_n)w’ (9¢)
J=naX[p] - ((AX P)}V)i
+ Alfircurl P) — /i X grad(A- P), (9d)
= = A[q] + A-curl(AXQ), (9¢)

where Eq. (9¢) is a vector form of (9a). Equations (9) are the
jump conditions for Eqs. (1) when the fields have singulari-
ties given by (2) and surface densities defined by (6). They
may be used to obtain by inspection the jump conditions for
other first order partial differential equations whose depen-
dentvariables are O (§ ) ataninterface, asillustratedin Sec. V,
and for second order equations whose variables are O (H ), as
illustrated in Sec. I'V. Equations (9) are amenable to simple
checks, as shown in Appendix B.

Physical interpretation: Many of the terms in Egs. (9) are
easily interpreted from a physical viewpoint. In Eq. (9a) for
the surface partial-time-derivative density A, the term N [6]
represents the rate of accumulation of @ due to the “snow-
plow” action; the term 2£2NO accounts for an expanding/re-
ceding bulge on the interface that tends to cause local dilu-
tion/concentration of &; and the term (3 /3¢ + N3/dn)O
represents the time rate of change of @ following the moving
interface along its local normal. In Eq. (9b) for the surface
gradient density M, the terms 7i[¢/] and 7i202 ¥ are the normal
contributions from the discontinuity in ¢ and from the cur-
vature of the interface, respectively; and the term
(V — Ad/dn)¥ is the tangential contribution.

In Eq. (9d) for the surface curl density J, the term
{{iXX P)-V)A represents contributions from the curvature
and twist of the interface along the direction of A X P; and
A(A-curl P) is the normal contribution of curl P. The term

— AiXgrad(s+ P) may be interpreted by taking the scalar line
integral of p about a quasirectangular circuit that penetrates
interface S, as shown in Fig. 3, and dividing by A4/; as An—0,
the parallel sides contribute /X[ p], and the perpendicular
sides give — 7 X grad(A- P) as 4/—0 also.

In Eq. (9¢) for the surface divergence density =, the term
A+[q] is the contribution from the discontinuity in q; the term
A-curl(A X Q) may be rewritten by Stokes’ and Gauss’ theo-
rems as div,(Q — AQ, ) and represents the two-dimensional
divergence of the tangential vector (Q — AQ, ). The linking
of A-[q] with (7 X Q) in Eq. (9¢) and of # X[ p] with A+ P in (9d)
will gain further physical significance in Sec. IV.

N
An

1 “
.
T 23 ~3

FIG. 3. Circuit of integration on a plane locally normal to interface S. The
height 4n of the circuit is bisected by S, and in the limiting process An—0
before Al—0.
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Note from the combinations of terms in Egs. (9) that
only two types of derivatives occur: (a) spatial derivatives
that are tangent to S; and (b) the displacement derivative
(@ /8t + N3/3dn) that follows S. In order for the terms to be
individually meaningful, the surface densities, field jumps,
and 7,N,f2 must all be regarded as continuous and differen-
tiable fields, in agreement with the assumption preceding
Eq. (7). This concept will be developed in the next section.

{1l. CONTINUITY AND DIFFERENTIABILITY OF FIELD
JUMPS AND SURFACE DENSITIES

We shall show that field jumps and surface densities can
be viewed as continuous and differentiable functions of (r,z )
through mathematical continuation and induction. Instead
of Eqs. (2), take

@'¢'\w,p.q)=0(H) (10a)
and

(A'mbjeg)=0(8) (10b)
then Egs. (9) become

A'=N[8], (1a)

M' = A[¢], (11b)

B = N|[wT, (11c)

I =Aax[p] (11d)

= = ilq). (11¢)

From a physical viewpoint, the jumps
[61.[¥').[w'].[ p'].[q'] and the surface densities A ',M',B’,
J',Z" are specified only on the physical interface S; however,
we may mathematically continue the definitions of these
quantities throughout (r,# ) by the following abstractions:

(1) The physical interface S is viewed as one of a mani-
fold of moving and deforming mathematical surfaces de-
fined by ¢ (x, y,z,t) = const, where ¢ is continuous and dif-
ferentiable in (r,z ). Then, as defined by Eqgs. (A2)—(A4), 4, N,
and {2 are also continuous and differentiable in (r,? ).

(2) The jump in a physical field v is given by
[v] =v* — v, where v is physically specified throughout
(r*,t)and v~ throughout (r,¢),and where the + spacesare
separated by the physical interface S. By mathematical con-
tinuation across S, both v* and v~ may be defined as con-
tinuous and differentiable functions throughout (r,z ), whence
the jump [v] = v*(r,#) — v (r,t) is continuous and differen-
tiablein (r,7 ). (This abstraction is consistent with the classical
treatment of boundary value problems, where the compo-
nent mathematical solutions are often defined beyond their
regions of physical validity.) It follows that

Vi[v] = Vav™ — Vav™ = [Vav], (12a)

where V is the three-dimensional gradient and % represents
any appropriate vector or scalar product, and

dlvl  av* . av- av]

ad ot o  lor

Therefore the brackets (jumps) commute with a// deriva-
tives. (Previous treatments® admitted such commutability
only for the tangential and displacement derivatives; com-
mutations of brackets with the normal and partial time de-
rivatives were excluded.) Because of these abstractions and

(12b)
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Eqgs. (11), the surface densities A ',M',B'.J',= ' are also con-
tinuous and differentiable in (r,z ).

We further infer from Egs. (11) that for any vector field
vorscalar field y of O (6 ), the corresponding surface densities
V and X may be represented by the forms

V = N[u] + Ayl + AX[s], (13a)

X = N [u] + A-[k]. (13b)
Continuing inductively, we reconsider Egs. (9) subject to (2).
The surface densities ©,%,W, P,Q may now be expressed as
in Egs. (13}, and we conclude that the surface densities
A,M,B,J,Z are also continuous and differentiable in (r,z ).
Therefore, field jumps and surface densities that are phys-
ically defined only on an interface may be represented math-
ematically by continuous and differentiable fields. Examples
of such representations are given in Appendices B and C.

IV. JUMP CONDITIONS FOR SECOND ORDER PARTIAL
DIFFERENTIAL EQUATIONS

Jump identities: A specialized form of Egs. (1) is given

by
il
= - — 14
Y E (14a)
g = gradyp, (14b)
= — ﬁ, {14c)
at
¢ = curly, (14d)
€ = divy, (14e)

By differentiating and combining Egs. {14) in appropriate
pairs, we obtain

grady = — —g—f—, (15a)
curlf = — 3—‘:, {15b)
t
divf= — ?, (15¢)
t
grade = curle 4 V?, (15d)

which are second order identities in v and 7. Reference to
Egs. (1) and (2a) shows that jump conditions can be obtained
for Egs. (15) provided (y,g, f ,¢c,€) = O (6 ) and (n,v) = O (H),
whence the jump conditions for Egs. (14) become

= Ni»l, {16a)
G = Aly], {(16b)
F=N[v], (16c)
C =7ax][v], (16d)
E = Av]. (16e)

The jump conditions for Egs. (15) are found by inspec-
tion from Egs. (1) and (9):

Aly) + A20T + (v — A i)r
on

=N|[g] +2.()NG—(§{~ +Ni)G,

n (17a)
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AX[ f] — (A XF)V)A + A(A-curlF) — A X grad(A-F)
3

a3
=N[c +2.()NC—(— N——)C, 17b
] ar + on (170)
A+[ €] + A-curl(A X F)
3 3
=Nle +2.QNE—(— N—)E, 17
[e] Py + F» {17¢)
Ale] + A20E + (v _i9 )E
on

=AX[c] — ((AXC)-V)A + A(A-curlC) + [gv_] (17d)
n
Substituting Eqgs. (16) into (17) and using Eqgs. (12} and (A5)
give

d d o s
(5 +N—(;)[n] — _[y] + Nalgl,

3 3
(5 +¥ e
= _[f] + AN[€] — NAx[c] + A20N (A[v])
¥ N(V _4 i)(ﬁ-[v]) + N((AXAX [V)IV)
dn

— AN {(A~curl{Ai x[v])),

(18a)

(18b)

a Jd\ .
(5 +N5n—)(n><[v1)
= _AX[f] + N [c — fic, ] + 22NAX [v]

+ (A [V]FV)VA) + A X grad(NA-{v]), (18¢)

9 O Aol — e ON#A»
(az”an)(”[”” AL 1] + N{e] + 22NA-[v]

— Ascurl(N7 x[v]), (18d)

[ﬁ’l] = Ale] — AX[c] + 7242 (7))
an

L\, s A
n (V—ng)(n [v]) + (AX(AX [v]))}9)i

— A(Arcurl(A X [v])), (18e)

where Eq. (18b) results from combining a vector form of Eq.
(18a) with (18e). When one or more of the fields y,g, f,c,€ are
known explicitly, Egs. (18) provide a variety of relations, as
illustrated in Sec. V.

The jump identities (18) have the following physical
interpretations:

(a) Equations (18¢,d) show that the normal and tangen-
tial components of the jump in a vector field v are kinemati-
cally interdependent. We conclude, for example, that shock
waves and vortex sheets are kinematically linked—a fact
that may be significant for shock-slip flows in aerodynamics.

{b) Equations (18) indicate the quantities that must be
measured at an epoch in order to calculate the instantaneous
growth/decay rate of a propagating discontinuity, such asan
atmospheric front.

(c) Equations (18) are seen to be identities subject only to
Egs. (12), (14), and (A4)—(A8); hence their validity transcends
the derivation given, and they apply to fields  and v that
have interface singularities of arbitrary order. Equations (18)
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also remain valid when all of the brackets are removed. Then
they apply individually to the + sides of the interface; also,
in the absence of an interface, they give the normal and dis-
placement derivatives for continuous fields relative to a
moving reference surface.

Jump conditions for other equations: The same proce-
dure may be used to obtain jump conditions for other second
order equations. Several representative equations, including
Poisson’s equation, the diffusion equation, and the wave
equation, may be written

Vg =¢ (19a)
curl curlu =j, (19b)
Ve — 196 =0, {(19¢)
k o
1 3%
Vi — U—CZ- P =0, (19d)
where k and .-, are constants. If (p,u,6,%) = O (H ) and

(&, §) = O(8 "), the corresponding jump conditions are given
by
[a_¢] =3, (20a)
dn
AX [curlu] — (AX(AX [u]))V)2
+ A(Acurl(si X [u))) = (20b)

ﬁ [01=0, (20¢)

5]+
<[5 e ls

a3 a
—20N?
(4] + (a 4N

2 v 1) =o

Jump condition (20a) is familar from electrostatics. When
N =+, Eq. (20d) becomes

a d —
(2 +oe )1 - 29 =0, (20¢)

and this jump condition will be applied in Appendix C.

(20d)

V. APPLICATIONS IN ELECTRODYNAMICS
Jump conditions: Equations for the electrodynamic po-
tentials ¢ and .« may be written

& + gradp = — ai (21a)
ot
# = curle, (21b)
1 dg .
- B 2 —E —_-le.,Qf, (210)

where ¢ is a constant. The jump conditions for Eqs. (21) are
obtained by inspection from Egs. (1), (2), and (9):

E + ilo] + 4200 + (v_ A 3‘7—)¢
n
B ERRNE.
=N{o)+20NA — L + N LA, (22a)
a n

B = Ax[#] — (AXA)V)A + Alfi-curlA)

— AXgrad(A-A), (22b)
1381 J. Math. Phys., Vol. 22, No. 7, July 1981

Nlig]+2ON® — (‘9 +NZ ‘7)
a on

= o R[] + o hcurl(i X A), (22c)
where(p, o) = 0 (8 )and(&, %) = O (8 'Jandwhere sans ser-
if symbols represent surface densities for the corresponding
capital script symbols. [The surface densities @ and A can be
generated by the sudden creation of an electric dipole in free
space with idealized charge and current density sources of
the form p, = — & (x)8( y)6'(z)H (¢ ) and
S = 28(x)5( »)(2)81t )]

The equations for the electric and magnetic fields are
given by

a#B
1E = — —, 23
cur % (23a)
divZ =0, {23b)
F —ourl ¥ = — %’? (23¢)
p=divZ, (23d)
and the corresponding jump conditions are
AX[E] — ((AXE)V)A + AlA-curlE) — A X grad(A-E)
=N[#] -|-2.QNB—(i +Ni)B, (24a)
ot on
A[AB] + Arcurl(ixXB) = (24b)
— AX[Z] + ((AixXH)}V)A — (“-curlH A X grad(Ai-H)
=N[Z] + 20ND — ) (24¢)
o = A[Z] + Acurl(ixD), (244d)
where(§,#,9,%) = O (8 )and( 7, p) = O (6 'JandwhereK

{w) 1s the conventional symbol for surface current (charge)
density. {The surface densities E,B,D,H can be generated
statically, as will be discussed later in this section; they can
also be generated dynamically, as shown in Appendix C.)
The equation for conservation of charge is given by

. dp
d — : 25
iv? = % (25)

and its jump condition is

A[ £ 1+ Acurl{fi xXK)
d a
N(p] +20Now (6t +N ™ )w, (26)
where (£, p) = O (8 ). For physical interpretations of the
terms in jump conditions (22}, (24), and (26), the reader is
referred to Sec. II.

In applications of these jump conditions, the orders of
the field singularities must be compatible; e. g., jump condi-
tions (22a,b) and (24a,b) are not simultaneously applicable
because the singularities in &, have different orders unless
@ = A = 0. Similarly, jump conditions (24c,d) and (26} are
not simultaneously applicable unless H = D = 0.

Agreement with previous formulas: When K and o are
the only definite surface densities, Eqs. (24) and (26) reduce
to the familiar jump conditions.® As mentioned before, Strat-
ton' considers electric and magnetic surface densities and
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TABLEL

Electrodynamic equations

Corresponding substitutions for

Row jump identity (18a)
of the form (14a,b) Y g
2 dive = — 92
ot
1 p 2 divas _g_ 97
e ot
— & — —— =grad
a1 gradg
2 divg =22 p divg gradp

at

derives jump conditions for the static case. We shall now
show that under the same conditions Egs. (24) reduce to his
formulas. In static electricity and magnetism, when
(/)= O(H)and (¥,#) = O(d ), jump conditions (22) re-
duce to

E= —p), (27a)
B =Ax[«], (27b)
A[./]=0. (27¢)

Equations (27a,b) provide the connection between Stratton’s
notation and our own.

On pp. 188-92, Stratton' treats a fixed interface be-
tween nondispersive media with zero net surface charge, but

He determines that the jump conditions are
A[&] =0,
AX[&] = — €,” 'AXgradr.

(29a)
{29b)
Under these conditions, we may set

D =¢€,%,

w=oA =#=B=0,

E= —Ar/e,

D= —i7r,
and Eqs. (24a,d) reduce, respectively, to (29a,b).

On pp. 247-50, Stratton’ considers a fixed interface de-

void of surface current, but across which . is discontinuous
due to a surface density of magnetization M, as shown:

across which ¢ is discontinuous, as shown: Afo/]=0, (30a)
] = 7/¢. (28) AX[] = poM — pofi(A-M). (30b)
TABLE II.
Corresponding substitutions for
Electrodynamic equations
Row jump identities (18b—e}
of the form {14c—e) v f c €
o/
& radp = — —
+ gradg ot s
1 A = curl. o & + grade #B - —3 7“;—
_ L% v
e at
curlé = — 94
2 at B curl® curl.# 0
0 =div.4
, 2 & _ % _ 9% dives
at at ot
2
S —eurl¥ = — 97
4 o 7] F — curl¥ curl? p
p=divy
s , X 49 o
4 = = 5 H - —_ div¥”
5 F+ y curl#” ” F+ E»
dp . 4 dp
_ZE - 9L 1 - 27
6 3 div # F o curl # 3
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He determines that the jump conditions are
A[B] = — poficcurl(ixXM), (31a)
AX[#] = — pofi Xgrad(ri-M), (31b)

where jumps in the volumetric magnetization .# have been
deleted. Under these conditions, we may set

B = uoM — pofii-M), # =(%/u,)— A,
H= B/, —M= —aAM), K=¢g=2=D=0,

and Eqgs. (24b,c) reduce, respectively, to (31a,b). Therefore,
Egs. (24) may be regarded as dynamic generalizations of the
static jump conditions given by Stratton.’

Relations from the jump identities: The jump identities
for the electrodynamic equations are obtained by inspection
from either Eqgs. (14a,b) and (18a), as summarized in Table I,
or from Egs. (14c—e) and (18b—e), as summarized in Table II.
In contrast with jump conditions (22), (24), and {26), all of the
jump identities are simultaneously applicable because they
hold for field singularities of arbitrary order at the interface.
All are not independent, however, as shown by the following
examples: Jump identity (18c) for Table II, row 1, becomes

3 d\.
(E +NE)("XM])
= —AX[& + gradp] + N [# ~ A%, ]

+ 20NAX ] + (AX [ ])V)NA)

+ AXgrad{NA[]). ' (32)

This equation agrees with jump condition (24a); however,
Eq. (32)is more general for the reasons given in Sec. IV, The
jump identity (18d) for Table II, row 4, becomes

9 AV
= — [ F — curl?] + N[ p] + 20NA[D]
— Acurl(NAX[2]); (33)

this equation agrees with jump condition (26), but, again, is
more general.

VI. CONCLUSIONS

Jump conditions are derived for a basic set of first order
partial differential equations whose fields have infinite, inte-
grable singularities, as well as finite discontinuities, at a mov-
ing and deforming interface. These basic formulas are then
applied to Maxwell’s electrodynamic equations and yield the
jump conditions that hold when the electric and magnetic
fields have such singularities. These jump conditions are
shown to be generalizations of formulas previously derived
for double charge layers in electrostatics and for an interface
with surface magnetization density in magnetostatics.

The basic formulas are also used to obtain jump condi-
tions for the wave equation and other second order partial
differential equations whose fields have finite discontinuities
at an interface. Such jump conditions for the electrodynamic
potentials are then used to solve elementary boundary value
problems that have propagating infinite singularities in the
electrodynamic fields.

A similar application to second order vector identities
yields a new set of jump identities. These identities show that
the normal and tangential components of the jump in a vec-
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tor field are kinematically interdependent; e.g., shock waves
and vortex sheets are kinematically linked—a fact that may
be significant for shock-slip flows in aerodynamics. The
jump identities also indicate the fields that must be measured
at an epoch in order to calculate the instantaneous growth-
/decay rate of a propagating discontinuity, such as an atmo-
spheric front.

A feature of the derivation is that the field jumps and
surface densities are treated as continuous and differentiable
functions of three-dimensional space and time that assume
physical values on the physical interface. This approach is
supported by mathematical induction and continuation and
isillustrated by the boundary value problems mentioned ear-
lier and by other elementary examples. This approach is
simpler and more general than previous treatments that de-
fine jumps and surface densities only on the physical inter-
face because the brackets (jumps) now commute with @/l de-
rivatives, instead of with only the tangential and
displacement derivatives.

APPENDIX A: MOVING SURFACES
Take the interface S to be defined by

é (x, y,z,t) =0, (A1)

where ¢ is continuous and differentiable. This surface is one
of a manifold of moving and deforming surfaces given by

& (x,yz,t)= const. The unit normal #, speed of displace-
ment &, and mean curvature {2 are given by>®

fi = |grad¢ | ~'gradg, (A2)
_, ¢

N= —|gradg |~ £, (A3)
at

= — 1 diva. (A4)

These formulas conform to the sign convention of N> 0 for
movement in the sense of /i and {2 > 0 for concavity in the
sense of 7. As a consequence of Egs. (A2),(A3), we have the
identities

3 d E;
=z +N——>‘ (v—‘~)zv=o, AS
(ar ) TV T, (A3)
curli = Ax 24, (A6)
an
94 _ _ ixcurls, (A7)
an
N A
Acurld =A- — =4. == =0,
on | o (A8)

APPENDIX B: SIMPLE CHECK OF THE BASIC JUMP
CONDITIONS

Equations (9) are amenable to simple checks. For exam-
ple, to check (9a) in spherical coordinates (r,,3), we may
take

0= f(rd,t)+glr,d bt )H (r — ct) + h (r,3,0,6)8(r — ct),
where ¢ is a constant, where the interface is the expanding

sphere r — ¢t = 0, and where f,g,4 are continuous and differ-
entiable functions. It follows that

[0]l=¢
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and by (6a) and (A 1)-(A4)

©=h, N=c,
A=F 2= —r "
Then, by (1a), we have
Az—ﬂ~a—gH(r—ct)
ot ot

+ (cg — Z—i‘)é(r —ct)+ ché'(r —ct),

whence
dg
Al=—-—=
(4] e
and by (6b)
2ch a 8)
A=cg— — —|=— +c—)h
€ r (8t t or

Note that [6],6,A4,N,42,A are continuous and differentiable
functions, in agreement with Sec. III. Substitution of these

quantities shows that (9a) is indeed satisfied. The remainder
of Egs. (9) have similar checks.

APPENDIX C: DYNAMIC BOUNDARY VALUE
PROBLEMS WITH ELECTRIC AND MAGNETIC
SURFACE DENSITIES

Formulation: We seek solutions of Maxwell’s equations
in free space where the electric and magnetic fields have infi-
nite, integrable singularities on the expanding spherical sur-
face r — ct = O (the light sphere) and vanish outside it. The
corresponding potentials ¢ and & = Z.o7, have finite dis-
continuities on the light sphere and vanish outside it. The
differential equations are given by

fe ) _ 192 [ ¢ ] _
MBS MED s
x4
_ 9% _ 2% : (C1b)
at dz
the surface relations are given by [Egs. (A1}~(A8)]
p=r—ct, N=c,
) on,
n; = ‘x_" i = "1“(6.‘,' —n;ny),
r Ix, r
0=_L1 9 _ 9 _ mi=o, (€2)
r at dn
and the jump conditions by [Egs. (20e),(22¢),(C2)]
3 a)[[sv]} c[[‘P]]
— —_ - = O, C3la
(3t +Cc7r [«.] +r [«.] (Ca)
lp]= = [#.] (C3b)

Sudden deposition of a point charge: The jump condi-
tions (C3) aresatisfied by [p] = — l/rand [ &, ] = — 1/cz,
and since, for r> ct, ¢ = &/, = O, we try, unsuccessfully, to
set ¢ = 1/rand &, = 1/cz for r < ct, which violates Egs.
(C1). However, on r — ¢t = 0, we may replace z with
£ =(c%? — x* — %'/2, and this suggests that we choose
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[¢] = —1/r, [‘%z] = - I/Cg,
p=1/r, &, =1/c (r<ct),
p=4,=0 (r>ct), (C4)

where a constant common factor of dimension meter-volts is
understood. These fields satisfy both the jump conditions
and the differential equations. (Physically interpreted, solu-
tions (C4) are the fields excited by the sudden deposition of a
point charge at the end of a semi-infinite wire with idealized
charge and current density sources of the form
ps = 4meyd (x)6 (y)6 (z)H (¢t ) and
S = — 24me d (x)8( y)H (2)5(t ).) Note that, except for iso-
lated singularities, the jumps [@] and [.«7, ] are continuous
and differentiable throughout (r,#), in agreement with Sec.
IIIL.

The jumps in the electric and magnetic fields are given
by [Egs. (12),(21),(C4)]

(8] = —gradg] — 22 [, ]

ot
_ (2 x e
=-(55 5+ ;3)’
(8] =cunlg[ o/, ]) = (— yx0/ct?,

and the surface densities are given by [Eqs. (22),(C4)]

E= —ilp] +fc[.2/z]=<i,1,i — L)

2 AR T
B=AXZ[«,] =(— yx0)/ctr,
whence
E= —cAiXB, B=c "AXE,
AE=AB=0,

& +eslel+ el =0
QE + (E'V)A = 2B + (B-V)i =0,

AecurlE = 0, A-curlB = _1- (_1_ + L)

¢\~ £?
on r — ct = 0. Therefore, (24a,b) reduce to the familiar jump
conditions

AX[E] —c[#]=0, A[#]=0
onr — ct = 0; but (24¢,d) with K = @ = Oretain surface den-
sity terms, as shown:

AX[RB)] + ¢~ '[&] + AlA~curlB) =0,
A[&] + cAcurlB = 0.

The normal electric component & , is discontinuous on the
light sphere despite the absence of surface charge, and this
discontinuity is maintained by the surface density B. We
conclude that the surface densities E and B, as included in
our jump conditions, are essential to the physics of this ele-
mentary problem.

Gradual charging of a point electric dipole: Another so-
lution of (C1),(C3), similarly obtained, is given by

[«,]= —1/r, [@l= —czt/r,
o, =1/r, p=c2t/r (r<ct)
o, =p=0 (r>ct),
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where a constant common factor of dimension volt-seconds
is understood. [Physically interpreted, this solution gives the
fields generated by the gradual charging of a point electric
dipole with charge and current density sources of the form
ps = — 4mec*8(x)5( y)8'(z)tH (¢ ) and

5 s = 34mec*8(x)8( y)8(z)H (t).] The jumps [&] and [#], the
surface densities E and B, and their relationships may be
obtained as in the preceding example.
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Non-self-adjoint representations of x-algebras in a Hilbert space give rise by an extension and
transposition procedure to representations in larger spaces, such as distribution spaces. Those
new representations provide examples of operators of nested Hilbert spaces which would be very
singular operators when considered in the Hilbert space only.

PACS numbers: 02.30.Tb, 02.10. — v

INTRODUCTION

In this paper we exhibit a construction of representa-
tions of x-algebras by ‘“singular’ operators in a Hilbert
space. By singular we mean that their domain can be non-
dense or even reduced to zero. Nevertheless from a math-
ematical point of view those operators are well-defined ob-
jects, namely operators of a nested Hilbert space'™
constructed in a canonical way around the Hilbert space. We
get in this way representations of x-algebras by operators
acting in spaces larger than the usual Hilbert space, analo-
gous to “‘distribution spaces.”

Beginning with a state on a x-algebra ./, we get by the
usual GNS construction* a Hilbert space 5~ with a dense
domain %/, a cyclic vector {2, and a representation /7 (.7} by
continuous operators from & into &/ (with the graph topol-
ogy). If we want to construct a representation of .7/ in a space
larger than . %7, the first thing that comes to mind is to con-
sider the transposed representation /7 ‘ defined on the dual
space 7 'by {IT1*(4)f|g) = (f|II(4)g), where de.v/ , fe &',
ge ({+]-) is the dual pairing between & and &/’ which
extends the scalar product of .#7). However, by the GNS
construction we get a Hermitian representation of .7 (i.e.,
I (A*)CIT{A)* VAe.«/, where the last * denotes the Hilber-
tian adjoint), which implies that the new representation /7 ‘is
just an extension of I7 to &' [II*(A ) restricted to % coin-
cides with /1 (A*)].

So as operators in % the [T (A )’s are defined on a dense
domain (% ) and can be made continuous from & into %"
This is a well-known type of unbounded operators.

A more interesting case occurs if the representation /7 is
not self-adjoint (Sec. IIT). We can then construct the adjoint
representation /7 ** which is an extension of /7 on a larger
domain % * still dense in %7, by continuous operators of
& *_ But this time /7 * need not be a Hermitian representa-
tion (as the extension of a symmetric operator need not to be
symmetric in general).

Considering then the transposed representation /7 */,
which acts in the dual space 2 *' (Sec. IV); we get a new
representation which is not an extension of /7 *. The opera-
tors IT *'(4 ) are continuous maps from & *’ into itself, but
they are not necessarily defined as operators in %", Although
we can apply them to elements of & *, they “jump” over 7~
and the resulting vector will be in Z*'.

On the other hand, at each stage of the construction of
those representations, we emphasize the fact that there is a
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natural nested Hilbert space associated to the GNS con-
struction, constructed around the GNS Hilbert space. The
various representations obtained are then described as oper-
ators in that nested Hilbert space, which provides a better
way of controlling their continuity properties and the maxi-
mal domain to which they can be extended. One of the aims
of introducing nested Hilbert spaces,'™ was that they allow
one to handle unbounded operators and even more singular
objects by considering them as bounded operators between
different Hilbert spaces. Very singular operators such as
quantized fields at a point have been successfully treated in
this framework.’

The representation // *' we construct in this paper pro-
vides another example of well-defined operators in the nest-
ed Hilbert space which are very ‘‘bad” when viewed as oper-
ators in the Hilbert space only.

In the last section we discuss in detail the simple case
where the algebra is generated by one symmetric, non-self-
adjoint operator. In this example the domains &, % * and
the representations /1, II *, I *' can be computed explicitly.

Further applications, such as the field algebra and the
universal enveloping algebra of a Lie algebra, are briefly
discussed.

1. ANATURAL STRUCTURE ASSOCIATED TO
A «-ALGEBRA

(1.1) Let .o/ be a x-algebra and w a state of .. By the
GNS construction,* there exists a Hilbert space %7, a dense
domain & in 77, a closed representation /7 (/') of .o/ by
(closed) operators in %7, all defined at least on &, and a
strongly cyclic vector 257 such that

wld) = (2,11(4)12), (1)
for every Ac.«/. By “closed representation’ we mean that the

domain % is complete with respect to the topology defined
by the set of graph norms:

WG = WP+ T AP = L+ 1A THA)) S (2)
where f£%/ and 4 runs over .&/.

Taking each one of those norms into consideration sep-
arately, we can complete &/ with respect to it and get a Hil-
bert space 7, which coincides with the domain of the
closed operator /7 (4 ). We have then

9= n i, (3)

Ae.y
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Each of the #°, s is continuously embedded in 27 and is also
unitarily isomorphic to 5 by the unitary operators

(1 + [T(A)*T(A)] * " Moreover, the set {5, |de</ }
possesses a lattice structure. Given two spaces H,and Hp
there always exists Ce.# such that %°c C7# ;7 . Assum-
ing that ./ has an identity element, the actual Cis
1+A4*4+ B*B.

(1.2} We can also consider the completion of % with
respect to the following norms:

L=l + 1T (4 )T A1 )
for all de.

In this way, we get Hilbert spaces &%, larger than %
and each pair (57, .5% ) is a dual pair with respect to the
scalar product of : given fe#% , and ge#” , we can define
an inner product
(Fley=([1 + AP AN L1+ AT (A )]‘”Zg)(,S}

which extends the scalar product of % to the various pairs

and also to the dual pair (Z,%') where ¥’ = A:J'/%O .

Finally, with each «-algebra provided with a state w, we
have associated in a natural way the following structure:

-7 VXA jeﬁ T~ -~ L -
,-'—’ 0 \Q &, ~ N ./
BB E B e H S DEUE
“heQ SIS ¢ -
T~ -XB %9 — - =

(6)

This type of structure, called a nested Hilbert space or a
partial inner product space, has been studied in Refs. 1-3.

il. REPRESENTATION OF THE ALGEBRA

{2.1) The representation /7 (.«/) we get by the GNS con-
struction is a representation by continuous operators on &
with respect to the set of graph norms (2). Actually, given
Ae, for every Be.Z, 3Ce# such that for every /€2,

A<k |flc (7)
with some constant k.

It is easy to check that a suitable choice of Cis
C =1+ A*A4 + (BA)*BA. This relation (7) shows how the
representation operators act in the structure (6).

Indeed (7) says that /7 (/) can be extended to a bounded
operator between . and 7. So for every 7y there al-
ways exists a Ce.o such that /7 (4 ) is bounded from 7. into
7 5. In that way we identify the unbounded operators /7 (4 )
in 2 with a family of bounded operators between pairs
(¥, 5% 5). These bounded operators will be denoted by
IT (4 ). They obviously satisfy the coherence relation

1A )pr = 1ppdT (A )pclcr, (8)
ifH y CHp, 7 r C° ¢ and where 1, represents the injec-
tion map from 57 into #°,.

(2.2) Since we have begun with a s-algebra &7, the GNS
construction gives us a s-representation, or Hermitian repre-
sentation, i.e., /T {4 *)C [T {4 }*VAc/ (wherethe last star de-
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notes the adjoint in the Hilbertian sense). [If4 = 4 *,[1 (4 ) is
thus a symmetric operator in 5 but not necessarily self-
adjoint.] This fact allows us to derive more continuity prop-
erties for the representation.

Consider a pair (% ¢, ) between the elements of
which 77 {4 ) is bounded. Let fe%°, and ge” .. The inner
product (5) is well defined between fe% ", and
T4 ) pcg.€% . Denotingby IT (4 } theadjoint of /7 {4 jwith
respect to the inner product (5), i.e.,

(1T (4)g) = UT(4)fg), 9
we have by duality that I7 (4 )’ is a bounded operator from
# y into # . (Note: This adjoint operation ¢ is denoted by
in Refs. 1, 2, but for us x means the involution in .¢/ and also
the Hilbertian adjoint of an operator.)

Restricting (9) to fand g in &, we see that
71{4Y) | ., = H (A4 *), which means that V8,3C such that
IT (A *) can be extended to a bounded operator from %" into
H .. But 4 *e.o7, IT (4 *} possesses already the boundedness
property given by (7), YBe.«/, 3De./ such that 1T (4 *)is
bounded from %7, into #.

Interchanging the role of 4 and 4 *, since  is an involu-
tion, we get for 7T (4 ) the following property: Choosing any
Hilbert space in the set {.#7,,# |, we can always find an-
other one such that /7 (4 ) is bounded from this one into the
chosen one and we can find a third one such that /7 (4 ) is
bounded from the chosen one into the third one. Because of
that, /7 (4 ) can be applied to any vector in &' and is of the
type of operator called ““good operators™ in Ref. 7, i.e., oper-
ators which map continuously & into itself (considered with
the projective limit topology) and which map continuously
&' into itself (with the inductive limit topology).

In other words, if we denote by / = {4,4 |4€.o/ | the set
of elements which indexes the lattice of Hilbert spaces and if
we define' J (/7 (4 ))C I X1 as the set of pairs of indices such
that /7 (A4 } is bounded between the corresponding pairs of
Hilbert spaces, the “good operators” have the property that
prJ (/T(4)) =1 and pr,J ({1(4)) = I where pr; and pr,de-
note the projection on the first (respectively the second) vari-
able in the Cartesian product 1 X I.

l1l. NON-SELF-ADJOINT REPRESENTATIONS

{3.1) Let us go back to /7 (./) defined on . We can
associate with it another representation /7 * called the ad-
joint representation of /7, defined on the following domain:

D*= n DTA)¥), (10)

A

by

IT*A ) =ITA*)*, YfeT* (11)
Since Z* 2% and IT* | ., coincide with IT (because /1 is a
w-representation), we have /7 * is an extension of /7. Some
representations called self-adjoint representations® are such
that /7 = I1 *. Those representations come from a particular
type of states called Riesz states, characterized in Ref. 8.
Examples are also found in Ref. 9. However, from now on we
shall assume /7 to be non-self-adjoint, which is generally the
case, and see what can be said about /7 *.
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(3.2) First, IT * is a closed representation so that we may
consider on & * the graph norms (4€.<7)

*llglls = llgll* + 1T *(4 g, (12)
which coincide with (2) if ge&.

&' * is complete with respect to the topology defined by
this set of norms when 4 varies in «/ and % appears as a
closed subspace of & * in that topology. We can repeat the
construction given in Sec. I, completing & * with respect to
each graph-norm and getting a lattice of Hilbert spaces
{ ¥ (|Aes/}. For each Ae.o/, #°, appears as a closed sub-
space of ¥ ,. Taking the dual spaces %", , de.&/, we get
again a structure similar to (6) with dual pairs with respect to
the scalar product of #°. We have indeed
K=" =X, = ,because ¥ C L*C% and 7 is the
completion of & * in the initial Hilbert space norm. Since
H , CK ,, we have for the dual spaces %", C%#", and fi-
nally Z*' C 9’ as a closed subspace. ) )

So we get that /7 * is a representation acting in the space
% *' which is another partial inner product space but con-
structed around the same initial Hilbert space #".

(3.3) In that structure, /7 * possesses continuity proper-
ties similar to (7), i.e., VBe.o/, 3Ce. such that, VfeZ*,

AV |z <k *[If e (13)

which means that /7 *(4 ) can be extended to a bounded oper-
ator between & and J¥" . [Let us note that the pairs (C,B)
such that /7 * is bounded from %" into %", are exactly the

ones such that /7 was bounded from 7. into %]
Nevertheless, even if /7 is a «-representation

[/7(4 *)CII(A4)*], IT* may fail to be a »-representation®
just as the extension of a symmetric operator may fail to be
symmetric itself. In that case we cannot derive further con-
tinuity properties (between %", and %" ) as we did for /T by
duality with respect to the scalar product of . As operator
in Z*, thedomain of IT *(4 )is %~ , (densein ). In terms of
indices we have pr.J (/T *(4 )) = I, but not the same relation
with pry, i.e., IT ¥(4 ) is not a good operator.

IV. A SINGULAR REPRESENTATION OF .«/

In the case where /7 * is not a s-representation [i.e.,
IT*(A *)Z I *(4 )* at least for some A€.«/], we can consider
the set of operators { /T *{4 )'| 4./ } where t means the
transposed operator with respect to the scalar product (5), as
defined in (9). IT *(4 )' is not an extension of /7 *(4 *) as it was
the case for the representation /7, but, putting
IT*(4 =11 *(4 ),YAe.«/, we get an antirepresentation /7 *
of .o/ by operators of & *'. Indeed, since /1 **(4 ) is the trans-
posed operator of I7 *(4 ), we get that VBe.«/, 3Ce.«/ such
that /7 *'(4 ) is bounded from %", into % . Since this is
true for every .% ", I *'(4 ) is everywhere defined on &/ *'.

Let us note that it can happen that /7 *(4 ) is not de-
fined as an operator in 5 because every element fof 77" is
mapped by /7 *'(4 ) into an element of %" for some C, i.e.,
in a larger space. So the domain of /7 *'(4 ) in %" can be very
small or even reduced to {0}. Nevertheless, as an operator in
the space Z*', IT *'(4 ) is a suitable mathematical object,
everywhere defined. Indeed this time we have
prJ([T*(4)=1
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V. EXAMPLES

{5.1) Let .& be the x-algebra generated by one single
Hermitian generator 4, and let /7 (.</) be its representation by
a differential operator in the space %~ = L *([0,1]) [we could
do similar things with L *([0, «)]. Consider the domain

@ ={feL ([0.1])[f"eL X([0,1]),
FU0)=f"(1)=0, n=12,-} (14)
and 1 (A ) = (id /dx) restricted to & . & can be considered as

the intersection of a countable set of Hilbert spaces %, de-
fined by

#, = [feL *([0,1])}fVeL *([0,1}),
S0) = f91) = 0j = 1,2,-+,n], (15)

which can be seen as the domain of /7 (4 "). As an operator in
K, I1 (4)is a closed symmetric operator (with domain 7).

{5.2) According to the criterion given in Ref. 4 for alge-
bras generated by a single operator, the representation /7 will
be self-adjoint iff /7 (4 } is essentially self-adjoint. This is not
the case here because /7 (4 )* is a proper extension of /7 (A4 ).
Indeed D (IT (A4 )*) = {feL *([0,1])|feL *([0,1])} is strictly
larger than J77,.

We can define the adjoint representation

T*A)=IT{A)* = ig— on the domain
X

G* ={feLH[0,11)f"eL ([0,1])n = 1,2}, (16}

which is strictly larger than &.
We have Z* =n>_ | K~

where
K, ={feL H[0,1)|fYeL X([0,1])j = 1,2,-,n}  (17)

is the domain of /T *(4 "). For every n>1, IT ¥(4 ) is bounded
from .% , ., into % ,and IT *(4’) is bounded from %",
into.%”;. As in Sec. III we have a non-self-adjoint represen-
tation I7T with a strict extension IT *. Moreover IT * isnot a -
representation[i.e., /7 *(4 *)Z II *(4 )*]becausell (4 )*isnot a
symmetric operator; [T *(4 *)* = [[ ¥4 )* =T {A}** =1 (4
defined on &%, again. So we have [T = IT **CIT *, the first
two defined on & and the third one on & *.

The next step is then to construct the antirepresentation
7+,

(5.3) For any 70, the dual space of %", with respect to
s

nos

d'G,
- =[F=Z?1G,EL2([0,1])}, (18)

and the dual space of &/ *.
dG, 5
g% ={F= 3 —GeL¥[01]\N<wo(. (19
0fEin dx'

We then construct /7 *'(4 ) = II *(4 }' by duality. For any
fe* ., and any Fe7" _, we have

T (AF|f) = (FT*AY). (20)

The rhsis well defined since, for &%, , |, 1 *(d \fe. %", . We
already see that, for every n3»0, /7 *'(4 ) will be bounded
from % _, into %" _, . Similarly /T *(4’) is bounded
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from %" _, into ¥~ _, , ;. Moreover, since we have a con-
tinuous injection from every %, into 5%, IT *'(A4 ) is bound-
ed from any %, into %" _ . In particular, as an operator in
&, IT *'(4) has its domain reduced to {0}.

If we choose fand Fin & *, we can compute the explicit
form of IT*({4)on & *:

H*’(A):i—‘i—+i6(x)—i5(x— 1), (21)
dx

which extends by continuity between pairs

(K _ s KX _ a4 Inparticular, we see that every vector in
a space smaller than ¥ _ | is mapped automatically into
% _ | (jumping over 5% because of the delta-function terms.

Those operators, which are very singular objects when
regarded in /7, are now well defined as operators on the
larger space £ *', and their continuity properties can be con-
trolled. Similary an explicit form of /T *'(4 ™) on & * would
involve, besides the term i{d /dx), other terms consisting of &
and derivatives 5  of order <m. This operator can be ex-
tended to a bounded operator between pairs
(K _ s H* _u . m)and every vector in a space smaller than
X _ . is mapped into ¥~ _ .

(5.4) There are other examples where we can expect to
get distributionlike representations. For instance, if
o/ = .7, the Borchers algebra'® or field algebra (or tensor
algebra over Schwartz space), a Wightman state w on it gives
rise in general to a non-self-adjoint representation of the
fields. (That is why in general we have to distinguish between
the notions of “weak” commutant and “strong”’ commu-
tant'' for the fields.)

If f=f*€.7, the representation operator /7 (f) [more
commonly denoted A4 (f)] is a symmetric operator. We can
then construct the adjoint representation 4 *(f) on a larger
domain & * and the transposed 4 *'(f} acting in Z*'. In
practice, it might be hard to give an explicit description of
Z* and to find the explicit form of the fields, but this depend
of course of the Wightman state & chosen.

A similar situation occurs when we look at representa-
tions of a Lie algebra and its universal enveloping algebra on
a dense invariant domain & other than the Garding do-
main'? {on this last domain we get a self-adjoint representa-
tion). The generators of the Lie algebra will be represented
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by symmetric, non-self-adjoint operators and similarly
many elements of the enveloping algebra will not admit self-
adjoint extensions [for these last ones, it is already true on the
Garding domain (Ref. 12, Chap. 11, pp. 323, 330)]. If we deal
with a nonintegrable representation, even the Nelson opera-
tor 4 will not be essentially self-adjoint.

This is a typical situation where we can get the domain
D * strictly larger than &, and a non-Hermitian extension
IT* which can be transposed to the dual space.
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A class of solutions is indicated for Calapso—Guichard equations of surface theory.
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1. INTRODUCTION

For the problem of imbedding Guichard surfaces of the
second kind' in the three-dimensional Euclidean space, Ca-
lapso” obtained the following equations:

[ox + tanegx ]x - [01 - COtegt ]t

+ (cos@ + h sinf ) — sinf + h cosf ) =0, (1.1a)
h, = (h — tand)E,, (1.1b)
h, = (h + cot)&,, (1.1¢)

where the intrinsic metric on the Guichard surface is given
by

ds? =w" + w¥,

w' = ¢ sinddt,

w? = é* cosOdx.
The imbedding of this surface on E ? is given by the second
fundamental form, or the extrinsic cuvature:

s} =n"+7%,

7' = (cosf + h sinf )dt,

7 = ( — sinf + h cosO dx,
and 6, =30 /9x,0,=36 /31,0, =36 /x?, and so on.

Gurses and Nutku® have noted that Egs. (1.1) form a_
generalization of the sine-Gordon equation and have refor-
mulated (1.1) as an inverse scattering problem. In the present

note we seek to obtain explicit solutions of (1.1) under the
assumption:

h #const, 6=061(h). (1.2)

For h = const, (1.1) can be put into the form of the sine-
Gordon equation and hence need not be discussed here.

2. SOLUTIONS

To obtain the solutions we consider the following cases
one by one.

|

Case I: h = tané. (2.1)
From (1.1b), (1.2) and (2.1) we note that /# and € are functions
of ¢ only. (1.1) reduces to

1/1
§xx +7(h éz)’ =0’ (223)
he =¢£ (2.2b
h+ 1/ 7" -2b)

Integrating (2.2b) and putting into (2.2a), we get the solution
of (1.1) as

E= —ax’ + kx +aa* + ba +c,

h =(e2(aa2+ba+c)_ 1)1/2’ (23)
6 =tan"'A.
a is defined through

dx —
(e2(aaz+ba+c) _ 1)1/2 -"

a, b, c and k are constants.

Case II: h = — cot6. (2.4)
Here, 4 and 0 are functions of x only. Proceeding as in case (I}
we get the solution as:

E= —at’+k't+adB*+b'B+C,

h= (2B HbBe) )12, (2.5)
6= —cot™'h.
B is defined through:

ap _
(XeBT+ B+ _ )1/ =X

a',b’,c’ and d' are constants.

Case III: h, =0, h #tan6. (2.6}
Here, in view of (1.1b), (1.2), and (2.6}, A, 6, and £ are all
functions of ¢ only. (1.1a) now reduces to:

(6, — cot8 /(h + cotb ))h,, + (6, — cotB /(h + cot@))h 7 = sinf cosf (h + cotd )(h — tand ),

which gives the complete solutions of (1.1), subject to (1.2), and {2.6) as @ is any arbitrary function of 4 such that

(h + cot@ )8, — cotd #£0.

h is given by

=1t (2.7)

J (6, — cotf /(h + cotf)) dh

172
A+2 f sin@ cos@ (h + cot8 }{h — tand )@, — cotf /{h + cotf)) dh )
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& is given by

dh
f h+cotd &
A is a constant. ‘
Case IV: h, =0, h 4+ cotf #0.

(2.8)

Here, in view of (1.1c¢), (1.2) and (2.6), 4, 6 and £ are functions of x only. Proceeding as in Case III, we get the complete solution
of (1.1), subject (1.2) and (2.8) € is an arbitrary function of 4 such that

8, + tan@ /(h — tanf }£0.
h is given by
{6, + tané /{h — tan8}jdh

1/2
t= . 29
f(A + 2 § sinf cos@ (h + cotf )(h — tanb )(6, — coté /(h + cotd)) dh) 29

£ is given by

dh
g_Jh+mw'

Case V: h, 520, h, #0. (2.10)
Define
= f ( ! + ! )dh {2.11}
Y h—tanf h+ cotd '

From (1.1b) and (2.11), the condition that 3¢, /dt = 3¢,/dx
give

y=F+0G,
where 2.12)
F=F(x) and G=G{t).
(1.1a) reduces to
2Uf+ Ufy =2V, 8 + Vgg, (2.13)
where
f=F?—-1, g=G*-1, (2.14a)
U=6, + —tﬂfl—y—, V=U-—h (2.14b)
h — tanf

We shall show that g as a function of G satisfies a differential
equation of the form

C8cec + Dgse + Mgs + N=0, (2.15)

where C, D, M, and N are constants, not all of them are zero.
The proof is as follows.

If U = 0, then (2.13) reduces to
2V,g+ Vgs =0, (2.16)

which is valid for a continuous range of values of Fand G, in
that case. Since F can be varied with G so as to keep y con-
stant, we see from (2.16) that, if U = 0, then g satisfies an
equation of the form (2.15} where C = 0, D = 0. On the other
hand, if U 0, dividing (2.13) by U and differentiating with
respect to F, we get

(22& )yf: (2(’? )y g+ [2(? + (g)y]gc F(V/Ugso

(2.17)

If (U,/U), = 0, then, by arguments similar to the case of
U =0, we see that g satisfies an equation of the form (2.15)
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with C = 0. On the other hand, if (U, /U ), #0, then dividing
(2.17) by (U,/U), and differentiating with respect to F, we
see that g satisfies an equation of the form (2.15).

Therefore, in either case, g satisfies equation of the form
(2.15). So, either

— KG

g =pue

- K, — K,G

+ 116”00+ pge ’

or

g=pe X4 e X u +p,G),
or

g=e X(p +u,G+p,G?,

where i, p1 |, u», K, K, and K, are constants which could be
real or complex, but g is real. Similarly, either

f=Ae Y4 e LF 4 fe L,
or

f=Ae L p e BF (A, 4+ AF),
or

f=e A+ A, F+ AF3,
where A, A,, A,, L, L, and L, are constants which would be
real or complex, but fis real.

Putting these various possible forms of g and finto
(2.13) and using (2.14b), we see that the only combination of f
and g that can satisfy (2.13) and (2.14) is

f=2e", g=pe*C, (2.18)
where 4, i, and K are now real constants.

Putting (2.18) into (2.13) and integrating

AUeK 72y — uVe= K 72)y +1 (2.19)
where / is a constant, (2.11) can be rewritten as

h, = (h — tan@ )(h + cotf)/(tand + cotd). {2.20a)
Using (2.14b) and (2.20a), we rewrite (2.19) as

tan6h cot@h
yi (g + __L_)e{kfz)y - (9 _ _L)
> T —tand NGOy
Xe K2y 4 ] (2.20b)

A, u, K, and [ are constants.
From (2.14a) and (2.18), y is given by

y=F4+G,
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where
dF aG
J (AQKF'F 1)1/2 =% j ('ue—KG_*_ 1)1/2 =1 (2200)
and ¢ is given by
h. dx h,dt
&= f (2.20d)
h— tan0 h+cotd

It can be checked by direct substitution that (2.20) satis-
fies (1.1). Hence (2.20) contains all the solutions of (1.1) for
the case under consideration. Since (2.20a) and (2.20b) form
coupled first order differential equations for 4 and 6 as func-
tions of y, it can be solved numerically. Since y is given by
(2.20c), £ can then be determined from (2.20d).

3. CONCLUSION

Summarily all the solutions of (1.1) subject to (1.2) are
given by (2.3), (2.5), (2.7), (2.9),and (2.20). While (2.3), (2.5),
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(2.7),and (2.9) are in completely integrated form, in Eq. (2.20)
we have a coupled first order differential equation to be
solved numerically. It can also be noted that the equations
imbedding a Guichard surface of first kind can be obtained
from (1.1) by the transformation 6—i6, h—ih, t—it, x—x
and £—¢. The present work can also be transformed to the
case of Guichard surface of the first kind without difficulty
by using the same transformation.

!C. Guichard, C. R. Acad. Sci. 130, 159 (1900).

2P, Calapso, Ann. Mat. Ser. 111 11, 201 (1905).

3M. Giirses and Y. Nutku, Princeton University, Joseph Henry Laboratory
preprint.
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We point out that the connection between surfaces in three-dimensional flat space and the inverse
scattering problem provides a systematic way for constructing new nonlinear evolution
equations. In particular we study the imbedding for Guichard surfaces which gives rise to the
Calapso-Guichard equations generalizing the sine-Gordon (SG) equation. Further, we .
investigate the geometry of surfaces and their imbedding which results in the Korteweg—delees
(KdV)equation. Then by constructing a family of applicable surfaces we obtain a generalization of

the KdV equation to a compressible fluid.

PACS numbers: 02.40 + m, 02.30.Jr

1. INTRODUCTION

The Korteweg—deVries and sine-Gordon equations are
classic examples of nonlinear evolution equations which
form completely integrable systems. They belong to a class
of partial differential equations which can be solved by the
inverse scattering method of Gardner, Greene, Kruskal, and
Miura' and Zakharov and Shabat.” At present we do not
have a set of partial differential equations encompassing all
such systems. Thus, given a set of equations we must first
check whether or not they can be formulated as an inverse
scattering problem according to the general framework pro-
vided by Lax® and Ablowitz, Kaup, Newell, and Segur,*
(LAKNS,). It is therefore of interest to construct new equa-
tions generalizing the KdV and SG equations and in this
paper we shall present such new systems. We shall verify
that these generalizations are viable by showing that the new
equations form LAKNS systems. For this purpose we shall
in each case obtain the linear equations of the scattering
problem for which the new nonlinear equations act as inte-
grability conditions. Finding the explicit form of the poten-
tials for the appropriate inverse scattering problem is also
the first step toward the solution of these equations. But a
discussion of solutions will be postponed to a future paper
because here we shall be concerned solely with the problem
of constructing new nonlinear evolution equations.

We have obtained the new equations by exploiting the
one-to-one correspondence between LAKNS systems and
the classical theory of surfaces in three-dimensional space.
For the SG equation where the underlying surface is pseu-
dospherical this is very familar territory,” while for the gen-
eral case this correspondence has been discussed by Crampin
Pirani and Robinson®at the level of connection. The “soliton
connection” is a flat linear connection in a principal fiber
bundle with structure group SL (2,R ). Its relationship to the
problem of imbedding surfaces in three-dimensional Euclid-

*Alexander von Humboldt fellow.
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ean space arises from the fact that the Gauss-Codazzi equa-
tions are in this case equivalent to Cartan’s equations of
structure for SO (3).” This correspondence suggests that the
soliton connection can be given a richer structure at the level
of Riemannian metrics. We shall discuss this problem in Sec.
11 where we shall formulate the LAKNS equations in terms
of the first and second fundamental forms of the surface.
Then, quite generally, the linear equations to be solved by
the inverse scattering method are the Weingarten equations
and their integrability conditions which result in the nonlin-
ear evolution equations consist of the Gauss-Codazzi
equations.

There are advantages to be derived from the recognition
of the metric level appropriate to the soliton connection.
First of all it will enable us to correct misleading statements
in the literature to the effect that all LAKNS systems corre-
spond to pseudospherical surfaces.® The validity of such a
statement requires the use of the equations of motion in the
definition of the connection, but this is an identity which
does not yield any new information about metric structure.
On the other hand, if we can properly identify the surface at
the metric level we can consider its generalizations in classi-
cal differential geometry and such surfaces will provide new
examples of completely integrable systems. As an illustra-
tion of this point, in Sec. 111 we shall consider the probiem of
imbedding surfaces which are applicable to quadrics. These
are known as surfaces of Guichard® and they are generaliza-
tions of pseudospherical surfaces. The Gauss—-Codazzi equa-
tions for Guichard surfaces, first obtained by Calapso,'’ pro-
vide an attractive generalization of the SG equation.'' We
shall give an updated derivation of the Calapso-Guichard
equations (CG) and cast them into the form of an inverse
scattering problem.

The equivalence between LAKNS systems and surface
theory at the metric level can be exploited tn a systematic
way in order to construct new nonlinear evolution equa-
tions. We shall discuss this process in Sec. II and in Sec. IV
apply it to the KdV equation to obtain a generalization of
this equation,
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A, +2ur, + 2ku, =0,

u, +6uu, +u,, —A.u, =0, (1.1)
where we have introduced a new field A4 and « is constant.
This pair of coupled partial differential equations can be in-
terpreted as the continuity and Euler equations for a com-
pressible fluid. In deriving these equations the first step was
to investigate the family of surfaces for which the imbedding
problem results in the KdV equation. It appears that this
question has not been asked before even though it is of basic
interest. We shall obtain the expression for the first and sec-
ond fundamental forms characterizing the geometry of sur-
faces underlying the KdV equation. Then we shall consider
the problem of constructing applicable surfaces, that is, sur-
faces with the same intrinsic geometry as that appropriate to
the KdV equation but with a different imbedding into three-
dimensional flat space. The resulting Gauss—Codazzi equa-
tions (1.1) are new nonlinear evolution equations. We shall
formulate them as an inverse scattering problem and con-
clude by pointing out an alternative derivation of these equa-
tions. The connection 1-form appropriate to the KdV equa-
tion can in particular be subjected to gauge transformations
belonging to R, an abelian subgroup of SL (2,R ), which is
also familiar as the group of scale transformations leaving
the KdV equation invariant. If we let the “scale parameter”
become a function of position and time while preserving the
connection 1-form appropriate to this abelian subgroup, we
obtain a new realization of the solition connection. Equa-
tions (1.1) are the conditions for this new connection to have
Zero curvature.

il. SURFACES

We shall briefly review the LAKNS equations of the
inverse scattering method and the Weingarten and Gauss—
Codazzi equations of the imbedding problem in order to
point out the one-to-one correspondence between them. The
rest of this section is devoted to the construction of applica-
ble surfaces, which provides a systematic way for generaliz-
ing familar examples of LAKNS systems.

We consider a moving frame in a three-dimensional flat
space M with Euclidean or Lorentzian signature. At a point
Pin M we have

dP = w'e,, (2.1)
e;, i = 1,2,3, are the basis vectors and @’ the basis 1-forms. A
surface S is defined by

=0, (2.2}

accordingly e, is the normal vector to the surface. We shall
let the metric of M be of the form

ds® = diag(l,e,n), e= +1, = +1 {2.3)

so that there is no loss of generality in always defining the
surface by Eq. (2.2). Cartan’s equations of structure are

de, = w‘e,, (2.4)

where w,* are connection 1-forms and their integrability
conditions become

&, =0, (2.5)
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where

O =do', + o\ Aoy, (2.6)
are the curvature 2-forms. We can write these equations in a
more familar form if we introduce the first and second fun-

damental forms of the surface. That is, we consider a surface
with the intrinsic metric

ds? = (@") + €lw ?? (2.7)
and the Riemannian connection on §'is given by the 1-form
', where

do® + w5 N =0 (2.8)

with the Greek indices ranging over two values only. Finally
we have

do®; = Ko® NP, (2.9)
where K is the Gaussian curvature of the surface. We shall
now consider the imbedding problem and to this end we let
(2.10)

denote the extrinsic curvature, or the second fundamental
form of S. The Gauss—Codazzi equations for imbedding S in
M are the same as Eqs. (2.5)—(2.6) with the identification

—ds,)=w'eon + ew’ o7’

i 1
W=7,

11
o 2.11)
and therefore we have
do', — enm' No? =0,
dr' + w's A7 =0, (2.12)

dm —eo',A7' = 0.

Finally, from Eq. (2.2) which defines the surface, we have the
condition

o' A7' + ew* N7 =0. {2.13)

In the imbedding problem the equations of structure (2.4) are
also known as Weingarten equations and together with their
integrability conditions which are the Gauss—Codazzi equa-
tions (2.12) they constitute the fundamental equations of the
subject.

The Gauss—Codazzi equations for imbedding S'in M
can be written as Cartan’s equations for SL (2,R)

do’ + i, 0/ NO* =0, (2.14)
where ¢, are the structure constants of SL (2,R ). Hereafter
Latin indices will stand for SL (2,R ) values and range over
i = 0,1,2. Equations {2.14) will be identical to Egs. (2.12) pro-
vided we let

w'y= —(2i/e)°,

' =igi0' + 03, (2.15)
=i~ 6" +62),
since
C102 =1,
= —ca =2, (2.16)

are the nonvanishing structure constants of SL {2,R ). In the
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form which will be most useful for our purposes we can ex-
press this result as follows:

Given the first and second fundamental forms of the
surface as in Egs. (2.7) and (2.10) we can construct an
SL (2,R ) valued connection 1-form

00 91
F=(92-9°)’

where 6/ are given by Egs. (2.15), which has a vanishing
curvature 2-form

O@=dr+rrnhr=0

by virtue of the Gauss—Codazzi equations (2.12).

When we turn to the problem of solitons, we find that
the soliton connection is an SL (2,R ) valued 1-form as in Eqs.
(2.17), where®

0° = — (4dt + itdx),
0'= — (Bdt + qdx),
62 = — (Cdt + rdx),

and 4,B,C,g,r are functions of ¢ and x while { is a constant.
The condition that its curvature 2-form should vanish, [cf.
Egs. (2.18)], reduces to the LAKNS equations

A, =qC—rB,
B, —2i{B=gq, —24q,
C,.+2iC=r, + 24r,

where here and in the following subscripts such as x, ¢ denote
partial differentiation with respect to the coordinates. In
both problems we have SL (2,R )-valued flat connection
forms but there is one further condition which must be satis-
fied before we can establish their equivalence. In Egs. (2.19}
£, which will be the eigenvalue in the inverse scattering
method, must be a constant. Starting with the connection
given by Egs. (2.17) we can always perform an SL (2,R ) gauge
transformation

(2.17)

(2.18)

(2.19)

(2.20)

r'=3rs-'4+3ds', (2.21)
where
>= (Z Z;) ab—By=1, (2.22)

to cast it into the form given in Eqgs. (2.19) and vice versa. The
condition (2.18) is gauge-invariant and therefore we have a
one-to-one correspondence between LAKNS systems and
the classical theory of surfaces imbedded in a three-dimen-
sional flat space M.

We shall now consider the problem of constructing ap-
plicable surfaces. These surfaces will carry the same intrinsic
metric as in Egs. (2.7) but a different imbedding. The choice
of the new expression for the second fundamental form
(which via the Gauss—Codazzi equations leads to new equa-
tions of motion) is best understood by turning to Egs. (2.21).
In these equations we have the transformation rule for the
connection under a change of gauge. We have already re-
marked that the soliton connection is a flat connection and
this property is invariant under gauge transformations. It
will be useful for our purposes to specialize to transforma-
tions belonging to R * which is an abelian subgroup of SL
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(2,R ), where

3= (el 0 ) (2.23
0 e *
is a typical element. In this case Egs. {2.21) reduce to
6"°=8°+dA,
't =0, 2.24
9 2 —e" 2/19 2’

and through the identifications (2.15) we find that this
change of gauge corresponds to the simultaneous rotations

wmg — (A ~l)aﬂw/3,

(2.25
7' =A%
where
_ (.co'shZ/i -~ (i/ei)sinhu>. (2.26
ietsinh24 cosh24

is a position-dependent rotation. The transformation law for
the connection 1-form on S is given by
o'y —w', + 2idA, (2.27
which follows from Egs. (2.15) or directly from Egs. (2.25).
Since the equations of motion are obtained from the gauge-
invariant condition that the curvature should vanish they
are not affected by gauge transformations such as the one
implicitly defined by Eqs. (2.25). If, however, we undo the

rotation in Egs. (2.25) for {@®} only, we shall find an applica-
ble surface where

wa (1’

™A agﬂ'ﬁ, (2.28)

and A will now enter as a new field into the equation of mo-
tion. In this case @', remains invariant and we have

0 0_)0 O’

I:] l_wzlg 1

0 2 e 24 6 2
in place of Egs. (2.24). The requirement that the curvature of
the new connection be zero results in

®°=0,

O' +2dANE" =0,

O —2dAN6*=0,

which are new equations of motion. We note that the @°
component of curvature remains unchanged when we con-
sider applicable surfaces. Therefore if we want to obtain new
field equations by using this method, we must start with a
connection where @ ° vanishes identically. In Sec. IV we
shall apply this construction to the KdV equation.

(2.29;

(2.30)

lll. CALAPSO-GUICHARD EQUATIONS

The prototype of a completely integrable system where
surface theory plays a paramount role is the SG equation.
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The Gauss—Codazzi equations for imbedding pseudospheri-
cal surfaces in E * reduce to the SG equation and there are
generalizations of this equation which utilize the same in-
trinsic geometry.>'? In contrast, the 2-surface behind the
Calapso—~Guichard (CG) equations is a quadric. So we con-
sider an intrinsic metric on the surface with the basis 1-forms

o' = efsinddt,

o’ = é*cosddx, (3.1)
which differs from the metric of a pseudospherical surface by
a conformal factor. The Riemannian connection on the sur-
face is given by the 1-form

o', = (¥, + tand £, )dt + (F, — cotd £,)dx (3.2)

which follows from Egs. (2.8) and (3.1). The imbedding of
this surface in £ is given by the second fundamental form
[cf. Eq. (2.10)], where

7' = (cos + Asind )dt,

7 = (— sind + hcosi? Jdx (3.3)
are the basis 1-forms. We can now verify the fundamental
property of Guichard surfaces which is responsible for the
parametrization used in Egs. (3.3): If we consider two Gui-

chard surfaces S,S ' which have the same extrinsic curvature,
then their principal radii of curvature p;,p; where

Tl"l =P|wl =p’1 (wl)l’
7 = pw’ =p, (@)
satisfy the relation
Yowi +pp3)= — 1L (3.4)

The surface S’ is said to be the associate of S and they are
related by the transformations

e = [(1+ih)/(1 —ih)le ",
e '=e (1 4+h?, (3.5)
h'=h.

Historically Eq. (3.4) has been the starting point of the inves-
tigations on the surfaces of Guichard. Using Egs. (3.2) and
(3.3) in Eqgs. (2.12) we obtain the Gauss—Codazzi equations
for imbedding S in E *

(. +tand £,), — (&, — cotd £,),

+ (cosd + Asind )( — sind + Acosd ) =0,

h, =(h —tand )5,

h, = (h + cotd )&,. (3.6)

These are the Calapso—Guichard equations. We may also
call them sine-Guichard equations because they are obtained
for Guichard surfaces of the second kind. Needless to say,
there is also a sinh-Guichard system which generalizes the
sinh-Gordon equation

(¢, + cothd§ ), + (J, +tanhd £ ),
+ (coshdt + Asinhd? )(sinhd + Acoshd ) =0,
h, = (h + cothd )&,

h, = (h + tanhd )¢, 3.7)
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These equations are Gauss—Codazzi equations for the sur-
faces of Guichard of the first kind. We shall not consider
them any further in this paper except to note that every state-
ment concerning the sine-Guichard equations can be trans-
lated into an analoguous one about the sinh-Guichard
equations.

We shall now consider the formulation of CG equations
as an inverse scattering problem. For this purpose we need to
transform these equations into a form whereby the corre-
spondence limit of our results with those of Ablowitz, et al.*
will become manifest. Hence we shall first introduce null
coordinates.

u=t—x, v=t+yx (3.8)

and rewrite Egs. (3.6) in this new coordinate system. We find
(¢, —cot2d &, — csc2d &),
+ (8, —cot2d &, — csc2d £,),
+ (cos? + Asind ){ — sind + hcosi? ) = 0,
h, = (h + cot2d )&, + csc2d £,
h, = (h + cot2d )&, + csc2d £, (3.9)

which has a symmetric dependence on the null coordinates
but the lack of Lorentz covariance of the CG equations has
resulted in long expressions. We note that either in Egs. (3.6)
or in Egs. (3.9) we can completely eliminate £ to obtain two
coupled partial differential equations for ¢ and 4. This form
of the equations is useful in the formulation of the initial
value problem but we shall keep £ for ease of handling the
equations. Finally, we shall remark that in CG equations 4
behaves in a manner similar to a stereographic variable. In
particular the introduction of stereographic angle where

h = tan(¢ /2) (3.10)

simplifies the calculations. This relation is suggested, for ex-
ample, by Egs. (3.5) which now reduce to the
transformations

S =69,
¢' =6,

relating a Guichard surface S to its associate .

The formulation of CG equations as Cartan’s equations
for SL (2,R ), [cf. Eq. (2.14)] follows from Egs. (3.2), (3.3) and
the identification in Egs. {2.15). In the null coordinate system
the 1-forms are given by

(3.11)

0°= —li(d, —cot2d &, — csc2d &, )du

+ li(#, — cot2d £, — csc2dd £, )dv,
6" = k(1 + ik e~ “du + Yi(1 — ih )e"dv,
62= — 6",

[N

(3.12)

where bar denotes complex conjugation. However, as we

mentioned in Sec. I1, the connection 1-form I" obtained from
Egs. (3.12) is not directly in the canonical form of a soliton
connection. In order to achieve the canonical form required
by the inverse scattering method we must perform a gauge
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transformation, as in Egs. (2.21). We find that

2= ( — ?/201 1?20:)’ (-13)
where

a® = [(§ + /(1 +ih)]e?, (3.14)
with

fi=8—41+h? (3.15)

the desired transformation matrix. ¢ is so far an arbitrary
constant which will eventually be interpreted as the eigen-
value in the inverse scattering problem. From Eqs. (2.21) and
(2.19) we can now determine the potentials which appear in
the inverse scattering problem. The results are
g= — (28, —cot2d &, —csc2d £, ) + Hh, + if,
r= —14Qd4, —cot2d &, —csc2d &) + Hh, —if,
A=[i/1+krHE(N — k) — 2ihf ]cos2d

+ [i/(1 + )Y [2Eh + i(1 — k%) f]sin2d,
B= —li(csc2d &, +cot2d £,) + Hh,

+ [1/(1 + A3][26h + (1 — h?) f]cos2d

— [1/(1 + A31{E (1 — A %) — 2ikf ]sin2d,
C= —li(csc29 &, + cot2d £,) + Hh,

— [1/(1 + A H][2Lh + i(1 — h?) f1cos2d

+ [1/(0 + A& (1 — B ?) — 2ihf ]sin2d, (3.16)
where
H=YCh+if)/f(1+h%] (3.17)

We have thus cast the Calapso—Guichard equations into a
form whereby solutions can be obtained by a direct applica-
tion of the inverse scattering method.

IV. SURFACE THEORY AND KdV EQUATION

The theory of surfaces has not played a significant role
in the case of KdV equation. In this respect historically the
approach to the SG and KdV equations has led through very
different routes. But in this paper we have emphasized the
one-to-one correspondence between surface theory and
LAKNS systems, a distinguished member of which is the
KdV equation. It is therefore natural to ask about the nature
of the surface, i.e., its intrinsic geometry and imbedding in
M, which gives rise to the KdV equation.

In order to investigate the geometry underlying a given
LAKNS system it is necessary to proceed in a direction op-
posite to that familiar from surface theory. Thus we shall
start with the soliton connection of AKNS and finally obtain
the first and second fundamental forms of the surface. The
AKNS connection for KdV equation is given by the 1-forms.

0° = (—4&4iL> + 2ifu — u )dt + ildx,

' = (4 %u + 2itu, — 2u* — u,,)dt + udx, 4.1)

0% =(—4% 4 2u)dt — dx,
and the requirement that its curvature 2-form should vanish
results in

u, +6uu, +u,, =0, (4.2)
which is the KdV equation. The connection 1-form in Egs.
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(4.1} is not particularly useful for our purposes but we are
free to perform SL (2,R ) transformations to write it in any
gauge we desire. There is in fact a well-known gauge where
simple expressions for the connection 1-form are obtained:

0°= —u. dt,
6" = dx — 2udt, (4.3)
0% = — udx + (2u* 4 u,,)dt.

and this gauge is interesting because the new 6 ° is manifestly

the connection of a Riemannian metric. Hence we can iden-
tify the first fundamental form of the surface

ds? = 32udt? + 16dtdx, (4.4)
where

o' =dx + 2u + 2)dt,

o’ =dx + 2u — 2)dt (4.5)
are the orthonormal basis 1-forms. We can verify that with

e= —1 (4.6)

the Riemannian connection 1-form w', is consistent with 6 °
given by Eq. (4.3) and the definition in Eq. (2.15); and fur-
thermore the conditions (2.13) are satisfied identically. Fur-
ther comparison of Eqgs. (2.15) and (4.3} leads to

n=—1 (4.7

and equations (4.6) and (4.7) determine the nature of the im-
bedding problem for the KdV equation. From Eq. (2.9} we
find that

K= —lu, (4.8)

is the Gaussian curvature of the surface. It remains to identi-
fy the second fundamental form of this surface and from Eqs.
{2.15) and (4.3) we find

ds? = 2dx* — Sudtdx + 8(u? — 4K )dt %, (4.9)

The imbedding problem of a surface with the first and sec-
ond fundamental forms given by Egs. (4.4) and (4.9) is equiv-
alent to the KdV equation. We shall now consider a new
family of surfaces applicable to this surface and obtain a
generalization of KdV equation.

The KdV equation has well-known scale invariance
properties. That is, it remains invariant under the
transformations

u—e Yy,

x—e¥x,

(4.10)

t—et,

where A is an arbitrary constant parameter. A familiar con-
sequence of this invariance is the similarity solution of the

KdV equation which is known as cnoidal waves. The origin
of this invariance can be traced to the gauge transformations
the KdV soliton connection may be subjected to. In particu-
lar we can check that under the transformations (4.10) the

soliton connection defined by the 1-forms in Eqgs. (4.3) trans-
forms according to Eqs. (2.24). Hence scale transformations
leaving the KdV equation invariant can alternatively be re-
garded as gauge trarisformations of the KdV connection 1-
form for R ". In order to construct applicable surfaces to the
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KdV-surface we shall proceed as in Sec. II and promote the
*“scale-parameter” 4 to become a function of x and 7. We
shall further let the KdV connection 1-form (4.3) suffer the
transformations (2.28) so that

0°= — u_dt,
0 = et dx — 2udt), (4.11)
62 =e M — udx + (2u* + u, )dt ],
and from>Eqs. (2.30) we find
A, +2ud, =0,
(4.12)

u, +6uu, +u,,, ~Au, =0,

which are new equations of motion. These equations are also
scale-invariant under the transformations (4.10).

Equations (4.12) can be further extended to Eqgs. (1.1) by
scaling the connection 1-forms (4.11) according to

6°=(1—x)8°,
6'=(1—x)0", (4.13)
é2=62,

where k# 1 is an arbitrary constant. Such a transformation
does not belong to SL (2,R ) and therefore it does not describe
an invariance property of the field equations. Rather, it leads
to a new result which consists of the introduction of an arbi-
tray constant into the field equations. This process is consis-
tent because @ ° = Q is once again identically satisfied. The
remaining conditions on the curvature result in Eqs. (1.1)
and we note that the KdV limit of these equations is given by

A0, x—0 (4.14)
which are both necessary. Finally we shall remark that for
x#0 the first of Egs. (1.1) can be written as

p: + (up), =0, (4.15)

with

p = kel (4.16)
which is a continuity equation without source terms.

We shall now formulate Eqgs. {1.1) as an inverse scatter-
ing problem. Once again we must subject the connection 1-
forms (4.11) to a gauge transformation in order to cast them
into the form of Egs. (2.19). In this case the required SL (2,R )
transformation is given by

_(v 7
2= <i§ l+i§,8)’ (4-17)
where
B =il — 1)/(ue " — £3(1 — k)e?). (4.18)

From Egs. (2.21) and (2.19) we can identify the LAKNS po-
tentials which turn out as follows:
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A= —(1+2B)1 —KJu, — 2 (1 —wu(l + iB)e*
—BRu 4+ u e 7,
B =2if(1 —«ju, — 271 — kJue* + 2u° + u, Je 4,
C= =201 —xB(1 +iBu, + B,
=21 — k(1 + B Ve —B2u* +u, e *,
g=5%1—Kje* —ue %, (4.19)
r=(1-«)l+iB)e" +uB’e "+,

and solutions can be obtained by application of the inverse
scattering method.

There is another aspect of Egs. (1.1) which is useful
from the stand point of constructing solutions. Namely, the
scale invariance of these equations allows them to be brought
into the form of a single nonlinear ordinary differential equa-
tion. We shall introduce

v = x’u,
(4.20)
z=x/1,

which together with A from a set of scale-invariant variables.
In terms of these quantities Egs. (1.1) reduce to

[272%0" + 2(18v + 24 — z)v" — 120(2 + v)](6v — Z)
— 3k(60' — 4V)2720" — 182 + 1820) =0,  (4.21)

where prime denotes derivative with respect to z. Forx =0
the content of this equation is not different from the corre-
sponding result for the KdV equation.
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A method is developed for numerical evaluation of integrals with k-integration range from Oto «
that contain a spherical Bessel function j,(kr} explicitly. The required quadrature weights are
easily calculated and the rate of convergence is rapid—only a relatively small number of
quadrature points is needed—for an accurate evaluation even when ris large. The quadrature rule
is obtained by the method of product integration. With the abscissas chosen to be those of
Clenshaw-Curtis and the Chebyshev polynomials as the interpolating polynomials, quadrature
weights are obtained that depend on the spherical Bessel function. An inhomogenous recurrence
relation is derived from which the weights can be calculated without accumulation of roundoff
error. The procedure is summarized as an easily implementable algorithm. Questions of
convergence are discussed and the rate of convergence demonstrated for several test integrals.
Alternative procedures are given for generating the integration weights and an error analysis of

the method is presented.

PACS numbers: 02.60.Jh

L. INTRODUCTION

A recurring problem in many areas of physics is the
evaluation of integrals such as

i) = f "k dkji (ke ), )

where j,(kr) is a spherical Bessel function of the first kind.'
The function ¢, (k ) is usually known only numerically, but is
well-behaved, i.e., it has threshold and asymptotic behavior
constrained by the physics of the problem. Such integrals
arise in nuclear physics when calculating charge-form fac-
tors, in atomic and molecular physics when working with
variational functionals, in many types of scattering prob-
lems, etc. This report derives from our need to evaluate inte-
grals asin Eq. (1) for a study concerning the shell structure of
nuclear three-body wave functions for the 4 = 6 bound
states.” Though integrals of this type do arise frequently in
physical problems, there does not seem to be a method pub-
lished for evaluating them directly by numerical methods.’
Certainly, j,(kr) can be decomposed as'

Jikr) = u,(kr) coskr + v,(kr) sinkr, {2)
and then one of the methods for evaluating integrals of the
form

I coskr} k 3
rin= [ k2w (S ik g
can be used, but a great amount of facility is lost by not
dealing directly with Eq. (1).> The method we propose over-
comes the two main difficulties in evaluating numerically

integrals like 7 (r): (1) the infinite range of integration and (2)

“Guest Worker, National Bureau of Standards.,
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the highly oscillatory nature of j,(kr) when r becomes large.
The second difficulty in particular thwarts all conventional
quadrature rules. Our approach is to apply the approximate
product-integration method directly to Eq. (1).

The product-integration method is now almost 35 years
old* and has been applied in a number of situations.’ One of
its earliest applications was in the numerical solution of inte-
gral equations by Young® and not long ago it was the tech-
nique proposed by Kim’ for solving the three-body Faddeev
integral equations with local potentials. Lately, Sloan and
Smith,® and Sloan’ have studied the convergence properties,
error estimates, and choice of abscissas in applying the prod-
uct-integration method to various integrals. The power of
the method is readily apparent in reviewing its past applica-
tions.? The essence of the product-integration rule is to ap-
proximate an integral as follows:

b N
[stwrsterdiem $ w, sk, “

where the weights w, are exact if f(k } is any linear combina-
tion of a chosen set of functions {g, }3. Generally, the inte-
grand contains an “offensive,” but analytically known and
factorable part, g(k ), which is used to generate a set of
weights {w, }) that contain it implicitly. One of the impor-
tant aspects with respect to convergence is the choice of
{k.}¥. In fact, the convergence theorems that have been es-
tablished® can yield practical means for choosing the set of
abscissas {k; }3. Specifically, it is known® that for the Clen-
shaw-Curtis® abscissas, k, = cosiz/N, 0<i<N, if the
weights w, are chosen to make Eq. (4) (withb= —a=1)
exact when f'(k) is any polynomial of degree <V, then the
sum in Eq. (4) converges to the exact result as N— oo for all
continuous functions f(k ) provided g(k JeL, [ — 1,1} for
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some p > 1. Furthermore, the sum of the absolute values of
the weights converges to the least possible value
1

. N
tim 3w = [ gtk ak 5

These results provide a solid framework within which to
work.

With the functions ¢, chosen to be the Chebyshev poly-
nomials'® of the first kind, 7}, our objective is to apply the
product-integration method to Eq. (1) and obtain the weights
w;,(r) [dependent on j,(kr}] with minimal (physical} assump-
tions about the threshold and asymptotic behavior of ¢, (k ).
By a judicious choice of mapping from [0, ), to[ — 1,1] and
explicit removal of the threshold and part or all of the as-
ymptotic behavior from ¢,(k ), we find inherent simplicity in
the mathematics in that the w; can be expressed analytically
in terms of known functions. Moreover, the weights are easi-
ly computed directly from an inhomogeneous recurrence re-
lation. The strengths of the method will become more appar-
ent later in the paper, but at this stage it is already clear that
given the weights w;,, the integration is easily done and con-
vergence is guaranteed. We emphasize in this paper the
choice of abscissas, methods for obtaining the weights (to-
gether with our “best”’choice method), applications to test
integrals to study and demonstrate the rate of convergence,
and the exact analytical results for the w;, including sum
rules.

The layout of the paper is as follows: Sec. II contains a
description of the product-integration method applied to Eq.
{1) and mentions the possible methods for calculating the
weights. This section also includes brief comments about
convergence; Sec. III describes in detail our preferred meth-
od for computing the weights w;, i.e., recurrence for the
weights directly; Sec. IV comprises applications of the meth-
od to various test integrals; and Sec. V presents a summary
and conclusions. Two appendices follow the main text and
give alternative methods for computing the weights. In Ap-
pendix A, an indirect recurrence method is given including
an error analysis. Appendix B holds closed form expressions
for the weights.

it. FORMALISM FOR ABSCISSAS AND WEIGHTS
We are interested in integrals of the type
B = [k dkjtknig ), ()
0

where @,(k ) comes from a physical problem such that its
threshold and asymptotic behavior are

dulk)— Cok! (6)
and
é,(k );;‘C; kM (7)

where C{ and C’_ are constants and m>0. (The method
given below for evaluating Eq. (1) in fact requires only that
¢,k ) goes to zero equal to or faster than 1/k °.) In applying
the product-integration method, we map onto the interval

[— L1]by
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k2 _¢o?
Tt e ®
and inversely by
172
k::a(i‘*x) >0, )
—x

where o is a scale parameter. With this transformation and
with Chebyshev polynomials used to expand

&, (al(1 + x)/(1 — x))''?1, the quadrature weights can be ob-
tained analytically. A simple transformation given below
takes the quadrature weights on [ — 1,1] to those on [0, ).
Besides the change of variable, we divide out the threshold
and part or all of the asymptotic behavior of ¢, (k ), making
the result a rather slowly varying function for fitting
purposes

1 2 Q1 4+ 12
kz 2,;14—( 1;/2[ (k +ak)1 ¢/(k)},
[ +a "+

where n<m with m as defined in Eq. (7). After these two
steps, Eq. {1) can be written as

1

1= ghtra)fute) d, (10

—1
with
. 1+x(/+ll/2 ) 1+x 172

gh (rx)=a’ ((1 __x))um/z Ji ar( 1 —x ’ (1

and
o 1 [k2+a2)1+(n+ll/2
Sinlx)= Q" b i 2 k! ¢:(k).(12)

Eqgs. (10)—(12) are the starting point for the product-integra-

tion method.
The approximate product-integration is defined as

N
LN=I17r) = Z w(Lmsasr) fin (X iy (13)
i=0

where N + 1 is the number of quadrature points, w; are the
quadrature weights, and x,; are the abscissas. In this appli-
cation, the weights carry knowledge about the oscillatory
Bessel function. As the fitting polynomials, the Chebyshev
polynomials of the first kind are chosen because of their
powerful fitting characteristics, especially to smooth func-
tions like f},(x). We write

fubdl= 3 65T, (14)
and require th;t

fulkg) = 3T e (15)
where the x; ar; the Clenshaw—Curtis abscissas’

0<j<N. (16)

The Clenshaw—Curtis abscissas are chosen because they are
easy to compute, they permit us to use the discrete orthogon-
ality properties of the Chebyshev polynomials, they intro-
duce economy when N is doubled since the N 4 1 previous
evaluations of f;,(x) can be used again, and they permit ap-
plication of the Sloan-Smith convergence theorems.® A
drawback in their use is the inclusion of the end points of the

Xy = coyym/N
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integration although this is easily overcome if it becomes a
nuisance (see below and Sec. IV). With this choice,

L= f 8601 i) e S blalmar), (17

=0

where
a,(lna;r) = J g (rx)T,(x) dx. (18)

The b %, are obtained from Eq. (15) by use of the discrete
orthogonality of the T, (x,; ) = cosijm/N,

N
S ay T (x) T (Xn; ) = N6/ 22y, (19)
j=0

where §,, is the Kronecker delta and

ay =1 for I<i<N—1, (20)
thus,
In 2 Al
by =aNiﬁZaNjn(xNj)ﬁn (xN]) {21)
=

When Eq. (21} is substituted into Eq. (17) and the result com-
pared with Eq. (13), the formula for the weights is obtained:

N
W, = Ay 2 Z ay T, (xy; )a;(Lna;r). (22)
N;<%
Clearly, the problem of generating the weights amounts to
evaluating the integrals q;(/,n;a;r), Eq. (18).

To set up the product-integration method, it was natu-
ral to work on [ — 1,1]. Nevertheless, the evaluation of the
a;(l,n;a;r) is more transparent on [0, o). The ¢; integrals
become

. k*—1
a;(lma;r =a32’+”*”’/2f  (k T(——)
; (hmscer) kT
k1+2dk
(k2+ 1)1+U+n1/2’
withu = ar. Inthe schemes for computing thea;, we restrict

(I + n)/2 to be an integer >0. For the recurrence scheme
outlined in Appendix A, the integral in Eq. (23) is general-

ized to
= k:—1\ k'*dk
! =f kT,( )
)= ), ST (k24 1)+

and a recurrence scheme worked out for the %7, (). The a;
are obtained for ¢ = (/ + n)/2 = integer>0. Exact expres-
sions for the w; can be obtained by substitution of Eq. (23)
into Eq. (22) and summing over j as described in Appendix B.
The latter procedure serves as the starting point for deriving
inhomogeneous recurrence relations for the w, themselves—
the method we advocate for practical computation of the w;,
with the least loss of accuracy. These weight-recurrence rela-
tions are derived in the next section.

The weights on [ — 1,1] are certainly the quantities to
generate by the product-integration scheme presented here,
but weights on [0, oo ) are more useful for direct evaluation of
Eq. (1). When we define

(23)

(24)

Lin= S W lnans, (ky) (25)

i=0
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with

ky; = acotin/2N, (26)
the weights on [0, ) are given by

w;(Ln;a;r
W.(Lna;r) = ( > ) 5 27
(1—xp)' 7721+ xp,)
The interval end points do not pose a problem since
172
lime, (k )—»cgkl=cg,a’( L +x) (28)
k—0 1l—x

and

111“¢[(k)’—’clwk 7”’72_C[wa,m72< 1 _x)l+m/2‘
o 1+x
(29)

Moreover, in practice, if m > n, then the i = O term (weight
W,) can be dropped since its contribution is zero. Otherwise,
for m = n, the i = 0 term contributes

woclwav—nVZZA t —1I+n)/2‘
Similarly, at the origin for / #0, the i = N term contributes
wyCla'2 =1 +n72

Now that the scheme has been laid out, it is appropriate
to raise questions about convergence; in particular, is the
condition of the Sloan-Smith theorem?® satisfied? The theo-
rem guarantees convergence of I ¥(r) to I,(r) as N— o0
provided

1
J- |g (r.x) |7 dx < w0 (30)
-1
for some p > 1, or applied to the present case,
y ketr b+ lgg
J(; LI’(‘uka (k2+1)pll+n)/2~p+2<°°' (31)

For the / values considered here, / = 0, 1, and 2, one can
show that Eq. (31) is satisfied as follows:
[=02 n>2 (n=24,6,..),
I=1 n>»l (r=135,..).

Since Eq. (31) is a sufficiency statement, it can be violated
and convergence still is possible. That convergence can still
occur will be demonstrated explicitly in Sec. I'V for test inte-
grals in the cases

(32)

[=0 n=0
I=1 n =-1. (33)
I=2 n =——2,0

Therefore, the product-integration method as applied here
to integrals of the type given in Eq. (1) is on a sound footing
and convergence is guaranteed for a large range of n values.
We are now ready to get to the practical matter of computing
the w,.

IN. CALCULATION OF THE WEIGHTS

In this section we derive the details of our recommend-
ed procedure for calculating the weights w, defined in Sec.
II. The final algorithm for generating the weights is in fact
quite simple and straightforward. We summarize it, there-
fore, at the end of this section for the reader who may wish to
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implement it immediately.
From Sec. 11, Eqgs. (18) and (22), the weights can be ex-
pressed as

w {lmosr) = ay, — Za,vj Hxna L),

where
1 =0\,
ay; = . (22)
1 O<i<N,
xpy; = cos{im/N), (16)
§
a(l,mayr) = f g {rx)T;(x) dx. {18)
-1

Thus, we have

2! N
wﬂmmﬂ=am—f dx g (%) Sy Ty ) T ).
NJ j=o

(34)

The sum appearing in this last expression may be evaluated
in closed form. The derivation is given in Appendix B [Egs.
(1)-(4))- The result needed here is

sinN¢ sing

j‘ioaw Tl T = 4= 1) cos(im/N} — cosd’ (3
where

x =cosp, O<P<«m. (36)
Defining

B = in/N, (37)

C =ay(— 1y/N, (38)
we then have

w,(msasr) = f dx g (rx )“_S“;Vﬁ% (39)

We note here that the integrand has in fact no singularity at
¢ = B since sin N = 0. However, with the aim of writing a
difference equation, we write Eq. (39} in the form

w;(Lma;r) = CJl dx g5, (r,x) sinN¢ sing — sinVp sinf3
-1

cosf3 — cos¢g
We now define the function

. (40)

1 .. . . .
V8= Cf dx g (r.x) sinj¢ sing — sinj3 smﬁ’ (#1)
—1 cosf — cosd
in which # and C retain their previous definitions, i.e., they
are functions solely of / and N. The only dependence on the
index j is that shown explicitly above in the numerator of the
integrand. For j = N, the function ¥;(8) is identical to the

desired weights

VviB) = wlnar). (42)
For j#N, the V(8 ) are not equal to the weights for a differ-
ent N, and, in particular, sinj3 #0 for j# N. The integral as
defined above, has, however, no singularity at ¢ = Sfor any;
{which is the reason for making the subtraction in the numer-
ator of the integrand).

We can now write a difference equation for the V(5 ).
Using

sinfj + 1}¢ + sinfj — 1} = 2sinjpcosd
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(and similarly with ¢ replaced by ), we obtain the recur-
rence relation which constitutes the basis for our calculation
of the weights

Vie\lB) = 2cosBViiB) + V,_(B) =G, (43)
where
G =— 2CJ dx g7, (rx)sinjgsing. (44)

Equation (43) is a second-order, linear, inhomogeneous dif-
ference equation with constant coefficients (3 does not de-
pend on j). Note that V;(8) is defined for all /, although w;,
was defined only for ¥> 0.

To implement the recurrence relation, we will need

{a) The initial values V,{8) and V(5 };
(b) A means of calculating the G;.

[In order to obtain ¥ (8} we need G, only for 0<j<N — 1].
The form of the difference equation itself [Eq. (43)] is inde-
pendent of the particular kernel g4, (r,x). The values obtained
for the functions V;(8) and for the weights w;, (/,n;c;r) depend
on the kernel via the values V(8 ), V(8 ), and the set of inho-
mogeneous terms, {G, }) .

Since the difference equation has constant coefficients,
we can in fact write the solution directly, as a sum. However,
for computational purposes, it is simpler and quicker to
compute V(3 ) from the recurrence relation. We therefore
leave details of the solution to the difference equation for
Appendix B and proceed to the evaluation of the initial value
Vi(B3), after noting that V(8) =0

From the expression (41) for the V(8 ), we have

1

ViBy=C| dxgs(rx)cosf + cos¢) . (45)
—1
To proceed further we must specify the function gf;, . From
Eq. (11},

. 14 x)irv2 1+x\12
gfn(”x]g‘”((—]—_#m f‘[a’( l—x) ] o

We now change back from the variable x to the variable k.
Using Eq. (8) and (36), we have

2_ .2
= :2 - a2 =cosp, O0<k< o (46)
a

2k .

(1—x)12 = k_zflcz_z = sing, (47)
giving

g+l n+25 142

g (rdx = R T ek, (48)

(k 2 + aZ)q + 1
where g=(I + n)/2. We assume further that » is always cho-
sen so that ¢ is a non-negative integer. Thus we have
= k't kr)
(k 2 + aZ)q +1
20?

1 + cosfB — ————) dk. 49
X( s k?+a’ )
As shown in Appendix A [Egs. (A2) to (A18)], this integral
may be evaluated in terms of the Bessel function of the third
kind k,{z}. The result is

Vl(ﬁ) =C2%t lan—{-Zf
0
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V.B)=2Ca® Lgi')—q—Gl + cosB )k, _ ,(ar)
q

ar

g+1
The functions k,(z) appearing here may be calculated quite
easily from the recursion [Eq. (A14)] in the form

(21 + 1)
z

k1A471(a") . {30)

kiya(2) = ki(z) + k() (51)

and the starting values
k_(2) = kol2) = (m/22)e . (52)

Next we consider the calculation of the inhomogeneous
term G;. From Eqs. (44}, {47}, and (48}, we have

kY lhr
—_ _ +3 . n+3 ! L)
G=—-C2"a L e az)q+251ry¢ dk. (53)
Using the raising operator for the functions j, (kr), we write'’
(1/r — 3/0ry,\kr) = Kj, . (kn), (54)
and then
ink
Kiitkn = 7 olkr) = 7, S, (55)
r

where

I—-1 a /-2 a) ( 3) i
7 g— - —_ — e — — >0, 56
J[_< r 8r)( r ar or 6]

with .7 ;=1. Next, we use
¢ = (k + ia)/(k — ia) (57)
from Eqgs. (46) and (47), and thus substitute, in Eq. (53),
R k+ia)f_(k+ia)—1] (58
sinjé = 2[[(k—ia k—ial | )

Finally, we obtain

G, =cr a7 i), (59)
r

where
— * ikr(k“*_iay_q_l
J—f.we (k—iay‘+q+‘dk
© c—a—2
—a? eik,(kia)’__"_dk
W (k__z‘a};+q+2
el i)
-Lwe (k—fa)-f+q+‘dk

® N —j—g—2
+a? e’k’wdk. (60)
- (k_l-a)~/+q+2

The integrals appearing here may be expressed in terms of
terminating confluent hypergeometric functions. The deri-
vation is given in Appendix B [Egs. (B16) to (B22)]. The re-
sults needed for the integrals above are
1
2miJ -
for myn =0,1,2...

e*(k + ia)(k — ia)™ dk = 0 (61)

1 M~ . k + ia)"
. elkr ( + ) dk
2mi) . (k—ig)m !
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= & T e nm—n 4 1207) (62)
(m — n)!
for OKn<m, and
L eikr dk

2mi) — (k4 ia)"t\k — i) !

e [ =1)"n + m) o .
= il il Fi(—m; —n—m2ar) (63)

form, n =0,1,2,... where
il — m; — m2ar)=32"_(2ary/j. In evaluating the ex-
pressions (60) for J, we must distinguish three regions:
(1)j>q+2
Rlj=g+1
(3)/<q.

{(1)j>q + 2: In this case, the last two integrals in the
expression (60) for J are zero from Eq. (61). From Eqgs. (59),
(60), and (62) we have

G = — Cra"*¥(— 1)qzv+2yl[(e~a,>
r

1
X[mfzq“.ﬂ(—j-{-q-k 1,2 + 2;2ar)
a’ g+ 3 :
m"z Fl—j+q+ 129 +4;2ar)”.

(64)

(2)/ = g + 1: In this case, we have, from Egs. (59), (60),
(62), and (63),

G, = — Cra" ¥ — 1)q2q+27,[("_m>
r

X[ 1 g+ 1
2g + 1)
aZ
+ W[l —Fil—(29+2); — (29 + 2);2ar)]”.
(65)

(3)/<g (needed only if g > 0): In this case, we have, from
Egs. (59), (60), and (63),

_ n+3 j 2 —ar
G, = Cra" 3 — 1y27+ 7, e
(2a}2q + 1
2g)!
% { (. q) _
(g — /g +j)!
— Fil =9 —j; — 2g;2ar))]
(29 + 2)!

(g —Jj+ g +j+ 1!
XLE(—g+j—1;—2g — 2;2ar)
—Fil—g—j— 1, —2¢ — 2,2ar)]}1. (66)

The equations (64}, (65), and (66) express G, in terms of
terminating confluent hypergeometric functions of the form

il — j;m;2ar) in which j>0 and either m > 0 or m< —J.

These functions may be computed easily from the recurrence
relation'?

r

[LFi(—q +J; — 2q;2ar)

B

(c —a)F(a — Lie;x) + (2a — ¢ + x)F (a;c;x)
—aF(a+ Lie;x) = 0. (67)
Writing
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F}EIFI( — J;m;x), (68)

we have

(m+j)F = +m—x)F, —jF,_, (69)
and initial values

Fy=1 s

Fi=1—-x/m (70)

for m#0 and F,(0;0;2ar)=1. Note, from the asymptotic
expansion for the confluent hypergeometric function'
Fi( — j;m;x) with m and x fixed and j— o,
_ l ! ar
Fe Vol e — Zim -y
\/ T (2ar)m™— 1Y 2

(71)

that for large j, the functions F; are oscillatory and slowly
decreasing. Thus computer implementation of this recursion
for the F; will encounter no problems due to the buildup of
round off errors.

Although we have now presented all of the expressions
which are essential for the calculation of the weights, we give
here the expressions for the functions G, for the cases =0,
1, and 2 explicitly. [For higher / values, one may use the
general expression for G; in Eq. (65) after performing the
indicated differentiations, or one may use a direct recurrence
relation on the weights for raising the / value. This relation is
derived in Appendix B.] On taking the derivatives indicated
in the operator .7, we clearly have several choices for ex-
pressing the derivatives of the confluent hypergeometric
function in terms of similar functions. Referring to the ex-
pressions (64), (65), and (66) for G;, we use both"

i[x‘” Flagex)] = (e — 1x“ = *Flae — Lix)  (72)
dx

(provided ¢+ 1) and
4 Flgex) = LF@+ e + 1) (73)
dx c

(provided ¢# — 1), depending on which provides a result
which has a simpler form. We indicate the specific / value as
a superscript G!' = G,. Defining the common factor that
appears throughout by

= — Clma’e  “ar)'2, (74)

we have for j>q + 2
(

. 1

GV = - 1)"{ ——F(—j+ q+ 1,29 + 2;2ar)

/ (2g + 1)!

(ar)? .
N g j4g 4 2:2¢ + 42an), 75
20 1 3 J q ) (75)

- 1) .
GV =_} _lq[(ar—+_F —j4+q+ 1;2g + 22ar
; ()(2q+1)!(fq q + 22ar)
1 ,
— —F(—j+¢9+ 1294 1;2ar)
(29)!

(ar)z(ar + 1) .
L F(—j+q+ 2;29g + 42ar
24 + 3) J+1q q )

{ar)” Fl—j+q+229+ 3;2ar)t, (76)
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G?
J
o ((ar)? + 3ar + 3) ‘
= =1y AT g 120 + 220
29 -3 ‘
( (q2q)' )F( —Jj+q+ 1,29 + 1;2ar)
.2 .
— g +J) ﬁﬂ —J+ g+ 129 + 2;2ar)
ar)? +3 3
+(arp )(2::’3’) I F(— g+ 229 + 42ar)
2ar + 3 .
— (ar)? %:TV)F( —j+q+ 229 + 3;2ar)
(ar)? .
+ WF( —Jj+a+22g+ 2;2ar)]. (77)
Forj=q + 1, we have
GJ(O' =4— 1)q[ R S
(2 + 1)!
1
ol F(= 2 2= 2 = 22a],
(78)

GW=_¥{— l)q[ (ar —2q)
b (2¢ + 1)

V12D 1y 2g 2 — 29— 22ar)
(2ar 9+
GP =4~ l)q{ lar)® + (1 — 4glar + 44l — 1)]
/ (2¢ + 1}
+———[[(ar? + 3ar + 3]

X[1—F(~2q—2;—2q — 2;2ar)]
+ 2ar2ar + 3)F(— 29 — 1; — 2g — 1;2ar)
— 4(ar)*F( — 2q; — 2q;2ar)]}. (80)

For j<q, we have

o (=1 2g) .
GO —.1 Fl—q+j— 242
(2ar>2"+'[ gy e azan
— F(—gq —J; — 2q;2ar)]
(2q+2)!

1
Ylg—j+ g i+ 1!
X[F(—gq+j— 1 —29 —22ar)

—F(—q—j—1;—2¢—22arl}, (81)
G o (=W [ ler+1Qal o i gn
’ (2ar)24+'{ e R

— F(—q—J;, — 2q;2ar)]
(ar + 1)(2g + 2)!
Hg —j+ g +/j+ 1)
X[F{—q+j—1;— 29— 2;2ar)

~ F(—gq—j~1—2¢—22ar)]
_ 2erda = 1) o AR g 441 —2g +1;2an)
g — g+ ’ ’
—(q+NF(—q—j+1;— 29 + 1;2ar)]
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' (2ar)(2g + 2)!
Ylg—j+ g +j+ 1)
XUg—j+ VF(—q+j;—2¢ — 1,2ar)

—(g+j+ VF(—q—j;— 29— L2an]}, (82)
G — A — 1)’[ [(ar) + 3ar + 3](2q)!
T et (g —Mg +))

X [F(—q+j; — 2g;2ar)
— H —q —j; — 2g;2ar)]

2ar2ar + 3)2g — 1)!

(g — Mg + )

Xg—HF(—qg+j+1;—29+ 1;2ar)
— g+ (—q—j+1;—2q+ 1;2ar]]

4{ar]2(2q -2

(g — Mg + )
X[lg—ilg—j—VF(—q+j+2;—2q + 2;2ar)
—(g+g+i—DF(—q—j+2; —2q+ 2;2ar)]
e + 3ar + 3](2g + 2)!

4g—j+ WYg +j+ 1)
X[F(—q+j—1;,— 29 — 2;2ar)
—F(—q—j—1;—~29 —2;2ar)]
2ar2ar + 3)2g + 1)!

dg—j+ g +j+ 1)1
XF(—q+j,— 29— 1;2ar)
—(g+j+ VF(—g—j;—29~12ar)]
_ (2ar)’(2q)! i a7

34—+ Vg -7+ 1 llg—j+ ig—J)
XF(—q+j+1; —2g;2ar)
—lg+j+ Yg+HF(—g=j+1;—2g2ar)]1}.(83)

lg—7i+1

A. Summary of algorithm

We now give a brief resume of our algorithm for calcu-
lating the weights.

(1) The functions F;, defined in Eq. (68}, are calculated
from the recursion (69) and the initial values (70). For each of
the four positive values of m: m = 2q + 1; 2g + 2; 2¢q + 3;
and 2g + 4, they are calculated forj =0, 1,...,.§N — ¢ — 2.
Form =0, — 1, — 2,.., —2q — 2, they are calculated for
J=0,1,2,0,|m|.

(2) The factorials, m!, are computed by recursion for
m=0,1,2,...,2g 4+ 3.

(3) The functions G, are computed for / = 0,1, and 2
from the functions F, using Eqgs. (75) to (83) for
j=12,.,N—1.

(4) The functions k, are computed from the recursion
relations and starting values given by Eqgs. (51) and (52) for
l=—-1012,.,]¢g—1]+ 1.

{5) For each value of ;, i = 0,1,2,...,N, the starting value
V(B }is computed from the functions 4, using Eq. (50) and
Vol ) =0, with 8 = ir/N as defined in Eq. (37).

(6) The functions V;(3) are computed forj = 0,1,....N
from the recursion of Eq. (43) and the starting values ¥,{3)
and V,(B).

(7) The weights w; for each i are equal to ¥ (8) (still
with B = in/NJ. :
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IV. APPLICATIONS

Now we apply the purposed product-integration meth-
od to some test integrals. Our purpose is to examine the
method’s rate of convergence as N (the number of abscissas)
increases. Under the conditions mentioned in Secs. I and II,
we are guaranteed that the method will converge, but the
rate of convergence to a given accuracy will depend on the
given value of r and the choices made for the scale-transfor-
mation parameter « along with the asymptotic-behavior in-
dex n. Specific emphasis is given to the role of & and how to
choose it. In this development, the test integrals used involve
Ji(kr) for 0<I<2, but it is clear that this is not a limitation.
The weights and abscissas needed were generated using the
algorithm given at the end of Sec. III. Double-precision
arithmetic { ~ 15 significant figures) was used throughout. A
sample set of weights and abscissas is given in Table I.

The sample set of weights in Table I can be used to
illustrate constraints they must satisfy due to the fact that
the integration rule is exact for

i k)=Kk"/k>+ B p>1+1/2), (84)

when a and N are chosen such that ¢ = 8 and

N>p — 1 — (n + 1)2>0. Theexactness of the integration rule
under the previous conditions is equivalent to the fact that
Eq. (14)is an identity for all x under these conditions and not
just for the Clenshaw—Caurtis abscissas

N
_— 1
Jutx)=3 b Ti(x). (14)
i=0
In fact, the b, can be found analytically
) +("+1v2(2[p —1—(n+ l)/21)
-z
’ (2a)® p—1—n+lyy2 )0
p2l+n+1)/2 (85)
bﬂ(’,,.EO p=1+n+1)/2, i>0 (86)
192 +(n+1)/2 (p—1-(n+1)2]
b= (-1 n+) |
(2a)* p—1— ——i
2
n+1 .
p>1+ { ), i>0. (87)
2
TABLE 1. Sample set of abscissas and weights (N = 8,/=0, r = 1.0,
a=0.5,n=0).

i wi(i,n;u;r) kNi Hi(z,n;a;r)
-1.0000 0000 0.2894 9668 (—2)a 0.0000 0000 0.1447 4834 (-2)
-0.9238 7953 -0.4084 8926 (-2) 0.9945 6184 (-1) -0.2123 2580 (-2}
-0.7071 0678 0.1516 8968 (-1) 0.2071 0678 0.8885 7755 (-2)
-0.3826 8343 0.1306 0362 (-1} 0.3340 8932 0.9445 6633 (-2)
-0.0000 0000 0.5887 3310 (-1) 0.5000 0000 (.5887 3310 {-1)
0.3826 8343 G.8044 1714 (-1} 0.7483 0288 0.1303 0869
0.7071 0678 0.2645 0971 1.2071 0678 0.9030 9265
D.9238 7953 §.1352 4790 2.5136 6975 1.7767 8126
1.0000 0000 -0.89724 3972 {-1) L3 b
2(2) 21072, ete.

bwhether this weight enters and its contribution depends on the asymptotic
behavior of ¢, -- see Eqs. {27) and (29) and the discussion immediately

following those equations.
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TABLE II. Results for 74 (7).

1
—:[00(0,0;6!;’) —a,(0,0;05r))

Io(r) = (93)
r=1.0 Exact = 0.4502 2246 2499 8651
@a=02 n=0 a=05 n=0 a=1.0 n=0 = [%0 (ar) — % (an] (94)
N=2 0.13 0.30 0.37
4 0.30 0.449 0.57
8 0.433 0.4507 6 0.442 —ar
16 0.4523 0.4502 218 0.4503 & —_ e
2 0.4502 213 0.4502 2246 250 0.4502 2204 0 = (95}
40 0.4502 213 0.4502 2246 2499 853 0.4502 2246 34 4(1
a=05 n=2
N2 0.52 = — ESm (im/2N )w;(0,0;r;7). (96)
4 0.447 2a* i=0
8 0.4501 2 . .
I 014308 525 sa0s 6 Obviously, the last two equalities for each case are sum rules
10 0-4502 2246 2499 858 for the weights and can be generalized [see Appendix B, Eqs.
r =107 Exact = 0.9624 1921 3196 6023 (B41)-(B44)]. By use of Table I, we find
a=05 n=90 1 N e~ ar
N- 2 0.4, J 2—32 w,{0,0;,a;7) — ~———| <3x107° (97)
16 0.9624 06 ai=o 2r
32 0.9624 1921 300
40 0.9624 1921 303
r =150 Exact = 0.1692 4693 5215 6365 {-2) e~ %
‘ 4Zsm( )w(OOar) <5X107°9,
a=0.5 n=9g i=o
N=2 0.94 -3
4 0.195 EZ; ©8)
.16 -2 : . .
¥: o1 aes el a nice check on the consistency of the weights. At the same
0.1692 4 -2 . . . .
b4 S 1o ens 3T oo 21 time, integrands like Eq. (84) can be used as a check in com-
0.0 Exact - 0.1510 6708 5473 8480 (-6) puter codes since they yield results accurate to the precision
of the computation. To test the rate of convergence of our
. e " L method, we must choose integrands more complicated than
: o Ea &4
0.1510 31 - i i
16 el ((g; As our three basic test integrals, we choose
20 0.1510 6744 539 (-6) o 1
Iy = f k2 dk jolkr) (99)
(k2+a2](k2 + bZ)’
As simple examples, let N=8,/=0,n =0, a = 0.5 and I J‘ k2 dk j (k) k (100)
— — Ii( Jukr
r = 1. Then, for p = 1, we have (k2+a2)2(k2+b2)’
op
6% = 22, s 2
2a =, k?
. .
1 I5(H =f k* dk jy(kr) \ (101)
Lin=Ig(r = 5oa%l0.05a57) (89) o (k2 +a*Pk2+ 59
a . . .
all of which can be evaluated in closed form (the superscript t
= a XY ar) (90)  represents “test”). Specifically, we chose a = 0.232 and
e~ b = 1.4, Results for various tests with these integrals are giv-
= ®1) " en in Tables I1-1v.
1 X The first point we note in scanning Tables II-1V for
= — > w007, (92)  fixed @ and n is that the rate of convergence to a result accu-
2070 rate to ~ 10 significant figures is not greatly affected by the
and for p =2, value of r for a wide range of r. Especially notable are the
TABLE III. Results for 1 (#).
r=1.0 Exact = 0,1602 4405 8201 8119
a =02 o = 0.4 a = 0.6
N =& 0.20 0.1606 0.23
14 0.1629 0.1601 7 0.1604 5
20 0.1598 0 0.1602 431 0.1602 36
30 0.1607 ¢ 0.1602 4406 4 0.1602 4405 93
40 0.1602 428 0.1602 4405 8207 0.1602 4405 8262 7
r=15.0 Exact = 0.1242 8338 1560 5883 (-1)
a =02 a = 0.4 a= 0.6
N = 0.1230 (-1) 0.1243 0 (-1) 0.1179 (-1)
14 0.1242 41 {-1) 0.1242 79 (-1) 0.1241 4 (-1)
20 0.1243 3 {-1) 0.1242 8347 {-1) 0.1242 824 (-1}
30 0.1242 79 (-1} 0.1242 8338 118 {-1) 0.1242 8338 24 E-])
40 0.1242 8329 {-1) 0.1242 8338 1560 29 (-1} 0.1242 8338 1560 569 (-1)
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TABLE IV. Results for I'} (7).

TABLE V. Results for 13(r,#).

r=1.0 ne=-2 fxact = 0.9359 5083 ¢114 4211 {-1)
a=0.2 a = 0.4 a=0.6
N=28 0.20 (0) 0.989 (-1) an (0)
14 0.11 (0) 0.9344 (-1) Q.974 (-1)
20 0.950 {-1) (.9358 & (-1} $.9358 6 (-1}
30 0.9344 (-1} 0.9359 5090 (-1} 0.9359 5069 (-1)
40 0.9358 1 (-1) 0.9359 5084 0 (-1) 0.9359 5083 9178 (-1)
r=15.0 N =30 Exact = 0,3690 3053 8135 4993 (-2)
a=0.2 a=0.6
n=-2 0.3689 8 (-2} 0.3690 3054 7 (-2}
0 0.3691 3 (-2} 0.3690 3053 92 (-2)

I = 0 results when » = 50. Moreover, computations with

N =20 yield results accurate to R 5 or 6 significant figures
which is quite adequate for many applications. It should also
be noted that most of these results are for n values outside the
convergence sufficiency condition of Sloan and Smith as
mentioned in the Introduction [see Egs. (32) and (33)].

The second aspect to observe is that removing the as-
ymptotic behavior from ¢,(k } by an appropriate choice of »
does improve covergence. In the two examples given, (/ = 0,
n=2,r=1)and {{ =2, n =0, r = 15.0), this is readily ap-
parent. It occurs because the function fitted with the Cheby-
shev polynomials becomes more slowly varying, if not essen-
tially flat, and is thus easily represented by fewer
polynomials.

Perhaps more outstanding in Tables II-1V with respect
to convergence is the role played by the scale parameter .
The choice of @ for N = 40 can mean the difference between
aresult accurate to 5 or 6 significant figures as opposed to 13
or 14 significant figures. This is because a controls the distri-
bution and range of abscissas. Half of the abscissas (k,,;) lie
below a and half above. Thus, for the test integrals, it is
nearly optimal to choose a at the maximum of the function
k *¢ (k )>0, since then the integrand is sampled equally on
either side. For example, k 2¢ }{k ) has its maximum at
k = 0.57 and @ = 0.5 leads to excellent convergence. Also,
k*¢* (k) has its maximum at k = 0.37, and @ = 0.4 or 0.6
work very well. Since the distribution of abscissas, k,;, is
proportional to a, the last finite abscissa, Ky y_,, is 50%
larger when @ = 0.6 than when o = 0.4. Clearly, the scale
parameter  plays a critical role in the rate of convergence,
or said dfferently, its choice determines the minimal number
of terms in the Chebyshev fit that will be necessary to obtain
a given accuracy in representing the integrand &,(k ).

Finally, we push the method to demonstrate its limita-
tions. The special test (st) integral chosen is

coskr'

m, (102)

Irr) = J k2 dk j,(kr)
(¢]

where @ = 0.5. As can be seen in Table V, the method is not
as powerful when ¢y(k ) is highly oscillatory in nature.
Choosing n = 2 does not help at all; in fact, it makes matters
worse since as k— o k *@,(k }—coskr'# const. In such cir-
cumstances, it should be kept in mind that many identities
exist between spherical Bessel functions and trigonometric
functions. In our case, we can use
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r' = 0.1 r=1.0 Exact = 0.9491 6163 7440
=02 n=20 a=05 n=20 «=10 n=20
N=2 0.3 0.951 0.74
4 0.78 0.9490 1.04
8 0,9475 0.9482 0.9486
16 0.9482 0.9496 0.9489 2
32 0.9492 4 0.9489 1 0.9492 1
40 0.9496 0 0.9490 2 0.9491 2
=05 n=2
=2 0.952
4 0.9489
8 0.9471
16 0.9507
32 0.9475
40 0.9483
—
r'=1.0 r=1.0 Exact = 0.5778 6367 4895
¢ =05 n=0
N=2 0.81
4 0.62
o 0.5¢1
16 0.5726
32 0.5761
64 0.5797
128 0.5785 1
256 0.5781 5
M ¢ : . ’
Jolkricoskr’ = (1 + #/njk [r + ')
s r U
+ (L= r/rjjolk [r —r']) (103)

and apply the product-integration method to each term on
the right-hand side [Note: with @ = a, n =0, and N> 1, the
integration rule is exact for each term and I {{r,#’) can be
obtained accurate to the precision of the computation.]

V. SUMMARY AND CONCLUSION

- A method has been described for numerically evaluat-
ing integrals from O to « that contain a spherical Bessel
function, j,(kr), by the method of product-integration. The
integration is approximated by a summation over terms that
are products of a weight and the factored integrand [}, {k7)
removed] evaluated at the appropriate abscissas. The
weights contain the spherical Bessel function implicitly.
Generation of the weights is achieved by choosing for the
quadrature-rule abscissas the Clenshaw—Curtis points and
expanding the integrand in terms of Chebyshev polynomi-
als. The combination of Clenshaw—Curtis abscissas with
Chebyshev polynomials makes the mathematics elegant and
permits derivation of an inhomogeneous recurrence relation
that is easily solved for the weights without roundoff errors.
Several test integrals are evaluated using the weights gener-
ated by an algorithm based on the recurrence relation given
in the text. We conclude that the method is extremely power-
ful in evaluating integrals over an infinite range containing a
spherical Bessel function because the quadrature weights are
easily calculated and the rate of convergence is rapid (few
quadrature points are needed) for an accurate result even
when r is large.
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APPENDIX A: RECURRENCE SCHEMES FOR
PRODUCT-INTEGRATION WEIGHTS

In calculating a set of weights corresponding to the
Clenshaw—Curtis abscissa points, we have used several alter-
native methods. The most efficient and accurate of these is
presented in Sec. II1. For the benefit of the reader, we present
in this Appendix an alternative method for generating the
same weights. The presentation allows us to discuss several
interesting properties of the weights and related functions, as
well as some sum rules and a “hidden precision” feature of
the weights.

As shown in Sec. II, the integral

I = f "k dk k) (1)

can be approximated as a finite sum over weighted values of

¢

N
L= Y Wilmang ky), (25)
i=0
where
ki, +a°V Y a2
W.(l,na; :CIB(L:—‘) ( )—a, a
(msasr) a” kni/ N NJZO Y
Xcos( %\/’ﬂ_)%'lq (ar), (A1)
— 1\ k'*?2dk
e [en(SE)
Jq(lu) jl()u ) k2+1 (k +1)q+1 ( )
and
ky; = acot(im/2N ). (26)

withg = (n + /)/2andu = ar. Thefactors(k > 4+ @?)¢* 'and
k ' which appear in the weights were chosen to factor out part
or all of the asymptotic and all of the threshold behavior of
the integrand function ¢,(k ), making the resulting function
smoother near its argument limit points, and thus easier to fit
with the Chebyshev polynomials. The index ¢ should be tak-
en near m/?2 [see Eq. (7)] for this smoothing purpose. Corre-
spondingly, the parameter « is best taken in the region of &
where ¢,(k ) begins its asymptotic behavior.

The functions 57, which appear in the expression (A1)
for the weights can be generated by a simple recurrence
scheme. Consider the integral

oo kl+2dk
K z—f i (wk ) —————— A2
Oq Ofl(lu’ )(k2—|—1)q+1 ( )
- I+2 4y
—p | ) (A3)
o e e
Using'?
d
—[Z* @] =2, ) (A4)
dz
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the integral reduces to

! () = s
o 29lg — 1)...lg — 1)

XJ cosz dz for
o (22 +#2)q—1

2q—1—~1 oo zi—9+2 4
— 123 f ]lfq(z) Z for
290 o ()

2g — 11

g>1>0 (A5)

I>¢>0. (A6)

Now

L“’ coszdz (=1 d >"

2+ p) ! n \ 2udu

XJ“"’ czoszalz2
o Z+u
(=1)¢ d

nt \ 2,ud,u)n( m;,;#)’
(A7)

which is directly related to Bessel functions of the third
kind'®

koiai= g;)x )= —

T 0y s
El[h MNiz)

. |
2 o (n—p)pl2® z°
i.e.,
“  coszdz 1
f ST - K, (). (A9)
o (Zf+pf)T nl(2p)
Note the following properties of the functions &, (z)'":
k_\2)= k(,(z) =me  */2z, (A10)
_al2)= (A11)
(— <+ )k (&) =k 1 (2], (A12
(- £- 2=k, (A1
and
2 1
Ku1le) = Ky f2)+ 2k, ), (A14)
As for the integral in (A6), we use'
Ji2) =e"Ryz) + (= lJe "R ¥z) | (A15)
where
_ D 1
Rz = =2 nlrpt 1 (A16)
2z = (l —p)p12? 2f
and find, by contour integration
o § 1+2 _ It
J Jl(zz)z 2dZ= e ”#1+1Z p+1I) (A17)
o (27 + ) 2u p=o (p — 1)ipH2uf

With the identity Eq. (A11), the two cases in (A5) and (A6)
become
k 1+2 dk ‘uq

a8 = °°,I k =
Tt = | ik = L

ki glu)
(A18)
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for all/>0and g>0. Using the recurrence relations (A 14), the
expression (A 18) determines 57, (1) with errors no larger
than approximately 10~ 2, where D is the number of digits
carried in the calculation.
For higher Chebyshev index / in #” fq (), we can use the
recurrence relation for the Chebyshev polynomials''

T, \le)=2T, T, , (A19)
and the starting values
Tz =1,
T\(z)=z, (A20)
giving
-, 2
Hiy = i)t - )T -7
1+2
_k " tdk (A21)
(k24 1y !
or
K 1g) =270, (1) — 4%y ) — o) s
(A22)
TN 1) = 0, (1) = 290 4 1y (10)- (A23)

The relations (A 18), (A22), and (A23) form an attractive
scheme for calculating the #7s, and thus the needed weights
for the expression (A1). As we shall see, however, the proce-
dure is limited by error accumulation having its origin in the
polynomial expansion of the oscillatory Chebyshev
functions

T;(cosf ) = cosif
into powers of z = cos6.

As a check of the numerical calculation of the #7s, we
note the sum rule:

S #h ) =

q=0

(A24)

dk
f”““ )Z o (k2 +1)"(1+k2)

-, 1 )
=L Jilpk k' dk = Ff Jilz)z dz
0

el 2yl
,u[+l-£z 2dz Jol2)| dz

_—p P
T fom 2

I+ 1

For i#0, we use Eq. (A23) to find

A-1 7

& {
q;oyf’lq(,u) =2k, — PEEEY (A27)
Similarly, from (A22)
© U (=1
q;oyfgq(ﬂ): 7/‘1_1 — 4k, + T— 5 (A28)

etc.

The errors in the calculated 5#”s using the relations
(A22) and (A23) are dominated by cancellation due to the
Chebyshev oscillations. This property is explicit in the Che-
byshev expansion'®

k21 o
n(k2+1)=2F‘("—';%;k2+1)
— J (l)p(_l)p 1
& (1/2),,pv k2t 1p

— z .,
(k24 1y
The Chebyshev polynom1a1 itself is bounded by 1,
|T.(z)| = |cosif |<1,

where z = cos6, while the coefficients ¢, in the series above
may individually greatly exceed one. The largest such coeffi-
cient, for fixed, but large /, reaches the approximate value:

] e =( — 1P X0.47 % (5.828)//i'/2 (A30
b

when p is the integer closest to i/1/2. If the T, are calculated
carrying D decimals using a recurrence relation reconstruct-
ing the series in (A29), then cancellation errors will leave an
error in the result of the order

5T, ~(5.8/x 10~ ° (A31)
[we neglect the weakly varying part i~ '/2, so that (A31) over-
estimates the error].

The functions %}, calculated from (A22) will also have

the Chebyshev errors 1ncorporated For u of the order of
one, these will be

8H, =(5.8)x 107 (A32)

[with z> 1 or <1, additional errors arise from the higher

powers of u affecting the maximum term in the polynomial
series generated by (A22)]. The estimate (A 32) has been veri-
fied by double, quadruple, and arbitrary precision computer

(A29)

20— 1) . . )
- _(_1—1)— =, (A25) calculation of the #7”s. Table VI gives a sample calculation
+ ) . .
£ 2 agreeing with the estimated error of Eq. (A32).
Convergence to this limit is slow, since Clearly, the errors in %7, will affect the errors of the
im w! 721 weights calculated from (A1). If we let.
im %7, )~(—~)e‘“ —_ (A26) A
P 2 4 g 8%}, =ae'x 10~ P (A33)
TABLE VI. Computational errors of 77, (u)".
0 Ay H(0.5) 583 ,(0.5) 30,0(0:5) 5K gy 0(0-5)
35 0.1297 €530 (-4) 5 (-9) 0.2760 617 3 (-5)
43 0.1297 6009 5729 7255 1 (-4) 5 (-17) 0.2760 6114 0654 1257 1 3 {-13)
62 0.1297 6009 5729 7255 2 5‘(—36) 0.2760 6114 0654 1257 2 3 (-32)
266 0450 4940 5302 37 (-4) 058 3812 1109 3282 73
ANV RN
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and
297+2 y ijr
w,(lna;r) = a® ——ay, Z aNjcos( ——)/‘V/J’q (ar),(22)
N =6 N

then these weights will have error estimated by

q+2 2
dw, = ay; 2—N—a10"’(€—1—)

2
><{ : (_l)efv_l ] (A34)
€ — 2ecos(im/N) + 1
~ 6.4 x2¢ 100765 — D, (A35)

N

Note that the error of every weight is dominated by the error
of the highest i value of %7, namely, i = N. Despite this
fact, the errors in the evaluation of an integral by (A 1) may be
many orders of magnitude less than the errors of the weights.
We should expect this to occur, since rapidly oscillating
Chebyshev terms are not important in approximating a
smooth integrand function.

By extraction of threshold and asymptotic behavior in

é,, the function
_ L (ay(Ktatye

is slowly varying for small and large k. In the Chebyshev
expansion

(A36)

k)= NE b, T k?—o? (A37
o~ fo AN A =
Silk) P NiO N (k2 az) )
where
2 X ijm
b= = ayfilky)cos =—, A38
N N~ N;fl( i) N ( )

we expect thatan £, which is smoothly varying over all k will
be accurately represented by only a few b terms. Now

L= S Widilky) = 3w, Sk

N ijm
= 3 aywbiyeos L= (A39)
ij=0 N
so that the errors in /, due to w; become

29+2 _of € -1\ & !
51,§Ta><10 ( > ).zaijNj

j=0

N ( _ l)iEN -1 ] l:].’TT
X i cOSs ——
;;oaN [ €? — 2ecos(ir/N) + 1 N

N .
=29+ 1ax 107 ° S ayble.

j=o

(A40)

The errorsin 81, are not of order € as they were for the #7s,
but rather €”, where m is the highest order Chebyshev term
contributing to the f; expansion (A38). This remarkable er-
ror cancellation effect gives a hidden precision to the weights
computed by this method. Table VII shows an example of
this phenomena.

Closed form analytic expressions for the 5#”s are useful
in checking calculations. By using (A2), (A18), and (A29), we
have

ko (k) (—k)utt?
(%/72 - . > kq+p77171 . (A41
o pgo (3),p127 " g + p)! ) (A4)
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TABLE VII. Error cancellation effect .

Sample Weights W =0, r=1.0, a=0.5 and N =40
i wi([) = 35} wi(D = 62) error
0 - 0.1759 0430 (-1) - 0.1759 0406 3350 4658 (-1) ~1 (-8)
20 0.9857 6077 (-2) 0.9857 6103 2627 723 (-2) ~1 (-8)
40 0.1106 2870 (-3} 0.1106 3166 0775 78 (-3} ~1(-8)

18(r): [D = 351 = 0.4502 2246 2499 8697 170
[D = 62] = 0.4502 2246 2499 8697 173
[exact] = 0.4502 2246 2499 8651 0932

{[D =351 - [D=62]] ~1 (-18)!

%Weights calculated using method of Appendix A.

With (A8), the following examples are offered:

%81 = .Ee‘,“
4
H = (14 ple—*
16
T P
Ho = —(B+3u+pe
96
Hou = -7—76T§(15+15,u+6y2+#3)e—u
yfgs = -7—67;—0(105 + 1054 + 45,1_¢2 + 10/13 +#4)e*#
r
H o = —(1 —p)e *
2u
7 _
%(l)l = —8—(1 —,u)e I
%0 = — L ze_#
2 4"
Hh = — —17278(1+y—%,u2+§u3)e‘“
%ﬁ: —_ 172”_8(1_+_#_+_%}12+%u?+%t4)e,#
s o
H = —(1 = 3u 4+ pude*
2u
K= = Tp(1— e
77. —
Hho= o (1= St —yye
T
Koy = —4—€’ #
Hh = 1;‘(‘ —%)e_“- (A42)

APPENDIX B: CLOSED FORM EXPRESSIONS FOR THE
WEIGHTS

In this appendix we present closed form analytic ex-
pressions for the weights and weight sum rules. In the pro-
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cess we will derive several integrals needed in Sec. I1I for the
development of a recurrence scheme for generating the
weights, explain why the forms for the weights following
from Sec. I1I do not cause computer error buildup, and give
a recurrence relation for generating arbitrarily high /-value
weights.

Starting with the expression Eq. (22) for the weights, we
may explicitly sum over the j index using the identity

3 an T Te)

N
= 3 au cos k¢ cos k€

k=0
sin N¢ cos NO sing — cos N¢ sin N6 sinf
cosf — cos¢

where x = cos@, y = cos6. This relation can be derived by
expressing the cosine factors as exponentials using the Euler
relation

cosk® = 1(e*0 + e~ %) (B2)

and then summing with the identity:

» (B1)

=

N N+
3 oxk= 1=x" (B3)
k=0 1—x
Taking ¢ = jw/N, andz = cot(0 /2) (B1) gives

& Jkm (—
22 cos k6 = z
kzoam cos ~ cos ( +2z)——— @2

X[(j_j) _C:)N] (B4)

where z;=cot(j7/2N ). Note that as 6—Im/N (I an integer),
the right hand side is not singular, but

RHS—NS,/2a,;. (B5)
Now using (A 15), the weights can be expressed as
2+ (= 1f(1+3)
GE TN M 4
X f P SR A L A SV
0 (Z—-2) (—pvrer!
where we assume N > g to eliminate thez = — ipole. (This s

easily done, as V can be freely choosen and we expect g to be
small on physical grounds.) With the relation

e "Rfip)= —(—ifku)/m (B7)

which follows from (A8) and (A 16), we have the following
contour integral form for the weights:

) g+ 1
— 1}I+‘iaNj_2_

><§ kipzl' 2z + 1)V dz
emt (L4227 — )z — 1V ra+t

with the contour taken around the integrand pole at z = 1
alone, and where

(B8)

y, = sin{jm/2N). (B9)

The above form, Eq. (B8), gives a differential expression
for the weights

1411 J. Math. Phys., Vol. 22, No. 7, July 1981

+1 ) 1 2 N
wl=a32_q_aw(_1y+qm_)_(i> *e
N (N +q)! \ dz

x{z'+1k,wz)(1+z)N—q-‘ z } . (BI0)

(7 +2°)
For example, for [ = 0, this relation leads to

m(— 1y _mi‘( N )(—1)"(2&’)"

w;(0,0;a;r) = a’ —

N2 So\k + 1 k!
N-k—-1{—=N+k+1 ;
.[1+ =Nt k4D JT
p=1 (k+ 1), 2N
o2 JT [(J’L__) +1” Bi1
X sin 2Nsm N 32 g+ 1)1 (B11)

for 0 <j < N where

p— N! frd see —
('Z):m (@), =ala+ la +p — 1),

and the end point expressions become

we(0,0:a57) = @ ———& - "'(1 - ﬂ),F,u — N:2;2a7),
2ar 2N
(B12)

W=le— 2\ F(l — N;2;2ar).

(B13)

These forms reveal the general analytic structure of the
weights, namely, an exponential factor in ar, a polynomial in
ar, and an oscillatory part in the index i for 1 <i<N — 1. For
the purposes of numerical calculation, (B11) suffers from
cancellation errors again arising from the Chebyshev oscilla-
tions, as we discussed in Appendix A. (For example, with 16
digit arithmetric and N = 30 only six significant figures sur-
vive cancellation errors.) For /> 0, we can use the relation
(A12) and (B8) to derive

wy(0,0:07) = & ——( —
wi ) 4N(

will + Lgiazr) = i( 4y 1)wf(1,q;a;r) (B14)
a dr r

and thus find analytic forms for higher values of /.

More directly, starting with the contour integral form
for the weights, we can find an exact expression for w, in
powers of u and sin (im/2N ). Using (B8) and expanding the
factor [1 + y3(z> — 1)] ~ ! into powers of 2, we have

q+1 N
wlgar = —ay(~ 1731y

p=0
XpPoin e thT Vo Titl g (BIS)
where
1 dz
i = 2% (uzi(l +2)f ————  (B16
o R e e e B
- _’:l_!(d) [2/* e (uz)(1 +2)*]._ (B17)

For / = 0, the integral (B16) is a terminating confluent hy-
pergeometric function. The result below can be found using
the differential form (B17)

kOw) 2k ( ~"/-l') F()( —m, — k; o _1_>
2,u m!
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g
il ( )2*-'",Fl(—m;k’_m+ 1:24) k>m>0

2u \m
(B19)
—u m—k
=T T R km— k4 124) O<k<m.
Y (m—k)
(B20)
If k is negative, we have
1 e 12 dz
2miJ =1 2u (142"t z—1)"+!
— '
=T (= 1) +m) F\(—m; —n—m;2ar)
27 min!
(B21)
or
1 e "dz
2miJ coi z4 1) P Nz = !
—_ 1> 1
=e H (= 1) (n+m)'1F,(—m;—n—m;2ar).

2m+n+ 1 m|n|
(B22)

These cases are used in Sec. I11. In (B16), we assume k>0,
m>0.
For higher /, we again use (B14}. Taking

v ) =kol)D,, (1)

allows one to express derivatives of
ple form

(B23)

%?in a particularly sim-

_ i k0 — %0 B24
( d#)vm ) = T2 ), (B24)
with
v5 %) = 2%kofue) (B25)
and
g"’f" )= {B26)
Now applying (B14)
d I
kg — gl — & Y,k0 B2
o) = W)vm ) (B27)
we can write
st = i + 35 ()
(s—14+2) Kk @oi,_, .k (B28)

s —1—¢)! wrt
This result, together with {B15), constitutes a closed analytic
form for the weights. For example, forg =0,/ =0,

w;{0,0;0;7)
3 2 ; Te ar
=a’ —ay{—1) {2N — an\fF( — N + 1;2;2ar)
N 2ar
N i
-1 sinz"( —)
* ,,;( ¥ 2N
><(N+p - 1)22”* UF(— N + p;2p;2ar)
N—p
+ —U—V—J—rLF( —~N+p+ 1;2p;2ar)] } (B29)
N—p+1
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The forms above give the weights as a series of the form
N+g 7

S F,(ar) sin 21’( ﬂ) .
pP=0 2N

where F, (ar) is a polynomial in ar times (e = *"/ar). The
method of Sec. II1, in contrast, leads to a series for the
weights in the form

N -1 .
Y G,(ar)sin ( M) ;
p=1 N

where G, (ar) is also a polynomial in a7 times an exponential
{e ~ “/ar). This can be seen as follows. The difference equa-

tion (43}, having constant coefficients, allows a homogen-
eous solution in the form

V') = 4 cosiB + BsinjB (B = i/N ), (B30)

where A and B are constant and we have taken / so that

0 < i < N. Thus the solutions are oscillatory functions of j,
rather than exponentially increasing and exponentially de-
creasing functions of j. For i = 0, we have cosff = 1 and

VJ'.O) =A + Bj, (B31)
while fori = N, cosf = — l and
V}O’ =(— 1y(4 + Bj). (B32)

Here, although one of the solutions of the homogeneous
equation increases with j, the increase is only linear. We
therefore do not expect (and indeed have not found) any
problems in the computer implementation of the recurrence
relation for V;. Such problems, which generally appear if the
desired solution is an exponentially decreasing function, are
due to the introduction, through roundoff error, of a small
component of the exponentially increasing solution.

We next observe that the Wronskian of the difference
equation for V;(8), defined by

Wo=u; U — U, (B33)

where u; and v; are linearly independent solutions of the
homogeneous solutlon (u; = sinj3, v; = cogjB), is a constant

¥ = sin(j + 1)Bcosjf — sinjfcos(j + 1)8 = sinf. (B34)
We can therefore write ¥, (3) quite simply as a sum. For
i#0, N

cosN[J’

ViiB)= smNﬁzGC s — ZGsm]B

S il — 13 /st V8 inVB /sind,
(B35)

which reduces, because of sinN/J’ =0and V,B)=0,to

w;, = VyiB)= 2 G, sinj.
i=1

For i =0, the Wronskxan is one and

ViiB) NZG - ZJG +V(B)=[V(B)— VolB)IN

141

(B36)

= Z (N — /)G, + NV (B). (B37)
j=1
Finally, for i = N the Wronskian is minus one and
Lehman, Parke, and Maximon 1412



N—1 )

VvB)=(—=1""' 3 (= N = /G, + (= 1}¥ " 'NV,(B).
j=1

’ (B38)

In spite of the fact that such analytic and closed forms

can be found for the weights, it is simpler and faster to com-

pute the weights from the recurrence relation than to com-

pute them from the above sums.
Once the weights / = O and / = 1 have been generated,

weights for higher / values can be generated recursively using
will + Lgia;r) = w,(l — 1,g — Lagr) + w,(l — Lgasr)
H(2! + W/ arw,(lga;r). (B39)
This can be shown starting with the contour integral form
(B8) for the general weight and using the recursion relation
for the k, functions [Eq. (A14)] in the form
244, (w2 = (2 + Dz — 1) + 12+ %k, (u2)

21+1

+ Tz’+ 3k, (uz). (B40)

Finally, as a check of a calculation for the weights, sum
rules can be used (although they are not foolproofl). They
follow simply by specializing the integrand function f,(k ).
For the choices

filk)=1 (B41)
and

filk) =k + a?), (B42}
for example, we find from Egs. (1), (A36), and (A39)
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N ue
> willgar) = 2a° PR (ar) (B43)
i=o !

and
N ; g+1
> wi(I,q;a;r)sin2( -2’%) =a’ (:Tw-kq _ilar). (B44)

=0
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Equivalent Lagrangians: Muitidimensional case ?

S. Hojman and H. Harleston

Centro de Estudios Nucleares, Universidad Nacional Auténoma de México, Apdo. Postal 70-543, México 20,

D. F, Mexico

(Received 27 May 1980; accepted for publication 17 September 1980)

We generalize a theorem known for one-dimensional nonsingular equivalent Lagrangians (L and
L ) to the multidimensional case. In particular, we prove that the matrix A, which relates the left-
hand sides of the Euler—Lagrange equations obtained from L and L, is such that the trace of all its
integer powers are constants of the motion. We construct several multidimensional examples in
which the elements of A are functions of position, velocity, and time, and prove that in some cases

equivalence prevails even if detA4 = 0.

PACS numbers: 03.20. + i

I. INTRODUCTION

The aim of this work is to generalize some results ob-
tained by Currie and Saletan' in the study of one-dimension-
al nonsingular equivalent Lagrangians to the multidimen-
sional case and illustrate them with the explicit construction
of nontrivial multidimensional examples.

A Lagrangian L = L (¢',¢',t ) is said to be nonsingular
when

oL
34 dg

We say that two Lagrangians L and L are s-equivalent
when the sets of all solutions to the differential equations
obtained from them coincide. Notice that it is not necessary
for the equations of motion obtained from both Lagrangians
to be exactly the same, so that situations more interesting
than L ==pL — dF (q,t)/dt (p#0) arise.

We are interested in different Lagrangian descriptions
of a system that give rise to the same set of solutions because,
after all, the trajectories {and not the equations of motion
themselves) are related to observation and experiment, at
least within the realm of classical physics**:

detW #£0, W, =

Let
_doL oL p_ddl L
Y dta¢ 8¢ dt 3¢ 3q”
we will prove that s-equivalence implies
L,=A,q4)L,,

and that tr(A )* are constants of the motion for any positive
integer k, generalizing a theorem given in Ref. 1, for one
dimension. Furthermore, we will show through some exam-
ples that even when detA = 0, s-equivalence prevails; i.e., it
is possible that L being regular gives rise to an s-equivalent
Lagrangian L which may be singular. As a matter of fact, for
the two-dimensional examples we obtain s-equivalence even
when the rank of A is zero.

We will work out examples where the elements of A are
functions of position, velocity, and time (not just numbers),

“Part of this work was presented by one of the authors (H. H.) as a thesis in
partial fulfillment of the requirements to obtain a B.Sc. in Physics at Uni-
versidad Nacional Auténoma de México.
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also avoiding the repeated use of the one-dimensional results
of Ref. 1. These Lagrangians represent the two- and three-
dimensional harmonic oscillators and are of fourth degree
rather than quadratic.

We should mention that there is a closely related
(though more general) problem called *“the inverse problem
of the calculus of variations,” which we will not discuss here.
It consists essentially in trying to find all the Lagrangians
that upon variation will give rise to a given system of differ-
ential equations. A large amount of very interesting work in
that direction has been published lately.*'?

The impact of the equivalent description of classical
systems at the quantum level is still not completely under-
stood. The study of the problem in gauge as well as field
theories also remains to be done.

In Sec. III we prove the theorem of multidimensional s-
equivalence, in particular that tr{A )* are constant for any
positive integer k.

In Sec. IV we work out three examples of s-equivalent
Lagrangians in some detail, and, finally, in Sec. V we discuss
briefly what has been done and point out some problems
which remain to be solved.

Il. THE ONE-DIMENSIONAL CASE

The problem of determining whether a (second-order)
differential equation can be derived from a variational prin-
ciple (the inverse problem of the calculus of variations) was
solved by Darboux in 1891 (see also Ref. 14). He proved
that in the case of one second-order differential equation for
one variable it is always possible to construct infinite La-
grangians that will yield the desired equation upon variation,
and provided a way to construct them. The two-dimensional
case was treated by Douglas.'® In the work presented here,
however, we will not consider the inverse problem but will be
mostly interested in dealing with the problem of equivalent
Lagrangians in the case of dynamical systems with » degrees
of freedom.

The study of equivalent nonsingular Lagrangians for
the one-dimensional case in classical mechanics was both
proposed and solved in Ref. 1. We will briefly review the
main concepts and results here to facilitate the understand-
ing of the multidimensional case, in which we are mainly
interested. We will use a slightly different wording and ap-
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proach but both the ideas and results are equivalent to those
of Ref. 1. _

Two Lagrangians L (g,4,¢) and L (g,4,7 ) will be called s-
equivalent iff the two sets of all solutions to the Euler-La-
grange equations obtained from them coincide or, in other
words, when every solution to the equations of motion corre-
sponding to one of the Lagrangians satisfies the equations of
motion obtained from the other Lagrangian, and conversely.
The task of finding the general relationship between s-equiv-
alent {one-dimensional) Lagrangians was undertaken in Ref.
1, and it was proved that s-equivalence implies that the left-
hand side of the equations of motion are “proportional” to
each other, the proportionality factor (which must neither
vanish nor become infinite) being a function of the coordi-
nate ¢, the velocity ¢, and time ¢, then, the condition for
L (g,9,t) and L (g,4,¢ ) to be s-equivalent can be written as

d 9L JL . [d(&L) aL]

—— — — = flggt)|—|=-) - =) 1

dt 94 dq Slad )dt 34 dq M
with

f=L, /Ly, O0#f+#w. (2)

Currie and Saletan proved that fis a constant of the
motion, and, given any constant of the motion of the dyna-
mics due to L, they provided a way to construct L explicitly.

An interesting example of the above mentioned theo-
rem is

L= —4x?, (3)

L = jxx? cost — 1x* sint — Jx3 cost, (4)

d gL JL .

L0 9% _iix=0, 5

diax o o F B

—d——a£——19£—(xcost X sint )(¥ =0 6

drt % ax =0
therefore,

S = xcost — x sint (7)
and

f=0, (8)

as it can be easily verified. The set of all solutions to the
equation of motion (6), i.e.,

{x cost — X sint ) = 0, (9)
and/or

(X +x) =0, (10)
can be written as

x(f ;4,a) = A4 sin{t + a), (11)

A,a being constant, which is the general solution to Eq. (6).
Therefore, it is not necessary to require f #0 to prove the
equivalence of L and L; i.e., the solutions to the equation of
motion f(g,q,t ) = O are particular solutions of Eq. (6) for
a=0.

The fact that one still has s-equivalence even when con-
sidering f = O constitutes a slight (but significant, especially
for quantum purposes) generalization of the cases consid-
ered in the literature. We will elaborate this point further in
the multidimensional case.
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1li. THE MULTIDIMENSIONAL CASE

Even though the one-dimensional case is of great inter-
est in itself, it is appealing to consider more realistic cases
where the number of dimensions could be appropriate to
describe nature. In particular, when discussing the impact of
these results in quantum theory, it is relevant to ask whether
interesting examples exist in higher dimensions.

We will discuss in this section the generalization of the
one dimensional problem to # dimensions.

Consider the Lagrangian L = L (g',g',t), i = 1,...,n,
such that

2
det( I°L Edet(W',j);éO.) (12)
9q'd¢
Define
d L
,E—("?)— L _ygpy L 4 L
dt aqr aqr aqraqx aqr

(We drop the explicit time dependence of L, but all the re-
sults which will be obtained hold for an arbitrary explicitly
time-dependent Lagrangian as well.)

The Lagrangian L = L (¢',¢',¢ ) (with det W #0)is said to
be subordinate to L iff

[L, =0j={L, =0}. (14)

r

We will now prove that if LissubordinatetoL, then L is
subordinate to L and that

L, =Ag41)L,, (15)

withdetA 0. Moreover, the trace of all integer powers of A
are constants of the motion. _
The equations of motion for L and L read

&L ., AL

W, i + -y, 16
44’0y’ 7 aq” (16
.. &L ., 4L
aqraqx aqr

Let Uand Ube the inverse matrices to Wand W respec-
tively: then from Eq. (17)
g = ﬁsp(il‘_ _ oL qf),
dg"  94"dq’
and we have assumed that Eq. (16) implies Eq. (17). There-
fore, the expression (18) can be inserted back in Eq. (16), from
which we get

(18)

— FL L. g

W,SU"’+( -2 q’): T AU
ag” d¢°dq’ dq" 949§
and L, can be written as
— 2— L e e
L =W, (7-"P(Wp1q-z + a L f ' — a_L) - W""UWLP’ (20)
d¢°dq g’

ie.,

L,=A,L, 1)
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with

A, =W, (q,4.t)U"(g.4.1), (22)
and detA #0, i.e.,
({L, =0)={L, = 0})=({L, = 0} {L, = 0}). (23)

We will now get a differential equation for A that will
allow us to prove that tr{A )" is constant for any integer m.
Equation (19) can be written as

&FL ., oL {FL . GL
rs i q - 5 = A AT t q
34'dq dq 3¢'dq 3
when using the definition (22). Differentiating with respect
to g¥, one gets

(24)

oL . FL  IL
8q'uaq'iaql aq'saqll aq'uaqf
B 6/15'( L i — 6L)
d¢" \d¢'dq' aq"
FL &L 2
war( o T - S gy
aqraquaqt aqraqu aquaqr
and, using the equation of motion (16), one gets
L aL -
——q' — — = - W,§" (26)
9¢'q dq
Using the fact that
A rSWst = Wn’ (27)
one can prove that
OA,” & oA, @
c oL T IL 28
44" dq'dg* a¢' d¢"dq*
Furthermore,
3 37
A= S
94'3¢"dq 84“3¢°0q,
A" ., &L
= §'— (29)
H aqraqu
Therefore, Eq. (25) becomes
27 27 dA r
FL _ FL _ _ eA W,
44°dq* 4q“dq* dt
2 2
A (oo - o) (30)
d4q’dq" 8¢“3q"
i.e., defining
2 2
=k _ 2L _ 1, 31
a4’ dg* 3¢“0q"
27 27 _
r,=2SL _ 9L __7, (31b)
© d¢°dg" 4“3’
one gets, finally,
A= —TU+ ATU. (32)
It can be directly proved that
(triA )7y =0, (33)

for any integer m, using the fact that Tand T are antisymme-
tric, U and W are symmetric, and A = WU. Of course, not
all these constants are functionally independent because, for

any n X n matrix A, tr(A }* can be written algebraically in
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terms of tr{A ), i = 1,...,n for k>n + 1. Furthermore, it may
happen that even the trace of the first n powers of A are not
functionally independent. This result agrees with the one
obtained when discussing the one-dimensional case' and can
be interpreted by saying that all the invariants (or eigenval-
ues) of A are constants of the motion.

The theorem we have just proved will be helpful in the
construction of examples in Sec. V. It is worth noting that
the result is a natural generalization of the analogous theo-
rem discussed in Sec. II.

We should anticipate that in some of the examples the
condition detA #0 may be relaxed without losing s-
equivalence.

We will now define as / as the difference between L and

PL (p#0):

I=Lig.4t)—pLIggt). (34)

We have that [, = L, —pL,, but L= A,°L, so that

[, =(A,"—pb, )L;=0,L, (35)
where

Q=A—pl (36)

We have that detA 7#0, but this fact does not imply
detn2 #0 so that, although {L = 0} implies {/, = 0},
{1, = 0} does not imply {L, = 0} in general; i.e., the equa-
tions of motion of / are valid whenever the ones for L are, but
not conversely. For instance, if L can be written as

L=L{g\¢'t)=Lyg"¢"t) + Lag"4"t), (37)
such that L, and L, have no variables in common, then
L,=AL, and l,=A,L,, —p#A,#0#A,# —p,
are two examples of such an /; i.e.,

=pL+ AL, and L,=pL+A,L, (38)
are both equivalent to L and
{L, =0i={{, =0} but
{L, =0}={l, =0] but

One explicit example is

{lia =0}=~{L, =0},
{L» =0}=H{L, =0].

L =48 + y) — 4x* + ), (39)
11 =%1(x2_x2)’ 12:%2{}}2_ yZ), (40}
L= -y — K=y p=124,=02
Ay =2. (41)
[The case | = — dF(q,t)/dt is, of course, trivial with /, =0

being identities.]

1t is interesting to note that in some of the examples we
will consider detA = 0 as a possible equation of motion, and
in spite of this fact we will still obtain s-equivalence; i.e.,
detW may vanish even if det W #0 and this will not give rise
to solutions of the equations of motion L, = 0, not already
contained in the set of all solutions of L, = 0. A theorem
discussing in which cases this situation is possible is current-
ly under investigation.

IV. EXAMPLES

Using the results obtained in Sec. 111, we will now con-
struct three examples of s-equivalent Lagrangians; two for

S. Hojman and H. Harleson 1416



the bidimensional simple harmonic oscillator (BSHO), and
another one for the same mechanical system, but in three
dimensions (TSHO).

Example I: Consider the usual Lagrangian associated
with the BSHO:

L=T—-V=U4¢ +¢)—Yaq +43); (42)
the related equations of motion for L are
Li=§, +q¢,=0, i=12 (43)

Then, since Eq. (35) is an identity, linear in the accelerations
(¢"), it can be separated into two identities: one for the terms
containing accelerations and another one for the rest of the
terms; that is,

dl

=0, (44a)
dq'dq¢'
2 2
a i @l adl =0q., (44b)
3¢'dq" 8¢’at dq"

where we have used L given in Eq. (42).

Since the trace of £2 and /2 > must be constant, and since
{2 is symmetric, according to Eq. (44a} we propose {2 to have
the following structure:

o~ )

where E = }{¢? + ¢5 + 47 + g5 ) is the mechanical energy of
the BSHO and the quantity C is a constant of motion whose
dependence on ¢’ and ¢' is to be determined from Eq. (44).

With this choice of 12 we can rewrite Eq. (44) explicitly;
thus,

2
94,94,
2
.a 1. =kE, (46b)
04,04, :
2
.07 1. =C, (46¢)
04,34,
. a3l Pl al
- g+ — g+ —— — — =Eq, + Cq,,
34,99, 34,0q, = 3g,0r  dq, ' ?
) ; 2 (46d)
al . al . ad al
— g1+ ——— G+ — ——=Cq, + Eq,.(46¢)
94,9q, 94,09, 04,0t ‘9 9,
One solution to these equations is
C=q4;+ 9.9 (47)
I= 37 +¢3) + 34145 + 44 + 34} + 63) + 9,924.44>
- Tqu q; — é(‘h +¢3). (48)
The equations of motion obtained from / are then
L=E@G,+9)+Cld,+4g,)=0, (49a)
L=C(G,+q)+E§,+4,)=0, (49b)
or
[,=027°L =0, rs=1,2, (50)

which is the expected result, with 2 given in (45) and L,
given in (43).
On calculating the determinant of (2; we obtain
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det? = (E*— C?}) = (E—C)E + C), (51

which is always a quantity greater than or equal to zero. In
order to see this clearly, define the vectors

u, = (1/v2)(¢,,¢;,), =12, (52)
with which we have

E=u+ul, (53a)

C = 2u,u,, (53b)
so that

det2 = (E — C)(E + C) = (u, — u,)’(u, + uy)*>0. (54)

It is interesting to note that if

det2 =0, (55)
the solutions to this Eq. (55) are particular solutions to Egs.
(43) since detf2 = O implies u, = u, and/oru, = —u,. If

u, = u,, then £ = C, the rank of 2 is 1 whenever E #0, and
Egs. (49) both reduce to 2(¢7 + ¢1)(G, + q,) = O; that is, we
have two equations whose solutions are contained in the set
of solutions to Eqs. (49). Ifu, = — u,, then E = — C, the
rank of £2is 1 (whenever E 7#0), and again we have two equa-
tions whose solutions are contained in the set of solutions to
Egs. (49). Finally, if u, = u, and u, = — u,, then

q; = ¢; = 0, and we have the oscillator at rest. Thus, we have
s-equivalence even when we relax the condition detf2 #0.

If we now consider relation (34}, i.e.,

(p>0), (56)

the equations of motion related to L are

B)=(t7 S )E=0) -

L= pL +1

where
E+p C )
A: ’ 5
( C E+p 8
and we have
detA = (E* — C¥Y +2pE + p*>0, (59)

so that we have s-equivalence among L and L, because A is
invertible. The Hamiltonian obtained from the Lagrangian
(48)is
h“[Ql +4; +41 +92 ]+ 34192 +did3)
a(% + ‘12 )(ql + 42) + 919,919,
where
G =4S+ S+ T, + T)),
G =48, =S8, + T\ —T)),
with
Si =3 + po) + llg + 42 + 9(p, + po1'2}77,
S, = {3(p1 — p) + [lg: — )° + 9P, — p21"2}1V3,
Ty = {3(pi+ p)) — [lg. + q2)° + 9, + p21'/2}'V3,
T, = {3(py — o) — llg: — 0:)° + 9(p, — P12},
al al

P : . ! D
l o4, 94,

2= =
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Example 2: If we now chose {2 to be given by

8

Egs. {54) take the form

&1
diag otz
al
e (610)
31
P TR (6le)
2 2 2
c?qa.c?qu d aq'a.;qz ot é’zlfl?t B %Ecq‘ * e
(61d)
2 2 2
aqualql @t a‘ialqz at aZz‘lat a 38_412 =g+ qu;m )
€

One solution to these equations is
I=14\q.ld7 +¢3) + 34,4.(q7 + 43)
+ 19192047 + 3) — 39192(q} + 43). (62)

The equations of motion obtained from this Lagrangian are
then

L=Clgi+q)+ElG.+q)=
L=E{G +q)+Clg.+¢)=0,

which is again the expected result for £2 given in (60).

With arguments similar to those stated in Example 1,
we conclude here that we also have s-equivalence, even when
we relax the condition detf2 #0. Also, with relation (34)
(L= pL + 1, p> 0) we obtain L which is s-equivalent to L.
The Hamiltonian obtained from the Lagrangian (62) is

h= g9, + qqu)(q% + 4§ + q:‘z + 4'§ h
where

(63a)
(63b)

=US, + S, + T, + T)),
=4S, =8, + T, —T,),
with
S, = {3(p1+ pa)+ g, +¢.)°+9(p + Pz)z]”z]”s’

S;=1{—=3(p,— p) + g, — ¢.)° + 9%, — )1 }}'73,
T, =1{3(p+ po) — Mg, + ¢,)° + 9P + P2)2]|/2}1/3r
T,={—3(p,— p) —llg: — ¢.)° + 9 p, — p)1'*}'3,
al al
1= 5; /= :92

Example 3: Consider now the usual Lagrangian associ-
ated with the TSHO

=Hdi + 43 +43) — Yg + @ +43). (64)
The related equations of motion fo L are now
Li Eq‘i + qi = 07 l = 192’3' (65)

The method we used in the last two examples for con-
structing both s-equivalent Lagrangians for the BSHO case
is also useful in the three-dimensional case, although the
calculations become much more tedious. Nevertheless, we
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can take advantage of the symmetry in the Lagrangian ob-
tained in the first example and given by Eq. (48) from which
we will construct the three-dimensional s-equivalent La-
grangian by just symmetrizing this expression to include the
third coordinate (g,). After adding the necessary terms, we
obtain
=4g7 + 45 +43) + 44143 + 4145 +d343)

+ 441 + a5 +a)d + 45 +43)

+ 9192919 + 91939195 + 92939245

- 3(41% + 49143 + 6343)

—4qT + 45 +93) (66)

The equations of motion obtained from this Lagrangian are
then:

L=E{+q)+ Cnld: +4:) + Cisl¢s +3) =0, (67a)
L=Culgi+q)) + Elds + g2) + Coslds + 43} = 0, (67b)
Li=Cyldy +91) + Caoldo + ¢5) + E(Gs + 93) =0, (67c)
which can be written concisely in the form

1, E C, Cs\/L, 0

LI=|Cy E Cyu L. ]=|0 (67)

o G G E/NL/ 0

where £ = (¢t + ¢3 + 45 + ¢ + ¢5 + ¢3)is the total ener-
gy of the oscillator and the quantities C;; are all constants
and are given by

Cij =q:9;, + 4.4 (68)
In this case we then have
E CIZ C13
2= CZl E C23 (69)
Cy Gy, E

We can define again the vectors u; as in the previous two
examples [cf. Eq. (52)]. If E = 0, thenu, = 0, for every i, and
we have the oscillator at rest. Now, taking £ > 0, the deter-
minant of {2 can be written:

1 2u]'u2/E 2“,'“3/E
det2 = E*|2u,u,/E 1 2u,n,/E |. (70)
2“3'“1/E 2U3'u2/E 1

Using the inequalities
(u; —w,)> + ui >0,
— (u;, +u;)* — u; <0,
where i7j#k #iij,k = 1,2,3, it is easy to show that

— 1<2u;-u;/E<]1, which means we can define the unitary
vectors U; such that

D =1, (71a)

0,0, = 2w-w/E, ij=123. {(71b)
This fact allows us to write the determinant of {2 as the
square of a scalar triple product of unitary vectors times E
cubed, that is,

detf2 = E°[5, X 5,-0;], (72)
which is obviously greater than or equal to zero, since E > 0.
With this in mind, and using relation (34) (L = pL + {,
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p > 0), once again, we have
E+ p C, Cs
A= Cy E+p Cas (73)
C;, Cs; E+p
from which we get
detA = det2 + (3E? —C2, — C2,
+ p*>0,
because E>>C} due to the fact that — 1<C,;/E<]1. This

means the family of Lagrangians L is s-equivalent to L, be-
cause A is invertible.

—Chlp+3Ep’

V. CONCLUSIONS AND OUTLOOK

We have generalized the results of Ref. 1 to the case of
several dimensions. The theorem which states that the trace
of all integer powers of A are constants of the motion allows
one to construct examples in which the elements of A are
functions of ¢;, ¢;, and ¢ (without reiterating the one-dimen-
sional procedure). A particularly interesting result is that it
is possible to retain s-equivalence even when detA vanishes,
and this fact is important when the quantum theory is con-
sidered. For the two-dimensional examples we have shown
that s-equivalence prevails even when the rank of A is zero.
A general theorem which would allow one to determine in
which cases this is possible is currently under
investigation.'®

Some problems which remain unsolved are:

(i) the general solution of Eqs. (35) (for / and £2 ) in any
number of dimensions;
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(ii) the consequences in quantum theory of the fact that
classical realistic systems can be described equally well in
more than one way be means of s-equivalent Lagrangians>?;

(iii) the study of the problem discussed here within the
realm of gauge and field theories.'’
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Decomposition of vector fields and mixed dynamics
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Some theorems are proved concerning the decomposition of vector fields into gradient and
Hamiltonian components. A constructive method to carry out one of the decompositions is
applied to some three- and four- dimensional dynamical models.

PACS numbers: 03.20. + i

1. DECOMPOSITION OF VECTOR FIELDS

A classical dynamical system is defined by the couple
(M, X ), M being a differentiable manifold and X a C" vector
field. The study of simple ways to describe general vector
fields will lead therefore to a parametrization and classifica-
tion of classical dynamical systems. A step in this direction
was taken by Roels' who proved that in a two-dimensional
symplectic manifold every vector field is locally the sum of a
Hamiltonian and a gradient field. Our purpose in this paper
is to obtain similar decompositions for N-dimensional mani-
folds. The proof of the main result uses the following local
lemma.

Lemma : Let R ™ (N even) be endowed with the canoni-
cal scalar product. Then on every compact neighborhood £2
there are N — 1 nondegenerate 2-forms «; with the proper-
ties :

(b)a, A Aa;, = (N/2)v (v volume form on R ™),
N/2

1
(N/2—1)

(d)*a, Aa, =0, i),

(c) *a, = a; N+ Na;,

N/2 -1

and such that given a C * 2-form 7, thereare N — 1 C*
functions a; and a 2-form « satisfying locally:

(1) éa = 61,

Q2a= Nila,.ai.

i=1

For the proof one uses an Euclidean coordinate system.
In these coordinates a constructive recipe for a set of 2-forms
a; is

a, =dx' A dx* +dx" A dx 4 e+ dx"™ A dx

@, =dx' A dx’ +dx A dx" + o+ dx™ VA dx"
(1.1)

ay_ =dx'Adx + dx' A dxtrom
+dx"(~ WA 1A dxiw by

where in a, the numbers 1, p + 1, i3, {41,y are an even
permutation of 1.--%, and no elementary 2-form dx ‘A dx’
appears more than once in (1.1). For example, for ¥V = 4 and
6, one has
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a, =dx' A dx*> + dx* A dx?,

a, =dx' N dx® +dx* A\ dx?,

a;=dx' N dx* +dx* A\ dx?,

a, =dx"A dx* +dx* A dx* + dx® A dxS,

a, =dx' A dx® +dx> A dx® +dx* N\ dx®,

ay=dx'A dx* +dx* A\ dx® + dx* A dx®, (1.2)

a, =dx'\ dx’ +dx* Ndx* + dx* A dx®,

as =dx' A dx® + dx* A dx? + dx* A dx’.
It is straightforward to check that for general N the forms
constructed according to (1.1} are nondegenerate and satisfy
the conditions (a)-(d). Clearly for V=6 one does not obtain a
unique set.

To prove the lemma, one should now check that given a
smooth 2-form 7 it is possible to find N — 1 functions g, such
that

N1
83 aa, =8y {1.3)

i=1
In Euclidean coordinates the codifferential of a 2-form
Breads 88 = d,, dx'. Therefore, from the knowledge of the
a; forms {1.1), one writes (1.3) as a simple first-order partial
differential system. To avoid the introduction of cumber-

some index notation we will merely illustrate this for N = 4
and N=6:

0, 0y d,

—4, —a, & | |7
6 o —a| | Zm
~6, 9, —al @
3, 3, 3, ds d; 4
-3, 0 3 3, 3, a;
d, —4d, 9 3y —0,
o, 4, -d, —a 4 | |9 T2
aﬁ - 82 - 83 - al - 84 24
—-3ds —d, —d, —9d, =39, °

The general rule for writing the matrix of partial derivatives
in

N -1 N
2 Md),a; = Zajn,j (i =1-N) (1.4)
j=1 i=1
is that, if the form dx' A dx/ occursina,, then the i, »andj, r
matrix elements are d, and — d,.

By a smooth truncation of 23,7, outside the neighbor-
hood 2, one replaces the system (1.4) by
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2 M@d)a,=u, (i=1-N) (1.5)

j=1
where the u; are C & (R ") functions that coincide with 23,79,

in £2. The solutions of (1.5) will also coincide with solutions
of (1.4) in £2.

The system (1.5) has ¥ — 1 unknowns @, and N equa-
tions. However, not all equations are independent because
by construction

ng ), =0 (j=1-N—1).

i=1
Eliminating one of the rows in M (d );, one is led to a system
of N — 1 equations with & — 1 unknowns,

N-1
> M(d),a; =u,

Jj=1
whose det M (£) is not identically zero.

The existence of a fundamental solution (M (3 )E = 61)
follows from the existence of a fundamental solution for the
differential operator with constant coefficients det M (3 ).
From the fundamental solution, by convolution with the C &
functions u;, one finally proves the existence of C = solutions
a; to(1.4)in £2.

For N = 4 the lemma is equivalent to the statement that
there is a self-dual a such that Sa = 7. In this case one can
apply the Hodge—de Rham theorem to write » = df8 + 87,
and choosing a = df3 + *df3, one proves the assertion in a
coordinate free manner. Unfortunately, we could not find a
similar proof for higher dimensions.

On the other hand, the coordinatewise proof of the
lemma and in particular the system (1.4) provides a construc-
tive method to obtain in practice the decomposition of vector
fields whose existence is asserted in the following theorem.

Theorem 1: Given an N-dimensional (N even) C =-
manifold we can find for every xeM a nbd 2 of x, a Rieman-
nian metric g, and NV — 1 symplectic forms &, on {2 such that
every vector field X defined on the nbd can be decomposed
into one gradient and N — 1 Hamiltonian fields.

Let ¢:2—R ~ be a chart around x such that ¢ (x) =
Defining g as the pullback by ¢ of the Euclidean metric, and
a, as ¢ *a, ), we observe that the 2-forms Ez'i have the same
properties as the forms «; in the lemma.

Let g*:%(12 )—12 '(£2) be the isomorphism from the vec-
tor fields onto the 1-forms induced by g, and g¥ its inverse.
By the Hodge~de Rham theorem and Poincaré’s lemma,

g (X)=dS + 7.
Hence X = g#(dS') + £%(67), and §¥(dS ) is a gradient vec-
tor field. For §7% we can write 87 = § (Y ~ 'b,a;), where b,
are C functions defined on £2, simply by carrying 77 to R " by
the chart and applying the lemma. We have then

Fen="3 £*6 b))

(f=1.-N—-1), (1.6)

It remains to prove that each g#(8 (b,a,)) is a Hamiltonian
vector field for the symplectic form a,. This follows from a
computation that uses the properties of the @, and the equali-
ties i(Z Ja = *(*a Ag?(Z)), and

M(Z= —(—1)'8,(2),
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where % and & are the Hodge star and the volume form asso-
ciated to g:

i(g*8(b,a)a;, = — ig**(db, A *a,)a,
= — **a, A*(db, N*d,)
- —1 5 "
(N/2— m (@; /\ /\a Nig=db;)a;)
(N/2) *i(§#db, )(a /\ /\a) — *i(g¥#db,)5
=db,

The theorem states that, locally at least, one can erect a
system of N — 1 symplectic forms that together with the
metric form a fixed framework enabling us to decompose
any smooth motion into elementary gradient and Hamilton-
ian components. This is the situation that seems to be the
most useful for the applications. However, there exists a dif-
ferent decomposition problem when for a given vector field
one is allowed to choose either a metric or a symplectic form
adapted to that particular vector field. The following results
are almost trivial consequences of the “flow box” theorem.?

Theorem 2: Let X be a vector field on a Riemannian
manifold M, . Then for each peM, thereis a neighborhood 2
of p and a symplectic form w, on {2 such that X is decom-

posed in, at most, one gradient and one Hamiltonian vector
field.

Proof: TakepeM . Either X (p)#0orX (p) = 0.If X (p}) #0
by the flow box theorem there is a neiborhood {2 and a local
diffeomorphism ¢: 2—R ~, ¢ (y) = (y,,-...¥) such that
é.{X)=4J/dy,. Then ¢.(X ) is Hamiltonian for the canoni-
cal symplectic form w = =¥/3 dy,; , Ady,, inR". Then X
is Hamiltonian in £2 for ¢ *w = wy.

If X (p) = 0, take X, any gradient vector field (for the
metric g) such that X, (p)7#0. Then Y = X + X, does not
vanish at p and we can apply the above argument so that Y'is
Hamiltonian, i.e, X = X, — Y as stated.

Theorem 2': Let X be a vector field on a symplectic
manifold M,. Then for each peM, there is a neighborhood
and a Riemannian metric g, on 2 such that X is decomposed
in, at most, one gradient and one Hamiltonian vector field.

Proof: TakepeM. Either X (p)#0or X (p) = 0.IfX (p) £0
by the flow box theorem we can find a nbd of p and a metric

8x on 2 such that X be gradient. If X (p) = 0, we choose a
Hamiltonian vector field X, such that X, (p)#0. Then we
take ¥ = X +X_, and apply again the same argument.

Although simpler than those of Theorem 1, these de-
compositions are probably of little practical value because to
find the flow box coordinate system is equivalent to finding
the orbits. Hence, to write such a decomposition should not
be much simpler than to find an exact solution of the equa-
tions of motion.

The results in this paper imply that general classical
motions are mixed Hamiltonian or mixed Hamiltonian-gra-
dient systems. Besides the obvious parametrization useful-
ness of such decompositions they may also provide new ways
of studying classical systems, for example by developing a
perturbative theory of gradient deformations of Hamilton-
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ian systems. Preliminary results in this direction indicate
that at least it is then simple to establish necessary conditions
for the existence of constants of motion in dissipative
systems.’

2. EXAMPLES

The proofs of Theorem 1 and the lemma provide a con-
structive method to obtain the corresponding decomposition
once a vector field X is given. In Euclidean coordinates the
function S of the gradient part is obtained as a solution of the
Poisson equation

AS =divX,
and with the choice of the symplectic forms (1.1) the Hamil-
tonian functions are obtained by solving the differential sys-
tem (1.4). Using this method on finds:
= for the van der Pol oscillator,

2 4

K=y _95  oH Sza(x__z_),

x dy 2 12
. as  oH
=all —xY)y—x =2 _Z2
y=all —x7)y ES x

2 3 2

y X x
H== —a(x— —)y+ —.
2 3 2

= for Rossler’s model for “hyperchaos,”*
oS | oH | JH’

X= —y—z = — .
ac:isg dy oz

y:x+i+w =-——_éli.__@{_,
4 ay ax Jw

2=3+xz = — +

|
|

= — = +0.05w
2 dw 0z dy

with

S=W"+03w/2 H= —\x"+ )+ 122 + 3w,
H' = — Xz - 122 — w* — huw.

Systems of odd dimensionality N may always be imbed-
dedinto a (¥ + 1)-dimensional manifold, the same methods

become applicable and one obtains:
= for the Lorenz model’

)

'=—ax—+— + -,
> ax ay
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p= —XZ+Frx—y :gﬁ_éf_{,
dy Ix
. as
zZ=xy—bz = _—,
oz
with
S =lox? — y? — 1bz* + xyz,

H = p*(0 — z) + x*(z — Ir).
= for the Gause-Lotka-Volterra equations (3 species)°

as aH JH'
¢ — 1 [— — —_ = e— —_— N
¥=xll—x—ay—f) Ix dy + Jz

as oH
) =— 1 — —_ - = - - —,
y=y1—-pFx—y-—az % ™
as oH'
> — 1 —_ _— — = —_— =
2=1 ax =By —z) oz ox

with
S=§x"+y2+2)— {2+ a +B)ix’ +y’ + 2,
H= —{{a+ By’ +yifx* + axz),
H' = — lla+ B)xz* + z(lax® + Bxy).
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It is shown that the relations which link the x and p operators of a time-dependent harmonic

oscillator to the x and p operators of the corresponding time-independent oscillator can be cast
into a generalized Bogoliubov transformation on the standard harmonic oscillator boson creation
and annihilation operators. Once this fact has been recognized, various techniques can be invoked

to derive in a short way transition amplitudes.

PACS numbers: 03.65Db

I. INTRODUCTION

Utilizing the exact quantum mechanical Green’s func-
tion, Landovitz ez al.' were able to obtain a closed expression
for the transition amplitudes in the case of an arbitrary time-
dependent harmonic oscillator. Their derivation of that ex-
pression is mainly based on mathematical properties of the
usual harmonic oscillator eigenstates, and hence on those of
the Hermite polynomials. It appeared to us that the rather
tedious computations resemble closely similar ones carried
out by Tanabe,” in order to calculate transformation matrix
elements for the linear boson Bogoliubov transformation,
well-known in the theoretical developments of superfluidity
and superconductivity. Since also the transition amplitudes
of Ref. 1 exhibit striking similarities with Bogoliubov trans-
formation matrix elements, our first concern has been to
demonstrate that the relationship between the time-depen-
dent and the usual time-independent quantum harmonic os-
cillator can be expressed as a generalized complex Bogoliu-
bov transformation on boson operators. A proof of this
statement is presented in Sec. II.

Once this underlying Bogoliubov transformation prop-
erty is recognized, we have at our disposal a variety of very
powerful techniques which enable one to deduce almost im-
mediately the time-dependent harmonic oscillator transition
amplitudes. Indeed, as alternatives of the laborious method
of Tanabe,” we mention the recursive method of Rashid® and
an operator based technique developed by Witschel® and by
Kelemen.’ The complex Bogoliubov transformation has also
been studied by Tikochinsky® and by the present authors,’
who extended it to the para-Bose situation. In Sec. III of this
paper we rederive in slightly different form the expression
for the transition amplitudes by means of results established
by Tikochinsky.® Finally, the extension of the theory envis-
aged by Landovitz et al.' is discussed in the context of Wits-
chel’s theoretical work.*

il. THE BOLOGIUBOV TRANSFORMATION

It has been shown by Landovitz et al.! that the Hamil-
tonian H, defined as

H=[f(t\p*/2M + g(t )\Mw}x?, 2.1)

withf(0) = g(0) = 1, acceptssolutions for the operatorsx , ()

“Qualified researcher N.F.W.O. (Belgium).
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and p, (¢) which can be expressed as

x, =alt)x+b(t)p, (2.2

p=clt)x+dltp, 2.3
where a(0) = d (0) = 1 and b (0) = ¢(0) = 0. For given func-
tionsf (¢ Jand g(¢ ), the corresponding functionsa(t }, b (z ), (¢ ),
and d (¢) are the solutions of a set of coupled linear homogen-
eous differential equations of first order.' Furthermore, the
condition

[x+vp+] = [xrp] = ifi (2.4
implies that
ait)d(t)—bire(t) =1, (2.5

a condition which was proved to be satisfied for all times.'
We now introduce a boson creation operator a* and ¢
boson annihilation operator a in the usual way by setting

x = (#/2Mw,)"}a + a*), (2.6

p= —ilMw#/2)"*a —a), (2.5
where

[a.a*]=1. (2.8

Equivalently, for the time-dependent problem we define op
erators b and b * by means of the analogs of (2.6) and (2.7).
1.e.,

X, = (#/2Mw,)"?b + b ), (2.9

P, = —iiMo#) b —b ), (2.1C
where also

[bb*]=1. (2.11

By direct substitution of (2.6), {2.7), (2.9), and (2.10) into (2.2
and (2.3), it is straightforward to obtain the following rela-
tions expressing b and b * in terms of the boson operators a
anda™:
b=Ara+purat (2.12
(Ast7€C).
b =u*a+ A*xa+, (2.13
Herein, A, and i are given by
Ar =Halt) +d(0) + /Moy [elt) — M35 ()]},
(2.14
pr = Halt) —d(2) + (i/May)[elt) + M03b ()]}
(2.15)
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It has to be noticed that (2.12) and (2.13) are compatible with
each other. Also, the subscript T has been introduced for
referring to the notation of Tikochinsky.® Furthermore,
since we learn from (2.14), (2.15), and (2.5) that

Al = lur P =1, (2.16)

for all times, a property which s in accordance with (2.8) and
{2.11), Eq. (2.12), or equivalently (2.13), can be viewed as a
complex linear Bogoliubov transformation. For this type of
transformation it was shown by the present authors’ that
(2.12) and (2.13) can be written as

b=e>e “"NgeNe %, (2.17)
b+ =e%e NgteioNe S, (2.18)

where the operator S, and the number operator N are given
by
S, = —lx(@a*’e®
N=a"a,
and where the parameters x, o, and ¢ have to be chosen such
that the equalities
Ar = e“coshx,

wr = €7 " *sinhx,

—ae %)= -8,

(2.19)
(2.20)

(2.21)
(2.22)

are satisfied. In fact, the operator e>e ~ N acting in the
p 2

space of the harmonic oscillator Fock states, plays the same
role as the classical Green’s function derived by Landovitz et
al.! in the coordinate representation. As a consequence the
time-dependent harmonic oscillator transition amplitude
from a state |m) to a state |n), previously denoted by a,,,,,
can be calculated as follows:

(2.23)

a,, = (nles"e""”N[m).

(1. TRANSITION AMPLITUDES

The explicit evaluation of the matrix elements a,,,,,, de-
fined by (2.23), has been carried out by Tikochinsky® and by
the present authors in the more general para-Bose situation.”
However, restricting the latter results to the pure Bose case
(which corresponds to setting 4, = 1 in Ref. 7), there is per-
fect agreement with Tikochinsky’s result which reads

a,., = (ﬁ!n;)l/z(%i—)(m - ")/Z(AT) —(m+n)/2
T

1y 2%
S (—1) (I#T I)
= kln— 2k Wk + (m —n)/2)l \ 2
if [m — n| =even, (3.1)
a,, =0 otherwise.

In fact, this expression can be obtained very easily with
the help of various powerful techniques. So for instance, Ra-
shid’s® method which is based on a set of recursion relations
for the coefficients a,,,, leads almost immediately to (3.1),
and this without the necessity, as it is the case in Landovitz’s
derivation, of knowing explicitly the harmonic oscillator ei-
genstates. In a similar way, the introduction of Hermite
polynomials can also be avoided completely by using a tech-
nique first outlined by Witschel,* and later worked out in
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more detail by Kelemen.> Again, the result (3.1) follows al-
most immediately. In order to compare the result (3.1} to the
corresponding one of Landovitz,' let us recall that the fol-
lowing expressions have been introduced there (a subscript L
is added in order to refer to the Landovitz notation):

on = 1/Mwyb(t), (3.2)
py =1+io [alt)—d(t)] —oi [1 —alt)d(t)], (3.3)
Ap=1—io [alt)+d{t)] +of [l —alr)d(t)]. (3.4)

The reader can easily convince himself that on account of the
relations (2.5), (2.14), and (2.15), the following equalities
hold:

U200 = iu%, (3.5)
Aoy = —id % {3.6)

As a consequence, the expression (3.1) can be written in the
alternative form

@y = (207140 ) Aminl) 2 20m 2 (g
XWL)(m - n)/Z(/lL) — (m + m/2|lu‘L !n

XIS (14 (= 1)+ ] (— 1) =12
82 N{(m — 1)/2)1[(n — 1)/2]!

(=Y, 3.7
<|uL|) (7

(lm — n| = even)

where we have also replaced the summation index & by

! =n — 2k. It has to be noticed that the expression (3.7) for
a,,, does not agree completely with the result of Landovitz e
al.' In fact, the obvious discrepancy is contained in a phase
factor and is therefore harmless, since only P,,,, = |a,,,, |,
the transition probability can be attributed a physical
meaning.

IV. DISCUSSION

By the use of the very powerful techniques developed in
the context of the linear Bogoliubov transformation, we have
retrieved the results recently obtained for the transition am-
plitudes of time-dependent harmonic oscillators in a less la-
borious way. Moreover, our alternative approach to the
problem allows the extension of the theory to Hamiltonians
with terms, linear in the x and p-operators. Indeed, the gen-
eralized Bogoliubov transformation

b=Aa+pa* + 7,

for real A, u, and 7 has already been studied in detail by
Witschel,* whereas the extension to complex coefficients is
straightforward and proceeds in the same way as in Ref. 7.
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We exhibit in this paper the invariance of the Schrodinger Lagrangian density under the eleven-
parameter group g(m,, central extension of the Galilei group ¥ . As a result, the quantum

mechanical probability §p d *x turns out to be the conserved charge associated with the central
generator of & (m)» and the continuity equation is simply the expression of the conservation of the

corresponding Noether current.

PACS numbers: 03.65.Fd

1. INTRODUCTION AND RESULTS

It is well known that the invariance of the Schrédinger
equation under Galilean transformations is accomplished by
making use of the fact that in quantum mechanics a global
phase is irrelevant in the definition of the wavefunctions and
that, accordingly, the space of states is' the space of rays.
Thus, the Schrodinger equation is covariant, i.e., the Schro-
dinger equation in the new Galilean frame of reference
(r' = #r + vt +a,t’ =t + 7)is obtained by simply adding
the appropriate primes if the new wavefunction is defined by

[U(r,a,v, Z)¥ X', t')

= exp im(}v’t + vZx)¥(r, ). (1)
The projective or ray” representation of the Cjalilei group ¥
given by (1) comes from a representation of &, the eleven
parameter group which is the central extension of & by the
so-called phase group @, ¥ = & /0. This representation
is defined by (% = 1)
(UG, r,av, Z)¥Ir,t')

= exp im({v’t + v-#x + 6 /m)¥(r, t), (2)
where 0e@,; it is simple to check that (2) fulfills the composi-
tion law for 4, which is given by’

@7, a, v, #)MO; 7, a,v, #) =60 +0'+£,.(8,8kg'g)

(3a)
gg=(r,a, v, # )1 av, R
=(r+ra +Rat+7,V+RBY,AR), (3b)
where (3b) is the Galilei group % composition law and
£,.(8,8) =mlvir + v-Ra) (3c)

is the factor system (local exponent) of the central extension.*
The fact that this £,, cannot be eliminated is due to the spe-
cial structure of the Galilei group; in contrast with the Poin-
caré case, for which the projective representations are re-
duced to ordinary ones because the extension is trivial, the
elements of H 5(¥, U (1)}—the second cohomology group—
are parametrized by a real number (the mass m), and the
projective representations of & given by (1) cannot be re-
duced to ordinary ones since £,, £0.°

Given the relevance of ¥ (m) in nonrelativistic dynamics
it seems only natural to analyze the invariance of the Schro-
dinger Lagrangian to obtain the charges associated with the

1425 J. Math. Phys. 22 (7), July 1981

0022-2488/81/071425-03%1.00

different Noether currents. Following the usual procedure
(see, e.g., Ref. 6) we take as the Schrodinger bundle the triv-
ial’ bundle 5, (E, 7, M ) with coordinate system (¢, x; ¥, ¥'*),
(t, x')eM, and define the Lagrangian .%’, on the bundle J YE)
of the 1-jets of E, parametrized by (¢, x', ¥, ¥ *, ¥,, W ¥, ¥,,
¥ *). In this formalism, the ordinary wavefunction is a cross
section of 75, and the Schrédinger Lagrangian on J '(E ) is
given by

Le=—(12mP*¥ +i¥P*y,; (4)

the application of the ordinary variational principle® to (4)
leads to the Schrddinger equation. _

As may be read from (2), we can realize &, on the
Schrodinger bundle by the set of vector fields acting on E
{note the presence of m in K ;)

ad ad _ . 0
Pm = = E’ Py=— E’ Jiy = —60."15’
d a ,
Ky= —t— —imx, ¥ +imx,¥*—— (5
@ ax T g TN ey ®)
.o 0 . d
X, = _IWW+IW*8W*’

which obey the commutation relations of & (m)» Damely
Vi T ] = €,y

Vi, Ky 1 = €Kiy, Ui, Py ] = €,"Py

[J(i)’P(t)] = [Km’Km] = [P(f)’Pm] = [P(il’P(t)] =0,
Ky, P 1=P, [Xg,, any other] =0,

[Ki» Py ] = mb, Xy, (6)
(The commutation relations for the Galilei group are the

same except that [K,, P, ] = 0 and that there is no X@)) To

it —
check the invariance of (4) under 4 ,,, the 1-jet prolongation
of the vector fields on E to J '(E ) is required. The result is
given by®

Dl Dl o
Plf) _P(!)’ Pli) _P(f)’

e IR | w0
S =Jdy =€;"¥ L — €. jm’
Ky =K, + (¥, —imx, ¥, )%
—im(6, ¥ + x, ¥, ) 9
v,
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d

v

+{¥F+ imx,‘l/;")a

. d
*
B, X W H)

k

= Y, 0 Y d 3
Xl =Xg, —iW,—— —iW,—— 4 j¥*
(6) @) v, { a9 +1 ‘wr
+iyr J ) (7)
av*

where the bar and the superindex 1 indicate 1-jet prolonga-
tion. With the help of (7) we may compute the Lie derivative
Lz .75 of (4) for the different vector fields. It is a straight-
forward task to see that .% is strictly invariant under spa-
tial and temporal translations, rotations, and under the one
parameter group generated by X ,,, though semi-invariant
under the Galilean boosts.® Explicitly, one gets

Lfljs =0, (8)

except for the boosts, for which one obtains
. D
Lo Fs=(w ¥+ wp)=L_2 (skups) (9
eZLs 2( )Zka(; ) (9)

where the last term of (9) constitutes the definition of a ““for-
mal derivative” D /Dx* which on cross sections is the total
derivative with respect to x*. The right-hand side of (9} does
not modify the equations of motion as derived from the vari-
ational principle, so that there is invariance under the “Gali-
lean” boosts of & .. For instance, for a finite transforma-
tion of parameter ¥, the usual Lagrangian (for simplicity in
one dimension) is modified by the addition of the term

_ Ay d gy, (10)
2 dx

and thus the invariance of the Schrédinger equation is guar-
anteed. Note, however, that this is not the case if one consid-
ers the truly Galilean boosts of &, which clearly do not have
components on d /d¥, 3 /d¥ * (i.e., on the fiber part of E ).
Thus, the Schrodinger Lagrangian is not invariant under the
Galilei group ¥ ; this is already illustrated by the fact that (1)
is not an ordinary representation of & (note that ¥ is not a
subgroup of & (m) though not always clearly realized.

Once the invariance (or semi-invariance) of .¥ ¢ under
g \m) has been proved, we may proceed to evaluate the
Noether current and the associated Noether charges. The
expression of conserved Noether current associated with the
general vector field on E

] ] ] 3
X=X X4 X, —+Xyo, 11
at ax v e TG 1
is given by
J(),iz _yXO,i_*_ (thr +X’ll/) _Xw)af
v,
. : 9.L
+ (¥*X' + q/fo*XW.)a”i, (12)

when Lz . ¢ = 0 and with the additional term — A*#

{u =0, i) when Ly & ¢ = (D /Dx*4 #;° (12} is understood
to be restricted to cross sections which are solutions of the
Euler-Lagrange equations associated with .%, i.e., the
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Schrodinger wavefunctions. A straighiforward application

of (12) leads to the customary results for the energy, momen-
tum, and rotations which, omitting the expression of the spa-
tial components of the currents for the sake of brevity, take
the form

o = — (1/2m)¥ * @ '=@ *p2/2m¥ = 7,
f()l.] = — YN =P*p V=9, (13
j'g)’ = —i¥ *Eij-kxjwkE!p*f:j,kxfpk v=J.

For the boosts we get

I =iV *(imx, ¥ — ¥, )=V *tp, —mx,)¥ =K,. (14)
Note that although the charge density receives no contribu-
tion from (9), that term does contribute to the spatial compo-
nents jj, of the current, guaranteeing in this way its
conservation.

Finally, we compute the expression of the Noether cur-
rent associated with Xy, the central vector field of & .
One immediately gets from (12)

Jioy =i¥W*V= —¥*¥=_—p,

Jioy =/2m)(P*¥ — W W) (15)
Equation (15) shows that the charge density associated with
the central element of &, is nothing but the nonrelativistic

probability density, and the expression of the conservation of
the corresponding current,

P V=0, j=—l [V —(VEHE], (16)
ot 2im

is the well-known continuity equation of wave mechanics.
Thus the total probability appears in Galiean wave mechan-
ics as the conserved quantity associated with one of the gen-
erators of the symmetry group of & ,,,. Inall, formulas (13}~
(15) provide a realization of the infinitesimal generator of
g \m ON the space of cross sections of 775, which [adding the
appropriate # which we have been taking up to now as the
unity, but that might have been inserted from the beginning
in the exponential of (2)] is clearly given by

H=itd, P = -2 Kk = — 9 _x,
ar ax! ox'
¥
— k —_
= eyl g XK=~ (17)

Clearly the finite transformations of the wavefunctions are

obtained by exponentiating (17), and it is trivial to check that
the infinitesimal generators of (17) satisfy the commutation
rules of (6) once a factor ifi is added in all the r.h.s. terms.

2. CONCLUSION AND COMMENTS
In the above paragraphs it has been shown how the

extended Galilei symmetry leads to the quantum mechanical
probability density whose associated “‘charge” is the central
element of the extended Galilei algebra. The fact that a prob-
ability density appears from a phase-gauge transformation is
only natural; what makes it interesting is that it comes from a
transformation of & (w1 [see (2)], and that this extension of
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the Galilei group is necessary if the Schrodinger Lagrangian
is to be invariant under the symmetry transformations of
nonrelativistic mechanics. Thus, and via the Noether theo-
rem, the probability conservation is a consequence of the
extended Galilei invariance and X, is the central generator
of the Lie algebra of & m) [see (17)]. It is not surprising that
the added element of the algebra is a central one: the total
probability should not be affected by the action of the re-
maining kinematical transformations of & )+

Moreover, the above results are consistent with the usu-
al Galilean invariance of Newtonian classical mechanics. In-
deed, the conserved charge associated with expression (14)
gives the classical law of motion, in Ehrenfest’s sense, of a
free particle of mass m, and the charge corresponding to the
central generator (15)—the unity for a normalized wave
function—is irrelevant in the classical limit. The transition
from &, to ¥ is thus accomplished by averaging over den-
sities for the classical approximation, i.e., it may be done by
going from quantum to classical Galilean mechanics. This,
by the way, provides a group-theoretical definition of the
classical limit. Reciprocally, it may be noted that it is not
possible to define a faithful action of & (m ON the configura-
tion space (¢, ¢;)—which could have led toa &, -invariant
classical mechanics—and that it is therefore necessary to
perform an extension of the configuration space to allow the
phase part of &, to act in a nontrivial way. '

To conclude, we might mention that the above situation
is in sharp contrast with its relativistic counterpart.'’ This
can be traced to the different cohomological structure of the
Galilei and the Poincaré groups. As already mentioned,
H*#?', , %(1))istrivial and thus—as has been known since
the work of Wigner'>—the phase part cannot be added to the
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Poincaré group in a nontrivial way. One might say that, in
this sense, & \m 1S MOTE 2 quantum group than ', & %(1).

"The concept of ray was introduced by H. Weyl; see The Theory of Groups
and Quantum Mechanics (Dover, New York, 1950), pp. 4, 20, 74, and 180
{original German edition 1931).

V. Bargmann, Ann. Math. 59, 1 (1954).

'J. M. Lévy-Leblond in Group theory and its Applications, Vol. 11, edited by
E. M. Loebl (Academic, New York, 1971). This review paper contains a
fairly complete discussion and list of references on the Galilei groups.

See, e.g., A. G. Kurosh, The Theory of Groups, Vol. I1 (Chelsea, New
York, 1955); L. Michel in Group Theoretical Concepts and Methods in
Elementary Particle Physics (Gordon and Breach, New York, 1964) and
Refs. 2 and 3.

SThroughout this paper we omit the consideration of spin, which is natural-
ly incorporated by the Galilei group as has been particularly stresged by
Lévy-Leblond (see, e.g. Ref. 3 and references therein). A nonzero spin may
be easily incorporated by adding the representative D ' (R Jiy of the rotation
R acting on %% (@, B =1, .., 25 + 1)in {1} and (2}, but this is irrelevant for
the purposes of this paper.

V. Aldaya and J. A. de Azcarraga, J. Math. Phys. 19, 1869 (1978).

All bundles on R* are trivial.

These expressions may be obtained using formulas (2.3)+(2.7) of Ref. 6.
°It is also possible to obtain exact invariance for the boosts by taking as

Langragian density

o= = Lurgiy Lwrw —wre),
’ 2m 2

which in the more familiar formulation in terms of the Schrodinger field ¥
corresponds to taking .’ Hermitian.

'""“The extended Galilei group does, nevertheless, show up in classical me-
chanics, see J. M. Lévy-Leblond, Commun. Math. Phys. 12, 64 (1969}; and
in another context, M. Pauri and G. M. Prosperi, J. Math. Phys. 7, 366
(1966); 9, 1146 (1968).

" The fact is, of course, that relativistic probability densities require in gen-
eral a reinterpretation by means of quantum field theory.

'2E. P. Wigner, Ann. Math. 40, 149 {1939).
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We present a perturbation theory for an arbitrary bound state in the one-space and one-time
dimension Klein-Gordon equation in the presence of a scalar potential and a vector (fourth
component only) potential by reducing it to a Ricatti equation with the method of logarithmic
perturbation expansions. All corrections to the energies and wavefunctions, including corrections
to the positions of the nodes in excited states, are expressed in quadratures in a hierarchical
scheme, without the use of either the Green’s function or the sum over intermediate states.

PACS numbers: 03.65.Ge

I. INTRODUCTION

Recently, in a series of papers,'= we have presented per-
turbation theories for an arbitrary bound state in static po-
tentials for the Schrddinger equation and the Dirac equa-
tion. In central field problems® and in problems reducible to
one dimension in the case of the Schrédinger equation, ' we
have shown that all corrections to the energies and wave-
functions, including corrections to the positions of the nodes
in excited states, can be expressed in quadratures in a hierar-
chical scheme, without the use of either the Green’s function
or the sum over intermediate states. This is achieved through
the reduction of the differential equations involved to a Ri-
catti equation, followed by a perturbation expansion. In the
case of the Schrodinger equation,'** this is equivalent to
performing a perturbation expansion on the logarithmic de-
rivative of the wavefunction instead of on the wavefunction
itself. In the case of the Dirac equation,*® this is equivalent
to carrying out a perturbation expansion on the ratio be-
tween the radial parts of the small and large components of
the Dirac spinor. We emphasize that in the case of excited
states where the wavefunctions possess nodes,'** the zeros
must be factored out first. We have also shown that the first-
order perturbation iteration method (FOPIM), first intro-
duced by Hirschfelder,” can be incorporated into this pertur-
bation approach to yield accelerated convergence, if conver-
gence exists.”® In nonrelativistic problems that are not
reducible to one dimension, we show that, for the ground
state, the method of logarithmic perturbation leads to a hier-
archy of equations that determines the corrections to the
energy and wave function for each order. In this hierarchy,
the equation for the /th-order correction is isomorphic to the
equation for the first-order correction. Moreover, these
equations have the same form as Gauss’ law in classical elec-
trodynamics.? As an application, we have shown that this
method can be used to obtain the corrections to the energy
and the logarithm of the wavefunction of the ground state of
a hydrogen atom in a multipole field or a linear combination
of static multipole fields to any order in perturbation
theory.’
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In this paper, we would like to extend similar tech-
niques to the one-space and one-time dimension Klein-Gor-
don equation. We shall assume that it is possible to solve this
equation with a certain scalar potential and a fourth compo-
nent vector potential. The problem of a charged spinless bo-
son in a central field is reducible to this form. We then con-
sider the change in the energy and in the wavefunction as a
perturbation is introduced to the fourth component vector
potential or to the scalar potential. This will be developed in
Secs. IT and III. In Sec IV, we conclude by mentioning some
possible applications of the presently developed techniques.

il. PERTURBATION IN THE FOURTH COMPONENT
VECTOR POTENTIAL

The single-particle one-space and one-time dimension
Klein-Gordon equation in the presence of a fourth compo-
nent vector potential V and a scalar potential S can be writ-
ten as'®'" in natural units A=c¢ = I:

d 2

Codx

[E —V(x))*¥lx) = + m® + 2mS (x) |¥(x).

(2.1)

We assume that, for a certain ¥, and S, the above eigenvalue
problem is solvable so that the energy eigenvalue E,, and the
corresponding wavefunction ¥, are known for a particular
state. We shall consider the correction to the energy and
wavefunction as a perturbation AV, is introduced to the po-
tential V.. In the following section, we consider the same
corrections as a perturbation 7S, is introduced to the scalar
potential S,. For the sake of brevity, and yet without sacrific-
ing clarity of the essense of our method, we shall limit our
detailed discussions to the ground state where the wavefunc-
tion does not contain any zero and to the first excited where
the wavefunction possesses one zero. The generalization to
an arbitrary excited bound state with a finite number of
nodes is straightforward, and the mechanism is similar to
what has been reported previously.'

In the absence of any degeneracy, the wavefunction ¥
can be taken as real. In order that the charge density be
normalizable, we require that 3 vanishes as x approaches
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+ 0. In the case of the ground state, ¥ does not contain any
zero, and so its logarithm is regular. In analogy to the nonre-

lativistic Schrodinger equation, we define
#ix) = expl — G (x)] (2.22)

and

glx) = iG (x). (2.2b)
dx

Equation (2.1) is then transformed to the Ricatti form
(E—V)i=g —g"+m*+2msS, (2.3)
where a prime denotes a derivative with respect to its argu-
ment. The unperturbed Klein—-Gordon equation in Ricatti
form is
(Eo — V0)2 =gy — g(z) +m’ + 2mS,,. (2.4)

In the presence of a perturbation to the fourth component
vector potential, A V|, Eq. (2.3) becomes

(E—~Vy—AV) =g —g* +m? 4+ 2mS,. (2.5)
We seek a perturbative solution to Eq. (2.5) by expanding the

eigenvalue E and the logarithmic derivative of the wavefunc-
tion g in power series in A:

E=E,+AE 4+ A°E, + - =3A'E,, (2.6)
and

§=8 +Ag +A%% + - =31%, (2.7)
We next define ,

By=E, -V, (2.8)

B,=E,—V, (2.9)

B,=E, foralli>2. (2.10)

On comparing coefficients of various powers in A, we obtain
(2.11)

which is the unperturbed Klein—-Gordon equation for the
ground state in the Ricatti form, and

2ByB, = g| — 28,8,

k—1
2BoB + 3 (BB ; +88_;) =8 — 288 (2.13)

J=1

B} =g — g +m’ +2mS,,

(2.12)

for all k2. We then observe, similar to the nonrelativistic
case in the Schrodinger equation, that the square of the un-
perturbed wavefunction serves as an integration factor to
this hierarchy of equations,

2B,Be~ 200 = [ge %1,
and for k>2

(2.14)

k—1 »
2BoBi + Y (BiBi_; + 88 ;)¢ 2% = [gie O]
j=1
(2.15)

Equation (2.15) can be brought to a form similar to (2.14) if
we define an effective £ th-order perturbation potential ¥, by

k1
BOV,(E—%'Z (BB, _; +88_;) (2.16)

=1
Equations {2.14) and (2.15) can then be rewritten as

HEy — VolE, — Vide 2% = [g,e™ %] (2.17)
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for all k> 1.

We now readily see that this hierarchy of equations can
be solved in quadrature. On integrating Eq. (2.17) from — oo
to + oo, the right-hand side vanishes according to the
boundary conditions and the integration yields

ST 2 (Ey— Vo)V ¥(x) dx
SH2(Eo— VoltPix)dx

E, = (2.18)

If we normalize the charge of the Klein—-Gordon particle to
unity, then the integral in the denominator of (2.18) is equal
to m, the mass of the Klein-Gordon particle in equation. In
this case, the k th-order correction to the energy is given by

+ o — Px)d
E, _J (Ey — Vo)Vidix) x'

(2.19)

Cw m
Having obtained £, , Eq. (2.17) can now be readily integrated
to yield a solution for g, :

8ilx) = em‘""f 2Ey — VolEx — Vy)e **dx. (2.20)

Since V), is defined by E; and g; where j<k — 1, itis apparent
that the perturbative solution can be obtained in this hierar-
chical scheme.

It may appear worthwhile to show that £, as given by
Eq. (2.19), is the same as that obtained in standard perturba-
tion theory in terms of the two-component wave function
formalism that leads to the first-order Klein-Gordon equa-
tion.'>'" As is well known, the two-component isospinor
wavefunction ¥ can be written in terms of the Klein-Gordon
wavefunction ¢ as

(O S E)

In terms of this isospinor, the Klein-Gordon equation can be
written in Hamiltonian form

(2.21)

HY =FEY, (2.22)
where the operator H is identified as
. —-14d?
H = (r; + ir)) —+S8|+rm+V, (2.23)
2m dx?

T1, T2, T3 being the Pauli isospin matrices, and the scalar
product is defined in general as

<WIW’>EIW+T3W'. (2.24)

Thus, the normalization that fixes the charge of the Klein-
Gordon particle to be unity is equivalent to (¥ |¥) = 1 or

fm +(E—V)mP —[1 —(E—VymP|¢*/d=1 (2.25)

or to

f(E — V)P dx =m, (2.26)

which is the condition used to replace the denominator of
Eq. (2.18) by the mass of the Klein-Gordon particle in terms
of the unperturbed solution. Then, as is well known, the first-
order energy shift is given by

E, = (¥,|H,\|¥p), (2.27)
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where ¥, is the isospinor corresponding to the unperturbed
solution. Here, H, = ¥, 1, where 1 is the unit matrix., Then
Egs. (2.27), (2.24), and (2.21) together will lead to Eq. (2.19)
fork = 1.

Once the g, 's are obtained, they can be integrated to
given the G, s, the correction to the logarithm of the wave-
function. The integration constants here are additive con-
stants to the logarithm of the wavefunction and are hence
multiplicative constants to the wavefunction that can be
fixed by normalization of the charge density.

As discussed in earlier papers,>® an alternative ap-
proach to the perturbation is the first-order perturbation it-
eration method (FOPIM). From the knowledge of E, and g,
we construct the function

8=8, + 48 (2.28)

and

El =E,+ AE,. (2.29)
We then seek a potential ¥'§, that will satisfy Eq. (2.24)

(Eq = Vi)=lgo) — (80)* + m* + 2mS. (2.30)
This is an algebraic equation and ¥ can be solved. Howev-
er, because of the quadratic nature, there will be two possible
solutions for V. The correct choice is the one that ap-
proaches ¥, as A approaches zero. Having found this V' |, the
new unperturbed potential, the perturbation can be chosen
as’

Vi=Vy+AV, — V5. (2.31)
It is not hard to show that from Eqs. (2.4}, (2.12}, (2.28),
(2.29), and (2.30) that ¥} is of order A 2. We thus succeed in
reducing a problem with a perturbation of order A to the one
with order A 2. This process can be continued. The next step
will reduce the perturbation to order A *.

We not turn to the excited states. For simplicity, we
consider the first excited state where the wavefunction con-
tains one node and give the corrections to an arbitrary order.
For an arbitrary excited bound state where the wavefunction
contains a finite number of, but more than one, zeros, we give
the expressions for the first-order corrections. One then can
use the FOPIM to generate all higher corrections.

In the case of the first excited state where the wavefunc-
tion has one node we can write

Y=(x—ale (2.32)

where a is the position of the node. The Klein-Gordon equa-
tion is then transformed to the Ricatti form:

g —g +E—-VP—m*—2mS)x —a)=2g. (2.33)
The unperturbed equation is
(g5 — 86 + (Ey — Vo)* —m® — 2mS, ](x — a,) = 28,
(2.34)

where E,, is the zeroth-order energy eigenvalue, and the ze-
roth-order eigenfunction is

(2.35)

where a,, is the nodal position in the absence of any perturba-
tion. In the presence of a perturbation A ¥, we seek the solu-

Yo = (x —aple ™%,
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tion of £ and G in power series of 4 asin Eq. {2.6)and (2.7). In
addition, the nodal position a is also expanded in powers of
A:

a=ay+Aa, +A%+ =321, (2.36)

On substituting Egs. (2.36) and (2.6)—(2.10) in Eq. (2.33) and
using (2.34), we obtain, after multiplying throughout by

(x — agle %,

[ae %] — [g(x — ag)’e Y

+ 2B,B \(x — a,fe % =, (2.37)
and for all z>2)
a;[e 2] — [g,(x — apfe %]
+ 2By(E, — V,){x — ay)’e 2% =0, (2.38)

where the effective ith-order perturbation potential is de-
fined by

2B,V {x — ay)
i—1

= z {ai—k (2808« — 8% + 2BoB;

k=1

k—1
+ Z (Bjkaj + 88 ;)

Jj=1
— BB _« + 88—k ]lx —00)}, (2.39)
and the summation is understood to be zero if the upper limit
of the punning index is smaller than the lower limit. It is then
trivial to obtain the corrections to the energy, the nodal posi-
tion, and g by integrating Egs. {2.36) and (2.37) from — oo to
+ o, 4y and x in a hierarchical scheme.

In the case of an arbitrary excited bound state where the
wavefunction prossesses NV zeros, we write the wavefunction

as

(2.40)
Then the Klein-Gordon equation in Ricatti form becomes

[g2 _g, + (E_ V)Z - m2 - zmS ]H(x - a/t)
M
:Zgzn(x—au)-—z H (x —a,).
v opFEY oV puFEov
Here, we only give the first-order corrections. The higher-
order corrections can be brought to forms analogous to Egs.
(2.37) and (2.38) by keeping track of the indices. Alternative-
ly, one can use the first-order perturbation iteration method.
The first-order corrections are given by the following equa-
tion analogous to (2.36):

T (A

vu

= —2(E, — V\)[E, — V(,)H(x - a,,o)ze — 20,

i

from which the first-order energy correction £, can be ob-
tained by integrating from — oo to + oo, the first-order
correction to the zth node a,,, can be obtained by integrating
from — o toa,,,and then g, can be obtained by integrating
from — oo tox after E, and thea,,,’s have been obtained. As
in the case of the ground state, the additive constant to G
from the integration of g is fixed by normalization of the
charge density.

(2.41)

(2.42)
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Ill. PERTURBATION IN THE SCALAR POTENTIAL

We now consider the situation where the perturbation
7S, is in the scalar potential S. In the case of the ground state
where the wavefunction does not contain any zero, it can be
written as in Egs. (2.2a) and (2.2b), and the unperturbed
equation is the same as Eq. (2.4). In the presence of the addi-
tional scalar potential 7S, the Klein-Gordon equation in
Ricatti form becomes

(E— V) =g —g + m*+2mS, + 2mnS,. (3.1)

In analogy to Egs. (2.6} and (2.7), we seek the solution in
power series in 7:

E=E,+nE, + 7°E, + - =3'E, (3-2)
and

g =80+ 18 + - =32ng,. (3.3)
On comparing coefficients of various powers in 77, we obtain

(Eo — Vo =86 — 85 + m’* + 2mS,, (3.4)
which is the unperturbed Eq. (2.4}, and

2E(Ey— Vo) =g — 28,8, +2mS,, (3.5)

i—1
2E(E,— Vo) + 2 (EjEi~j + gjgj—j) =g — 2808,
j=1
(3.6)
for all i>2, We then readily observe, as in the previous sec-
tion, that the square of the unperturbed wavefunction,

e~ %, acts as an integration factor to this hierarchy of
equation:

2E\(E,— Vole =% = [g,e™ *%]" + 2mS\e *%, (3.7)

from which we obtain
+ o
E, =J S.e 2% dx, (3.8)

on using the normalization condition (2.26), and
gi=c%[ 2AEE-V)-mSledx ()

The higher-order corrections are given by
2E,(E, — Vo)e = 2% = [g,e *®] + 2mS;e ~*%, (3.10)

where we identify the ith order effective scalar perturbation
potential S; by :

2mS = — ‘z](EjEifj +88 ;)

=
In terms of the two-component wavefunction ¥in Eq. (2.21),
the first-order correction to the energy is given by Eq. (2.27),
where H, = (15 + i7,)S,, which can be easily shown to lead
to the same result as Eq. (3.8).

We now turn to the first excited state whose wavefunc-
tionis written as in Eq. (2.32). The Klein-Gordon equation in
Ricatti form is given by Eq. (2.33). We then expand the ener-
gy E and g in power series in 7 as in Egs. (3.2) and {3.3). In
addition, the nodal position a is also expanded in a power
series of 7 analogous to Eq. (2.36):

(3.11)

a=a,+na, + - =3I7qaq,. (3.12)

On executing procedures similar to the last section, we ob-
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tain the following for the first-order corrections:

- ZG(,]! —2G, 1

- [gl(x - ao]ze
= —2[E\(Ey— Vo) —mS,1(x — ay)’e %%, (3.13)

from which the corrections E,, a,, and g, can be obtained by
integrating from — o t0 + w0, @, and x. The higher-order
corrections are given by

[a.e

vZG(,]I —ZG“]I

- [gi (x — ao)2e
= —2[E(E,— Vo) — mS;](x — a,)e 2%, (3.14)

where the effective ith-order scalar perturbation S, is defined
by

2mS, (X — a,)

a;le

i—1

= 2 [ai—k [Zgogk — &k + 2UE, — Vo)E,

k=1

k1
+ 2 (EE, _; +gjgk¥j)]

j=1

— [EkEi—k +gkgi~k](x_a())]~ {3.15)

Equation (3.14) can readily be integrated to give the correc-
tions E;,a,, and g; with the same sets of integration limits. It
is then obvious that Eqgs. (3.13)—(3.15) can be integrated in a
hierarchical scheme to yield corrections to any order in per-
turbation theory.

For an arbitrary excited bound state, we only give the
equation for the first-order corrections:

Zaﬂ' H(X - aao)zeAZG“}’ - [ng(X - ap0)2e7 26, [

vF#EL

= —2[E\(E, — Vo) — mS,11l(x — a0 ~2%, (3.16)

which is analogous to Eq. (2.41) and can be solved in quadra-
ture by integration in an analogous manner.

IV. CONCLUDING REMARKS

In this paper we have presented a bound state perturba-
tion theory for the one-space and one-time dimension Klein-
Gordon equation in the presence of a scalar potential and a
fourth component vector potential by reducing it to a Ricatti
equation with the method of logarithmic perturbation ex-
pansions. The problem of a charged spinless boson in a cen-
tral field is reducible to this form. Our results are thus appli-
cable to the study of the perturbative corrections to the
energies and wavefunctions of bound states in pionic atoms
due to a screened Coulomb potential or due to a finite-sized
but spherical nucleus. We have shown that it is possible to
obtain all preturbative corrections in quadrature in a hierar-
chical scheme without the use of either the Green’s function
or the sum over the intermediate states, especially in the
latter where negative energy states are also involved. The
computation of the higher energy corrections in closed qua-
dratures can be used to identify sum rules, as reported by us
previously. '
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Formulation of variational principles via Lagrange multipliers
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Recent work on variational principles in mathematical physics enables one to construct, in a novel
and systematic way, stationary expressions for a wide class of functionals P (E), where E is an
unknown (vector) function whose defining equation cannot be solved exactly. The method
involves the use of Lagrange multipliers, which can be a constant 4, a function F(x,y,z), and a
dyadic operator I, to account for each of the equations (constraints) that define E. As
illustrations, we consider vector and scalar scattering problems, and eigenvalue problems such as
the determination of resonant frequencies and propagation constants of waveguides.

PACS numbers: 03.65.Ge, 03.80. + r, 84.40.Sr, 02.30.Jr

. INTRODUCTION

Variational formulations, such as the Rayleigh—Ritz
principle, have been employed to determine the discrete ei-
genvalues for bound state problems. Variational principles
have also been used in waveguide' and quantum-mechanical
scattering,> acoustical and optical diffraction,’ and neutron
diffusion problems.® Different procedures, such as Rumsey’s
reaction concept,”® Cairo and Kahan’s transpose-operator
and field technique,” have been used in a systematic deriva-
tion of variational principles in electromagnetic eigenvalue,
scattering, diffraction, and radiation problems. In addition,
Morishita and Kumagai'® have derived by means of Hamil-
ton’s principle variational expressions for waveguide eigen-
value problems and the impedance matrix of an #-port wave-
guide junction.

The extremum values of a functional whose arguments
are constrained are normally determined through the use of
Lagrange undertermined multipliers. This suggested to
Spruch and his co-workers that one can construct variation-
al principles for functionals P (E) '' and for the function E
itself'? by incorporating in the variational principle con-
straints on E via Lagrange undetermined multipliers. For
example, if E represents a normalized electric field which
obeys the Maxwell wave equation, then the normalization
constraint will require a constant multiplier, while the wave
equation, which is a contraint at each point in space, will
require an undetermined function.

The method of constraints is applicable to a very wide
class of problems and has the advantage of being systematic
and, in general, straightforward. As illustrations, we will de-
rive here Schwinger’s principle for the scattering of electro-
magnetic waves in waveguides,' variational expressions for
the scattering amplitude of scalar waves due to potentials
and to perturbations on reflecting surfaces,®'* and station-
ary expressions for the resonance frequencies of cavities and
propagation constants of waveguides.”'*

Il. VARIATIONAL EXPRESSIONS FOR SCATTERING
PROBLEMS
A. Schwinger’s variational principle for waveguides

Here we derive Schwinger’s variational principle for the
scattering of an electromagnetic wave by a dielectric obstacle
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in a waveguide. The electric field E satisfies the wave
equation

— VX(u 'VXE) + (@0/c*+ W)E= — E=0, (1)

where i, w, and c are the relative permeability, angular fre-
quency and speed of light respectively. W is defined by

W = o’[e(x,p,2) — 1)/c?, (2)

where € is the relative permittivity. The quantum-mechani-
cal analog of W is proportional to the potential. Let g = 1
and, for simplicity, assume that the obstacle is symmetric
with respect to a plane perpendicular to the direction of
propagation z. The problem is then analyzed in terms of even
and odd standing waves. We will consider only the odd case.
For H modes in a homogeneous waveguide the odd compo-
nent of E satisfies the condition E, = O at z = 0, and has the
asymptotic form for z~

Eq(x,y,z) ~ e(x,y) [ sinkz — tann, coskz], (3)

where e(x,y) is the form function of the propagating mode
and e is normalized such that fe-edS = 1, and the surface
integration dS is over the guide’s cross section. & is the prop-
agation constant, and 7, i1s the odd phase shift. Now

(= VXVX 4+ 0*/)Gyr,r) = — LG,

— _I5r—r), (4a)
where

FO— W, (4b)

I is the idemfactor, and G, is the odd dyadic Green’s func-
tion given by Schwinger' for TE, , modes in rectangular

guide and by Tai 'S for the general case. The Green’s function
satisfies the conditions

G,(0r') =0,
and

Gy~ —elxyle(x’,y')[sinkz _coskz_ |/k, z~w. (5)
E, can be expressed in the integral equation form

E, = esinkz + fGO(r,r’)~ W (r)E,(r')dr, (6)

where d7 is an element of volume and the z integration is
from O to «o. Asymptotically, from Egs. (5) and (6),

®© 1981 American Institute of Physics 1433



E,~esinkz — (e/k )[ J esinkz’-WEOd‘r’]coskz. {7)
Therefore, from Egs. (3) and (7),

tany, =k ' f esinkz. WEdr

=k~ 'fesinkz-f OEdr. (8)
By the way,'
tann, = —i{Z, — Z,,), 9)

where Z,, and Z , are elements of the impedance network of
the obstacle.

The problem has one constraint, Eq. (1), and the vari-
ational principle for tann, can be written down routinely'®

(k tanny)yar = fesinkz-f OE,dr — JF, LE, dr,
(10)
where
E, =E,+6E, and F, =F+6F

are the trial electric field and trial Lagrange multiplier func-
tion. E,, (x,y,0) = 0 and asymptotically it has the same form
as E, in Eq. (3) except 7, is replaced by 7,,. F is determined
by the requirement that the first-order variation of Eq. (10)
be zero. One obtains

fesinkz-f YSEdr — SF- LS Eydr = 0. (11
E, can be written

E,= Z e,,(x,y)h,,(z), at z~ow E,= e(xzy)hl(z)’
n=1
where e==e, and e, for n # | are the form factors of the prop-
agating and evanescent modes, respectively. Assume that F
is of the form

F= ”ile,, (xp) f,(z), atinfinity F = e(xp)f (2).

Integrating Eq. (11) by parts, it follows, since the modes are
orthogonal, that

— f SFSEdr — [(sinkz iéhl -2/, 1611,,)
dz dz

— ok, Lsinkz — s5h, ij;)] T =o. (12)
dz dz " lo

Now 64, = 0 at z = O since E,, satisfies the same boundary
conditions as E,, and therefore the term in the square brack-
et will vanish at the lower limitif f, = Oatz = 0. Asymptoti-
cally, only the 84, term survives and is proportional to coskz,
ord {6h,)/dz to sinkz, therefore the term in the square brack-
et will vanish at the upper limit (z = o) if (sinkz — f}) is as-
ymptotically of the form coskz. It follows from Eq. (12) and
the above boundary conditions that

ZLF=0 and F=E, (13)

The expression in Eq. (10), with F, replaced by E,, is the
analog of Kohn’s variational principle in quantum
mechanics.”
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We will now deduce Schwinger’s variational principle
from Kohn’s variational principle. Using Egs. {4b) and (6),
and F, = E,, the term §F,. Z’E, dr in Eq. (10) is equal to

f[EO‘ (LY — W(esinkz + fG(,-WEOt dr’)]dr
= — J-E"‘ -Wesinkz dr + fE(,‘ -WE, dr

_ f [E w. f GO-WEO,dT’] dr. (14)
The relationships
L Vesinkz =0and "G, =I5 (r —r')

were used in the derivation. Therefore, Eq. {10) reduces to
Schwinger’s variational expression for tany,

(ktann)yap = — JEOt -WE, dr
+ J[Eoz W-JﬁGO-WEOt dT']d’r

+2 j E, -Wesinkz dr. (15)

Kohn’s and Schwinger’s variational principles produce
identical results for identical trial functions. Omitting the
subscripts t and VAR, transfering the last term in Eq. (15) to
the left side, and dividing the resulting equation by
[JE,-We sinkz dr]? we are led to Schwinger’s stationary ex-
pression for coty,, (p. 51 of Ref. 1), in which normalization
does not enter,
cotnp, I 1
k k (Z,—Z,)
SWELdT — SSW (Ey(r)-Gylr,r')-W (v )E(r') dT'dT

[fesinkz-WE,dr]*

(16)

B. Scattering amplitude

We can now derive Schwinger’s variattonal principle
for the scattering amplitude by mere inspection. Consider
the scattering of scalar waves (sound, quantum mechanical)
by a potential. The wave equation has the form

[V*+k° - Urr) =0, (17)
where U is proportional to the potential. Asymptotically
Y(r)~explik,-r) + (1/r)e* f6,6), r~ o0, (18)

where f(6,¢ ) is the scattering amplitude and k; is of magni-
tude k and points in the direction of the incident wave. The
solution of Eq. (17) can be expressed in the integral equation
form

Y(r} = explik,r) + jlﬁ(r’)G (e, )U(r)d7’, (19)
where the Green’s function G satisfies the equation
(V2 4+ k)G =68(r—r1), (20)
and is given by
ik |r--r'}
G- _ L' (21)
47 |r—r'|
For large r,
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kijr —r'|~kr—kgr, {22)

where k is of magnitude k and points in the direction of the
scattered wave. Thus,

Comparing Eqs. (6) and (8) with (19) and (23), respectively,
we notice that ¥ corresponds to E,exp{ — /k;-r) to esinkz, U
to W, and 47 fto — k tanz,. Therefore from Eq. (16), the
variational expression for fcan be written

F168)= — (471" [expl ~ ke X)U)AF) 23)
_
1 _ = U@l dr + Sey' UG (nr)U r)(r') drdr’ (24)
ar f SN (r)U (r)explik; 1) drfexp( — iks ') U (r')r’) dr
[
The dagger d‘enotes t'he' adjoint. (complex conjugate.trans-‘ + [Fv2 + k2 sgar = 0. (33)
pose), and ¢ is the adjoint solution of the wave equation. It is
given by Integrating by parts, one obtains
’ 8 ¢ 1 ’

Yl(e) = exp( — ikgr) + JG c )\ U ydr, (29 fﬁexp( — ikgt') W(ég&)dS + f&tﬁ(v 24 kYFtdr
and corresponds to a plane wave incident along the — kg 0 S — j_ FT) S =0 14
direction, In subsection A, there was no need for an adjoint + S48, F an’ v—8 an' d ’ (34)

function since E, was real. In a similar fashion one can derive
the stationary expression for the transmission amplitude in
one dimensional scattering.'®
C. Scattering at a surface

Here we consider the scattering of a scalar plane wave
by a reflecting surface. The wave equation satisfies the
Helmholtz equation

(V2 + &k %)g(r) =0, (26)

and the boundary conditions are either of the Dirichlet type

¥ =0 on thesurface S (27)
or the Neumann type
ﬁb— =0 on the surface S, (28)
dn

where the derivative is outwardly directed and normal to the
surface. For the Dirichlet case we have

’ a ! 1
tr) = explik, 1) — §$G ra) uielS,  (09)
where the integration is over the closed surface S and G is
given, as before, by
ik v —r'|
G - L ¢ . (30)
47 |r—r'|
From Eqgs. (18), (29}, and (30} it follows that the scattering
amplitude is defined by

1
f10.¢)= —|expl -

The variational expression for f{6,4 ) has the form

(47 Flvar = gfexp( kg %m () ds
n

kg -r') —al—zﬁ(r')ds ’ (31)
an

+ f FI(e)(V7 + k2, () dr' (32)

where ¢, and F are the trial function and trial Lagrange
multiplier. The requirement that the first order variation of
[be zero gives

$expl — iksr') 2(5Y)dS”
on
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The integration in the last term of Eq. (34) is over the closed
reflecting surface S and a closed surface S, at infinity. It
follows that

(V24+k)FT =0
and

Fi= _y, (35)
if ¢, satisfies the same boundary conditions as ¥ on the sur-

face S. Replacing F{ by — ¢! and substituting the integral
equation(29) for ¥, in Eq. (32), one obtains

4 Flean = 255 exp( — tksr) i,w. (s’

%@ 2 G (r.r) ———z//‘( \dSds’,
(36)

where ¢ is the adjoint solution of the Helmholtz equation.
In the derivation we took account of

(V? + &k ?)exp{ — ikgr) = 0 and (V2 + k)G = 8(r — r'). The
above variational expression for fcan be made homogen-
eous in ¥. Asin Eq. (15), this is accomplished by introducing
a multiplying factor and demanding that the expression be
stationary with respect to that factor. Namely, by dividing
the second term on the right-hand side of Eq. (36) by the first
term times its adjoint,

3 e
§exp( — tkg T —Y(r') dS
on

X §[ —a%-q[ﬁ(r) ]exp(z’ki -r) ds, (37)

we obtain Schwinger’s normalized stationary expression for

3013
1

4 f
6 $(0/0n)0 (1)G (r,x')3/On'Yir') dSdS

$exp{ — kg1 Ea—w(r’) ds’' ¢ [(d/0ny (r)]explik, r) dS
n
(38)
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Using the same approach, one can derive the scattering am-
plitude for the Neumann case. The extension to the scatter-
ing of electromagnetic waves, which are vectorial in charac-
ter, by conducting surfaces (Chap. 7 of Ref. 9} is
straightforward.

l1l. VARIATIONAL EXPRESSIONS FOR
ELECTROMAGNETIC EIGENVALUE PROBLEMS

The prescription presented in Secs. I and II will be used
to derive Berk’s'* stationary expressions for the resonance
frequencies and propagation constants in waveguides in
terms of the electric field E. The field satisfies the equation

— VX '"VXE) + €lw/c)E = [ — # + €lw/c)"]E
=0, (39)
where

K=V Xu"'VX .

E is normalized such that
JE*-pEdr =1, (40)

where p is a weight factor. The variational principle for an
arbitrary, vector or scalar Hermitian operator A can now be
expressed in the form

( f E'AE dT)VAR

= fE:’A E, dr + A4, U.Ef-pE[ dr — 1]
+ JF;‘-[H(, — €lw/c)*1E, dr
+ fF‘ 1 — 6(4)2/C2)Et ]+ dr, {41}

where E,,F,, and A, are the trial electric field, constraint
function, and constraint multiplier, respectively. The pre-
ceding variational principle for the normalized (bound state
function) is more complicated than the one, Eq. (10), for the
scattering wavefunction. The reason is that the normaliza-
tion condition (40) contains ET, and, therefore, the last term
in the right-hand side of Eq. (41) must be included to account
for the wave equation obeyed by E”. A and F are determined
by the requirement that 6§ E'-A Edr vanishes to first-order
in 8 E. Neglecting second-order terms, it follows that

[ ¥y — €lw/c)*]F + AE + ApE =0, (42)
if the condition
(%, — ew?/c?) SE]'.F = SE".[ %, — ew’/ct1F  (43)

is satisfied, i.e., if u and the € are Hermitian tensors. Multi-
plying Eq. (42) with E', and, integrating, one obtains

A= - fE*-A Edr. (44)
Thus, Eq. (42} becomes
(7, — €lw/c)*]F =pEJET-A Edr—AE. (45)

Equation (41) in conjunction with A, and F,, trial estimates
of A and F which satisfy Egs. (44) and (45), respectively, de-
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fine the variational principle. If E, has the same normaliza-
tion as E, the term involving A, disappears. This variational
principle for an arbitrary Hermitian operator'® was original-
ly derived (by another procedure) by Schwartz!” and
Delves.'®

In general, F differs from E but if
AE = apE, (46)

where a is an eigenvalue and E an eigenfunction of A, then
Eq. {45) becomes

(#y— €0’/c)F =0, and F=E. (47)

The variational principle reduces then to

( f E"AE dr)m = fE,*.A E, dr

+2[ B, — /e, ar 4s)

It is assumed that w is known experimentally essentially ex-
actly or is estimated variationally. The following examples
serve as illustrations of (48).

A. Resonance frequency of a cavity
Here it is assumed that o is not known. Let

A=VXu"'VX =2, and p=¢, {49)

thena = (w/c?). Replacing A in the rhs of (48) by €(w/c)’, one
obtains

( f E'AE dT)VAR = (@¥/)yar
=2 j E" %7 ,E, dr — (w/c).  (50)

Since (w?)y4x differs by a second-order term from w?, one
has

(@*/CHyar = JEIJ’/},E, dr. (51)

ForE,,, = 0on conducting surfaces, one obtains Berk’s sta-
tionary expression

(w/c) = J(v X E)'(V X E)d. (52)

Equation (51) is equivalent to Rayleigh-Ritz’s principle,
and, of course, could have been derived in a much simpler
way.

B. Propagation constant of a waveguide

Consider a waveguide containing a medium whose per-
mittivity and permeability are Hermitian tensors. The medi-
um is inhomogeneous in the directions transverse to the di-
rection of paropagation z. E can be written

E =e(x,ple 7, (53)
where y is the propagation constant. Let
p=1, and A=;2. (54)
oz

then o = y and
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UE*‘A E dT)VAR = ¥Yvar

=¥+ ZJ.E:'-(%O — €w?/c*)E, dr.
(55)
Since yy.pr differs by a second-order term from ¥, it follows
that
JE (Hy— €0*/Edr =0 (56)

is a stationary expression. The above result reduces to Berk’s
stationary expression for the propagation constant

v f (i, }e"\u (i, Xe)dS
— v | [(Ve X e i, X &) — (i, X"}~ '(Vr Xe)] dS

+ f(VT XeMu 'V Xe)dS — (a)/c)ZJe-ee as =0,
(57)
by writing
d d
V=V i, — =V, —ji, —, 58
T + lz 82 T le aZ ( )

where i, is a unit vector in the z direction and V. is the
transverse component of the gradient. The variational prin-
ciple can be extended to A not a Hermitian operator.
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The contributions of the imaginary parts of the partial waves to an angle integral of the rotation
parameter R is taken as a third constraint in addition to the total cross section ¢ and oy, in the
variational calculation of the lower bound for the diffraction peak.

PACS numbers: 03.80. + r, 11.80.Et

LINTRODUCTION

Unitarity in the form of the positivity and boundedness
of the imaginary parts of the partial waves together with the
constraints of total and elastic cross sections were used by
MacDowell and Martin' in 1964 to obtain a lower bound on
the diffraction peak with the Lagrange multipliers method.
Since then more work has been done on the subject,>™® in-
cluding recently, on the extension to the spin case.

For the pion-nucleon scattering in addition to the total
and elastic cross sections good polarization measurements
over the entire angle region are available. It would be nice if
one could use one more input to improve the bound. As
constraints, both the total and elastic cross sections are gobal
quantities, that is quantities with no z dependence, or inte-
grated over the angle. This is needed because of the nature of
the method used. Therefore an additional input has to be of
the same nature, so that we have to use an integrated polar-
ization or some combination of it.

However, with the integral of the polarization one en-
counters several problems. The integral of the differential
cross section reduces to a single series because of the ortho-
gonality of the Legendre polynomials in the case of the spin-
non-flip amplitude and of the derivatives of the Legendre
polynomials with the weight factor sin’6 in the case of the
spin-flip amplitude. For the polarization one has the product
of P"’s with dP,/dz ’s which do not have an orthogonality
relation. The second point is that the contribution of the
imaginary parts of the partial waves to o'and o, are separa-
ble from those of the real parts and also are positive. In the
case of o, these contributions are less than those of the entire
partial waves. This makes it possible to write an inequality
like o, <0,,. For the integrated polarization the imaginary
parts of the partial waves appear as products with the real
parts, so that their contribution is not separable. Also the
integral is not positive, neither can we write an inequality
like the one given above.

The rotation parameter is a better candidate as a con-
straint, because in this case the contributions of the imagi-
nary parts of the partial waves can be separated from those of
the real parts. The integral is still not positive and an inequal-

"On leave from the Applied Mathematics Department, University of West-
ern Ontario, London, Ontario, Canada.

"Research supported partially by the National Research Council of
Canada.

“Equipe de Recherche Ass. C.N.R.S.
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ity in the above sense can still not be written. In spite of these
difficulties we have considered this problem because it ex-
hibits novel features which one does not have in the two
constraint case. We assume the contribution of the imagi-
nary parts of partial waves to a certain integral of the rota-
tion parameter to have been calculated from the phase shifts.
But after it is found it becomes a global constraint and is
treated as a parameter. As such the results become an inter-
nal consistency check, or in the opposite direction, a bound
on the contributions of the imaginary parts of the partial
waves. We also recover the formulas for the spin 0-! scatter-
ing case, which are the same as the ones for the scalar case.

In Sec. II we define our quantities, specify the first two
constraints, and evalutate the third constraint as a single
series.

In Sec. III we apply the Lagrange multipliers method
and find two coupled equations whose solutions give us the
imaginary parts of the /. and /__ amplitudes in terms of La-
grange multipliers and the wave number /. Unitarity is im-
posed in the form of boundedness and positiveness and con-
straints are expressed in terms of the Lagrange multipliers
alone.

Finally in the conclusion we summarize and discuss the
results.

Il. SETUP AND CONSTRAINTS

The spin-non-flip (f) and spin-flip {g) amplitudes of the
spin O-1 scattering process are given by

r=YES 1A+ D5, +f 1P (1)
i
e=5(he —fi PiE )
[]
with these definitions the differential cross section is
dU' 1 2 2.2
—=—(|fI"+ sin“@ ). (3)
0 Lf1* + gl
The total and elastic cross sections are
4
of = T+ Nar, +la, ], ]
]
4 2 2
0u =53+ Pl 1fe Pl (5)
I
Here
a,, =Imf, , (6)
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a,. =Imf, . (7
The expression of o is obtained from the “optical theorem”
o' = (4n/kVv's)Imf(z = 1), (8)

and o, by integrating Eq. (3) and using the orthogonality
relations of the Legendre Polynomials and their derivatives.
Only the contributions of @, _ and @, _ to o, are taken as
constraint. Hence one defines

i =%>:[u+ Dia, F+1la P]<oa. )
1

The quantity to be extremized is
|

+ 1 +1
f (1 —22)P1’P,,dz=f (—IzP, + IP,_,)P,dz
-1

=l(l+l) 2
2[+1 2n+41

and we find

k2 + 1
——f (1 —2)g%fdz
s J_

_ld+n
1 2] +

(=8misr +8,u-1)

dA 1 v

SSY U+ DU+ Dar +la,_ ),
]

2T %
10
where 4 =Im/. (10)
We consider now
RD = 2Re(g*f )siné, (11)

where R is the rotation parameter and D ==do/d{f2, the dif-
ferential cross section.

& = ZISUE —fFOl+ DS +of, ]
I n .
XPz)P,{z). (12)

We form (1 — z%)g*f and integrate it over z. The z integral is

+1 +1
(<[ trpies [ p)
1 1

(13)

I+ 1) 1+2 I+1 I+2 [+2
e G O e (R b L R i L O
I+1 ! -1 /
+-mff_ﬂ/+x;_ ‘+‘ﬁff+fuvl)+ +_2l——-—1fr+f(l‘”_ —21—_—/7'1]’(1V1H
-1
~ =L i ) (14
Contribution from imaginary parts of the partial waves to the real part of this quantity is
k2! > = H+ 1) +2) o+ 1) +2)
Re f g* l—z‘)dz>= —2—2L " —q .a s +2——————""q, a -
( A ) @+ 2r+3) Y @+l +3) 0t
I+ 17
- -
(21 + 1)2/ + 3)
I+ 1) 11+ 1)
+ 2 _a _+2 ap_ 14
I+ 1)l +3) Y RI—n2i4+1y T
(= DI+ 1) 1%+ 1)
2—‘—014»041_1)7 - 1= Qu_ s
(21 — 1)(2/ + 1) 21— 120+ 1)
I—-){i+1
—2(—-£—)—a,,a[,,”_sr, (15)

(2 — )2/ + 1)

As we mentioned in the Introduction, only products of
Imaginary parts of the partial waves appear in the real part of
the quantity on the left side. The subscript / stands for the
contribution from these imaginary parts. Had we taken Im
instead of Re of the integral (which is the case of polarization
rather than the rotation parameter), we would have cross
terms only of the real and imaginary parts of the partial
waves.

We defined our third constraint as ». We also define

T _
=, O im=h and dA4 /dt |, _,=u. Here t and 4 are the
other two constraints.

ill. VARIATIONS

We now apply the Lagrange multipliers method by
forming u — at — Sh — yr and taking its derivatives with
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respect to @, and a,_ . The calculations are lengthy, but
after redefining the Lagrange multipliers one finds for 7 540,

a,,  =a—pFI{I+1)

+7<ﬁ§i_ﬁau+n+ *2—(2[—4(?;(—21;—3)0“* .
+m“‘ ne ¥ 2727_(_1;?211):_—1)“““--- - )
a,_ =a-pl(+1]) (16)
+7(2(2(ji::$;7+2)3l SN +(11Ji211)+ 3) TN
> P
TR T ) o
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The solutions of these two coupled equations are
a,, =a+48  —BI(I+1)—2yl], (18)
@, =a+48Y — 28y —BlI+1+24]. (19
Now the unitarity is imposed in the form
O<a,, <1, 0<a,_<1.

As for the scalar case we first consider a + 45y° > 1 and
distinguish three regions (Fig. 1)

(1) Regions where g, , and a, _ are 1.

{2) Regions where a, , and a,_ are given by Eqgs. (18)
and (19).

(3) Regions where @, , and @, _ are zero.
The boundaries of these regions will be shown by /, and /_
between the first two regions, and by L , and L _ between the
last two regions respectively, fora, , and @, _ . These are ob-
tained from Egs. (18) and (19) by setting them equal to 1 or 0.
The results are

[+=7/_%+%\/A[1

(20)
[ = —y—1+Wv4,,
where 4, = 20" — 4y + 1 + 4(a — 1)/f3, and
L o=y-}+ivV4,,
(21)

L7 = _7/_%+%‘/AL’
where 4, =20y° — 4y + 1 + da/B.
These are the boundaries imposed by the unitarity, written in
terms of the Lagrange mulipliers.

From L, one sees that if ¥ <0, we must chose the +

sign of the square root. Also we must have }v/4, > |y| + L.
From L _ one sees that if ¥ < 0 and if we chose the — sign of

I

2}
dt

the square root, we have
L_=|yl—4—-4,.

Then it follows that || >} + v A4, >4+ |y + 4
= |¥| + 1. Hence we must chose the + sign of the square
root. From L - one sees that if ¥ > 0 we must chose the +
sign of the square root. Also we must have }v/4, > |y| + 1.
From L, one sees thatif y > 0 and if we chose the — sign of
the square root wehave L | = |y| — 1 —1v/4,.

Thus from the positivity of L _ and L, (or/_ and /,)
one must chose always the + sign of the square root.

We further observe that the expressions (18) and (19) are
the analogs of the scalar case with the ¥ terms appearing as
additions due to the third constraint. For ¥ = 0O the spinless
case is recovered. Thus we see that there is no difference
between the spin 0-} case with no third constraint and the
spinless case. The effect of the third constraint is also visible
from/_,/, and L _, L if we form the differences

l+ - l~ = 27/’

L, —L_ =2y
When y = 0, the boundaries of ¢, , and @, _ merge.

We must now evaluate all four quantities ¢, 4, u, and rin
terms of the values of @, , and @,_ in their respective re-
gions. As in Ref. 1, we find those expressions by integrals.
The integrals are over three regions (see Fig. 1). For y > O the
first region is from /_to/, wherea,, = landa,_ isgiven
by Eq. (19). In the second region @, , and @, . are given by
Eqgs. (18) and (19) respectively. This region extends from /.
to L _. Finally, in the third region fromL_toL _,a,, is
given by Eq. (18) and g, _ is zero. For ¥ <0, +’sand —’s
areinterchanged. The results for the first three quantities are
exact because there are no cross terms of g, and g, in
them:

o =k VKW L3148 + 613 )+ e+ 4B LY, — 1Y)+ 8L — 1)+ 6L — 1% )]

CABIOLe, — 1% )4+ 24(L5 — 1% )+ 15L% —1% )]
_M(]_Z»}/)[&Ll —_15+)+15(L4+ _l4+)+10(L3' _ll)]'*‘le(g’lt +413 )
+ﬁ(a+4ﬂ7/2—2[)’7/)[3(L4 —1* y4+4L> -1 )]- %B[S(L‘L —1° ) 4+6(L° —1° )]

+ 4B 2 [4L° =17 )+ 5L —11)]). (22)
In terms of the Lagrange parameters this reduces, after
lengthy calculations, to
1 1 2 2

ﬁltf 0= —72 —[3(a + 48777 + 1 + 24BY°(a + 4BY°) — 24BY*(1 — By?) — 16778 — 3a]. (23)

dt 2k* k 128°
Similarly, we find for the total cross section
o' =an/k I3 +20L) + Ma +4ABYILY + 2L, — 17 =21,

—5B(3L* +4L7 —31% — 4% ) =131 =29)2L°, + 3L =207 =317

This becomes in terms of the Lagrange parameters

o' = 4m/k*(1/28)[2(a + 4By7) — | + 16y° + 8y]. (25)
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Finally, o,

el,im

is given by

Oelim

=4n/k WP, + 2 )+ e+ 48L% +2L, — 17 — 2, )= 1B(1 =2pfa +4BY)2L°, +3L% —21° —3I%)
+ LB — 2y —2B(a + 4BAYBLY, +4L3, — 31, —4l%)
4B —2Y) AL, +5L% — 415, —51° )4+ HBSLE, +6L°, — 5% —6I° )+

+ Y + 48y — 2ByP(L*.
+ 1B +2¢) — 2B(a + 48y — 2BY)1(L*

In terms of the Lagrange multipliers this becomes

Ot = (477K 2)(1/3B)[3(@ + 4B7%) — 2 + 6BY°].

1) =Bl +2a+487 = 28L> —17)
—I* )+ B+ 2L 1)+ BAHLS = 1% ). (26)

(27)

The evaluation of our fourth quantity » poses some difficulties. The expression for 7 is given by Eq. (15). It contains products of
a,’s with unequal indices. Before we insert the imaginary parts of the partial wavesa, , and a,_ from Egs. (18)and (19)into the

Eq. (15), we bring r into the following form:

@ +14[ 1 1

r= [glz(au —a;_ )——21+ 112721 lay_ . +—=Nay_y_1— 2013 [((+2ay,y, ++Nag, - ]] (28)

|

Now we can form from Eqgs. (18) and (19) the following / (-1

combinations: + (_21__1)‘1(1‘ n+ + WUHF) (32)
a, —a,_ =282+ 1), (29)  Inserting this into the Eq. (28), we find for r,

(4 Va,, +la, =@+ )[(e+ 48" —BI(+ 1)]. (30) _— i+ 1) ,

r= %3 — Sdidnnl
Inserting these two relations into the Eq. (28), we find for the 1;1 14 @ —a) 2041 (33)

! th term of the series
8Bl + 1)(2! + 1). , (31)

However, the / th term has this form only in the region where
a,, and a,_ are given by the Egs. (18) and (19). (For >0
between /, and L_). In the transition regions /_ to /, and
L_ to L, both of which have a width of 2y, only one of the
a,., is given by the Egs. (18) or (19), whereas the other is either
1 or O(Fig. 1). We now go back to Eqgs. (16) and (17) and form
their difference,

{/+2) (+1)
R =y<‘ma"“' Ty

IQYI- LQV L-
2% 2%

FIG. 1. Three different regions of the imaginary parts a,, and @, ~ of the

partial waves in which they are equal to 1, equal to the expressions given by
Egs. (18) and (19), or zero.
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This much simpler form has in the first transition region
terms like (2/9)(1 — a,_ }*/{/ +1)/(2/+1), and in the second
transition region terms like (2/¥)a;, /(I + 1)/(2/ + 1), where
a,_anda,  are given by the Egs. (18) and (19). Putting ev-
erything together, we have for r

l+2 1(l+1) L —
r=| Hl—qg_pP—"T"lgiys f
L 7/( i—) IR B721+ I+ )20+ 1)
L+
dl+J. 2, Wy (34)
_ ¥ 20+1

For large energies we replaced the sums by integrals as is
done in Ref. 1. When series are used a careful treatment of
transition regions is needed for a strictly correct result, in
ordertohave/, and L, .

Let us call these integrals r,, r,, and ;. r, is easily evaluated
and is

ra=48%(L* +2L° +L* —I* —20° —I% ) (35)

r, and r, are not difficult to evaluate but are very long. We
therefore will not give the explicit forms of the contributions
coming from these regions. If one can look at the spin case as
a perturbed spinless case so that those regions with widths of
2y can be ignored, one can take #, as an approximation for r
even though the exact formula is known. When expressed in
terms of the Lagrange multipliers r, has the form

ro=48%{[1v A, — P — i1 - (14, + v — 41}
' (36)
We also give the expression for

dInd /dt),_, = (1/4)dA /dt |, _, which is obtained from
Eq. (23) and the “optical theorem””:
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9,0,

28|

¥1<0

FIG. 2. Case where a,, and 4, _ start with values less than 1.

A(t=0)= [V5k)/4rlo”,

dind] _ 1 1

dt 1:0716_2__6-[;;

Alla+ 4BY°)+4B7° 1" — 24By(1 + By*) —16y'B3*—3a +1

2(a + 4677 + 8y(1 + 27) — 1
(37)
Equations (23), (25), (27), (34), (36), and (37) are our results.
We observe the following features. For y = 0, that is when
the third constraint » does not exist, our expressions reduce
to

r 47 2a-—1 4_1T3a——2 d1nA

a =_‘2‘ B »Uel,imzkz 3/3 ’and dt II:O
_ 1 1 3 -3a+1 a8)
2k2 68  2a—1

These equations correspond to spin 0-} case with only two
constraints, and they are exactly the same relations obtained
for the spinless case and lead to the bound

dlnA IO'T[ Telim 2}
I—11 4+ 3(1 — [
dt |t=0>x47r +3 ot

Thus it is seen that there is no difference in the result for the
spinless and spin case when we have only the constraints o’
and o, ;,,- When we have the third constraint r the elimina-
tion of the parameters a, 3, and ¥ is not so easy and calcula-
tions have to be made numerically. But in principle one has
enough relations to eliminate the Lagrange multipliers and
expressdind /dt |, _, interms of 07, 0, and 7.

The formulas for the case in which both partial waves
start with values less than 1 at / = O (essentially correspond-
ing to @ + 37 < 1) are obtained without difficulty from the
basic formulas. The integrals start at/ = Owitha, _ and e,
given for the entire integration region by the Egs. (18), (19) or
0 (Fig. 2). In this case, because cancellations of y terms be-
tween the upper and lower limit points do not occur we ob-
tain several terms with ¥ factors. The equations reduce to the
spinless case for ¥ = 0. We give below the relevant first terms
of the these relations which are followed by terms multiplied
with powers of y.

(39)
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dA, Vs (lia + 4By
=0 = 4k3(6 < /3"7) +7terms),
o' = 4—2(5(@——;7[3& +7 terms),
47 (1 43y%)?
Totim = —1612(3(0:?&72) +y terms), (40)

r=48yllva, — 9 — 412
r, does not have y terms because to begin with there were no
¥ terms coming from the upper and lower limits to cancel.

IV.CONCLUSION

We have considered the variational problem of extre-
mizing d InA /dt|, _ , with a third constraint in addition to
o'and o,,;,,. Even though good polarization experiments
exist, an angle independent quantity which is given by the
imaginary parts of the partial waves only, cannot be obtained
from these because the polarization contains cross products
of the real and imaginary parts of the partial waves. The
quantity defined by a certain integral of the rotation param-
eter [Eq. {15)] represents a constraint which makes it possible
to study the complications introduced both by a third con-
straint and also by the spin, in the spin 0-1 case. The existence
of two types of partial waves leads to coupled equations for
their determination. Unlike the spinless case the imposition
of the unitarity defines different regions for the partial waves
which greatly complicates the derivations. However, the
lower (/_,/, } and the upper (L _,L ) limits of the partial
waves appear always in the right combinations in all quanti-
ties except the third constraint, so that they can be replaced
by simple combinations of the Lagrange parameters. These
parameters can in principle be eliminated from the con-
straint equations and d In4 /dt|, _ , expressed in terms of the
constraints. For ¥ = 0 all formulas reduce to the results of
the spinless case with two constraints only.
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A relation “closer than” is introduced for simple regions of curved space-time. This is a total
relation on events within a light cone and a partial relation for events on a cone. The group of
bijective automorphisms of the relation is the group of bijective homothetic mappings.

PACS numbers: 04.20.Cv, 02.40.5f

INTRODUCTION

In 1964 Zeeman' published a paper showing that the
group of automorphisms of Minkowski space that preserved
the causal structure was the group generated by the inhomo-
geneous Lorentz group and dilations. In 1973 Williams® re-
lated a concept of ““closer than” on Minkowski space to Zee-
man’s causal relations and proved that the group of
automorphisms that preserved the relation closer than was
that generated by the Poincare group and dilations. In this
paper we extend the closer than relation to a simple region of
curved space-time of general relativity and examine its
group of automorphisms.

DEFINITIONS

Space-time is taken to be a connected, Hausdorfl, para-
compact, C = real four-dimensional manifold M without
boundary, with a C = Lorentz metric and associated pseudo-
Riemannian connection. M is taken to be time orientable.
For x € M letus write I * (x) for the chronological future of x,
that is, the set of all points in M which can be reached from x
by a future directed smooth timelike curve of finite extent. If
yel “(x)wewritex < y.LetJ *(x)denote the causal future
of x, that is the set of all points in M which can be reached
from x by a future directed smooth causal curve (i.e., nonspa-
celike curve) in M. If y € J *(x) we write x<p. The future
horismos E *(x) is defined by E *(x) =J *(x)\J "(x}. If
y € E *(x) we write x—y. The relations <,<, and — are re-
spectively called chronological, causal, and horismos. These
definitions have their duals with future replaced by past and

+ by — . Let
E (x) = E *(x)uE ~ (x) denote the light cone at x and
1{x) = I *(x)ul ~(x)denote the interior of the light cone at x.

A subset U of space-time M is called a simple region ifU
has the following properties:

(a) Uis an open subset of M (with respect to the manifoid
topology).

(b) If x,p € U there is one and only one x and y connect-
ing geodesic curve which we denote xy. The geodesic xy
lies entirely within U.

(c) Each geodesic curve xy defined by (b) which belongs
to U depends continuously on x and y.
(d) The boundary dU of U and all closed subsetit_)f Uare

compact. Let d ( xy) denote the proper length of xy.
It was shown by Penrose” that any space-time can be
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covered by a locally finite system of simple regions.

Let x € U. All elements of U that lie outside the causal
future and past of x are said to be in the present of x, denoted
Pix).

THE RELATION “CLOSER THAN"

Let us examine the relative closeness to x € M of various
categories of elements of M that lie within a simple region U
of M that is a neighborhood of x. We initially consider two
categories, Unl (x) and UnE {x). For convenience we hence-
forth represent these regions by / (x) and E (x].

Let a,b € I (x). Generalizing Williams? definition for
Minkowski space let us say that “a is closer than b to x if

d{ xa) < d{ xb ). Wecallthis relation T'and writex ab (T').
Write x(ab )(T"} if the distances are equal. This definition is
based on the fact that the physical time recorded by a freely-
falling observer between the events x and a will be smaller
than that recorded by such an observer beween x and b.
Consider p,g € E (x). We cannot now use proper dis-
tance to define comparative closeness to x. However if p and
g both lie on the same future (or same past) null geodesic
from x we are aware that a concept of closeness to x does
exist. The photon from x might reach p before its gets to g
and we would then say that “p is closer than q to x”. Let us
say that p is closer than g to x if p and ¢ lie on the same future
null geodesic from x and light reaches p first. Similarly, p is
closer than g to x if they both lie on the same past null geode-
sic from x and light reached p after g. Write x pg(V ). Note
that under this definition we cannot compare the closeness
to x of two events on the same null geodesic if one is in the
past of x and the other in the future of x. Neither can we
compare the closeness to x of events on distinct null geodes-
cis. There seems to be no physical foundation for comparing
the closeness to x of such events. In fact it was seen” that even
in Minkowski space-time the relation N was a partial rela-
tion on the null cone.
AUTOMORPHISMS OF THE RELATIONS

A bijective mapping fof U onto itself is said to be a 7-
automorphismifand only iffor,a, b € I (x) withx ab (T),fand
S ' preserve T. That is

x ab{T )yf(x) flalif (b )T).
These are the bijective mappings that preserve the timelike
closer than relation. A bijective mapping fof U onto itself is
said to be an N-automorphism if for events p and g on a
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common null geodesic through x with x pg(NV )

X pg(N J>f (x) £ I (g ).
These are the bijective mappings that preserve the null closer
than relation.

Lemma 1: A T-automorphism either preserves or re-
verses chronology.

Proof: Let fbe a T-automorphism of U, x € U and
a,b el (x)withx ab(T). Thusf(x) f(a)f (b )(T). Suppose fdoes
not preserve or reverse chronology. Let f(a) < f(x) and
flx) <f(b). By transitivity of <, f{a)<f(b) and thus
flb)e I *(f(a)). Sincefis a T-automorphism b € [ (@) and fur-
ther since x ab (T'),b € I *(a). However we now arrive at the
contradiction that b ax(T) but £(b ) f(x)f (@)}(T). Thus f must
preserve chronology.

Lemma 2: A T-automorphism preserves timelike
geodesics.

Proof: Let x,b € U with x < b. Let fbe a T-automor-

phism. Suppose f( xb ) is not a geodesic; that is, suppose
that f{ xb )% fix)f(b). Then there exists ¢ € f{ xb )such

that proper distance between f(x}and calong f{ xb )isequal

tod { f(x)f(b)). We have thatf '(c)e xb .But thisimplies
thaix[‘ '(e)b (T ) while f(x) (¢f (b ))(T), a contradiction. Thus

S xb )is a geodesic.

Lemma 3: A T-automorphism is a homothetic map-
ping.

Proof: Let fbe a T-automorphism. Consider the path
topology® p on M. This is the finest topology that induces the
Euclidean topology on arbitrary timelike curves. Let U, de-
note U under the relative p topology. Then since feither
preserves or reverses chronology, fis a homeomorphism of
U,.” Thus fis a conformal mapping.* Furthermore, f pre-
serves timelike geodesics. Therefore fis a homothetic
mapping.®

Lemma 4: A bijective homothetic mapping of U onto
itself is both a T-automorphism and an N-automorphism.
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Proof: Homothetic mappings are isometric mappings
“up to a scaling factor.” These mapping preserve geodesics
and geodetic lengths up to a scaling factor. Thus bijective
homothetic mappings are T-automorphisms. Furthermore,
bijective homothetic mappings, being homeomorphisms of
the path topology preserve or reverse causal relations.* Con-
sequently such mappings are N-automorphisms.

Combining the results of Lemmas 3 and 4 we now get
the following theorem.

Theorem: The group of bijective automorphisms of the
relation closer than (i.e., both Tand N ) on a simple region of
curved space-time is the group of bijective homothetic
mappings.

FINAL REMARKS

We have in this paper resisted the temptation to define a
closer-than-to-x relationship for elements in the present of x.
Let m, n € P (x). In Minkowski space a spacelike closer than
relation x mn(5) has physical meaning in that m and #» would
be in the physical three-dimensional present of inertial ob-
servers at x.” However, even though an analogous spacelike
relation defined in terms of arc lengths from x along space-
like geodesics would be preserved under homothetic bijec-
tive mappings, we do not feel that this relationship has any
real physical significance in the curved space-times of gener-
al relativity.

'E. C. Zeeman, J. Math. Phys. 5, 490 (1964},

’G. Williams, Am. J. Phys. 41, 871 (1973).

*R. Penrose, Techniques of Differential Topology in Relativity (SIAM,
Philadelphia, 1972}, proposition 1.13, p. 6.

?S. W. Hawking, A. R. King, and P. J. McCarthy, J. Math Phys. 17, 174
(1976).

*D. B. Malament, J. Math. Phys. 18, 1399 {1977} (Theorem 2).

*R. Gobel, Commun. Math. Phys. 46, 289 (1976}, Prop. 5.8, p. 304.
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From the Weyl tensor, which can be split up into an “electric”” and “‘magnetic” part of the
gravitational field, one can construct a “flux of superenergy.” This is analogous to the
electromagnetic case where the flux of energy is described by the Poynting vector. In the
electromagnetic case, a suitable boost can be made to make the energy flux vanish in a certain
frame. By analogy, in this paper we exhibit a variety of methods by which we find a frame in which
the flux of superenergy vanishes. These methods are linked together involving spin, Lorentz and
complex rotation matrices which are inherently related to a study of the quartic. The algebraically

general case only is considered.

PACS numbers: 04.20.Cv,04.20. — q

I. INTRODUCTION

The Weyl tensor with ten real independent components
may be represented by two 3 X 3 real, symmetric, traceless
matrices & and %, the “electric” and “magnetic” parts of
the gravitational field."* The condition that these matrices
commute is the necessary and sufficient condition that they
can be simultaneously diagonalized® which is equivalent
physically to being in a frame in which the flux of superen-
ergy, as can be seen from the appropriate components of the
Bel-Robinson tensor, vanishes. The question posed in Ref. 1
is that given a frame in which the superenergy flux does not
vanish, what method or methods may be employed to find a
frame in which it does. This is in analogy to-the electromag-
netic case where a suitable boost may be made to make the
electric and magnetic vectors E and B parallel in that frame.
The problem may also be viewed as reducing the Weyl tensor
or Weyl spinor to canonical form. The Weyl spinor being
linked to a quartic expression, the equivalent problem is a
reduction of the quartic to canonical form. The algebraically
general case is considered here.

The contents of Secs. IT and III are familiar although we
use the complex electromagnetic vector and by analogy a
“complex gravitational field” ¥ comprising the “‘electric”
and ‘“‘magnetic” parts of the Weyl tensor. Section IV is a
straightforward case of matrix diagonalization of % .* A
study of aspects of the quartic is undertaken in Sec. V. The
null rotation method in Sec. VI successively reduces the
Weyl spinor or associated quartic to canonical form leading
to an equation which is one of the concomitants of the quar-
tic. A complex Euler angle formalism is set up in Sec. VII
enabling the actual boosts and spatial rotations necessary for
diagonalization of # (the finding of a frame in which the
superenergy flux vanishes) to be determined .

. MAXWELL SPINOR

We use the notations, letters, and range of indices as in
Ref. 5. The metricg,,, = diag(1l, — 1, — 1, — 1), tensor indi-

1445 J. Math. Phys. 22 (7), July 1981

0022-2488/81/071445-07$1.00

ces run from 0, — , — ,3; spinor indices take on values 0,1.

The Maxwell tensor is taken to be
0 E, E, E,

_E, O —B, B
Fuv = _ Ey Bz O —_ Bx
—-E, —B, B, 0

We select the set of Pauli matrices

1
R ]
J2 2
1 ({0 i 1t 1 O
02'“"=~:( : ) "3"”:_‘(0 -1’
\/2 —1 0 \/2
where the first subscript labels rows. The spinor equivalent
F,5-cp- of the Maxwell tensor is given by

Fipcp = AB'UZ*D'F;LW
The symmetric Maxwell spinor ¢ .5 can then be ob-
tained from

Fipcp = €acPsp + b ac€pp

and we find
(¢00 ¢0‘) ., (F,c + iF, —F, )
Pan = b0 P ’ —-F — F, +1iF,

(% )
1 8
where F, = E, +iB,,F, =E, +iB,, F, =E, + (B, isthe
complex electromagnetic vector.
We may note that the eigenvalues of ¢, are
+ (F2 + F2 + F2)"/? and when this vanishes we have the
special or null case (equivalently the condition E? — B =0
and E-B = 0).
If one considers a unimodular spin transformation of an
orthonormal dyad { ¢, ~ 4}, £»" =1

1[
(A)z(a b) CA), where ad — bc =1,
n’, ¢ d 4

the spinor equivalent of the Maxwell tensor in a new

(IL1)

(IL.2)

(IL.3)
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“primed” frame is related to its components in the original
frame by

rows.
Similar relations to (II.1) and (I1.2) hold in the new

F por =S ES LSS HFrcn s 1.4 frame of reference (with primes on the variables) so that by
apen mEmem b TR L4 combining these with (I1.2) in (I1.4) we can relate the compo-
where S = (a b) nents of the complex electromagnetic vector in the trans-
¢ d formed, primed frame to its components in the original
is the spin transformation, the lower subscript indicating frame We find
1
- Ya?— b2~ +d? —'2—(a2+b2—c2—d2) —ab+ed) g
: . F (IL5)
a '_;'(al—b2+c2—d2) W@ +b2+c*+d?)  dab+ed) |\ 7
’ —ac + bd, — i{ac + bd) ad + bc
[ .
or briefly F’ = PF where the transformation matrix Pis a 124, — o — ¥) $ilho — ¥ (¥ — )
compll:x or ctihog‘c)lngl r.na_trix with ;mit;leterminant. = Lty — ¢, 20, + Yo+ ) — ¥, + )
n in 3c§ asis in a complex £, (W, — i) — i, + ) — 29,
Noas = ((/V 2)eanp — (alp) " " v
Mag == (1/V 25l + r2anp) _ ‘[,00 l/}m woz b, = (II1.1)
. . , - 10 it 12 mn — ¥nm>
Naap = (i/V 2)({ans + 724 (p) o Yo VY

which is orthonormal, 57,z 75° = §,,,., allows the Maxwell
spinor to be expressed as

Sap = — (/V2) (FNoap + F,Nap + FiM248),

where we have chosen £, = (0,1), =, = ( — 1,0).

1. WEYL SPINOR

The Weyl tensor in source-free space may be written in
the form’

— & Z
cnu=(25 %)
AS _ ‘@ _ g
the rows being labelled by a8, the columns by A8 with
numbering 01, 02, 03, 23, 31, 12 successively down and
across,

gxx gxy gch
590 = E/’pyx gyy gyz = gt gxx + gyy + gzz =0
gzx gzy gg‘pzz

with a similar matrix for % .

We interpret & and # as the “electric”” and “magnet-
ic” parts of the gravitational field.

The spinor equivalent of the Weyl tensor

_ ¥
CapcpEFGH —UaAB'Oﬁcp'U EF’aﬁGH'CaﬂycS

can then be calculated. We also have, to determine the totally
symmetric Weyl spinor ¥z, the relation

Ciscoereu = —€ac€ec¥epru + WACEGGB_'D'GF'H')-
Putting ¥ 5cp = ¥4 4 5+ c+ p» With Weyl spinor com-
ponents now denoted ¥, ¥, -+, ¥4, We can form the 3X3
trace-free symmetric matrix
yxx yxy yxz
F = yyx 7” yyz =Y
"C}‘ZX yly ‘?_zz
1446 J. Math. Phys., Vol. 22, No. 7, July 1981

where ¥, =&, +i%,, etc,,and TtF =0.
In terms of the 7 basis in Sec. II, the Weyl spinor may
also be expressed as
4

¥ipcp = z Y in Mmas Mncp

mn =0
which has allowed us to form the matrix ¥,,,,. We may refer
to.# (inanalogy with the electromagnetic case) as the “com-
plex gravitational field.”
The eigenvalue equation for the Weyl spinor can be ex-
pressed as

¥ pco® = /1¢AB
or more strikingly in matrix terms as

‘?xx ‘(]Txy yxz Fx Fx
Fo Fn Tl |E |=4lF ], w12
t9‘—\2)( ‘72): L721 z z

where we might wish to interpret in a “formal algebraic
sense”’, ¢ and F as in Sec. I1.

Upon performing the spin transformation S, © of (I1.3),
new bases 77, .5 are induced in E; with new, primed, Weyl
spinor components ¥3,...1;, and new primed matrices
F=y"

The law of transformation to the primed system is

F'=PFPT,(P"T=P"),

where P is the complex orthogonal matrix of (I1.5).

IV. DIAGONALIZATION: MATRIX METHOD

The problem posed in Ref. 1 was the “simultaneous
diagonalization” of the & and % parts of the Weyl tensor.
This can be achieved if the matrix ¥ = & + (4 is diagona-
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lized. That is to say it is the determination of the orthogonal
matrix P such that %’ = P¥ P 7 is diagonal.

In the algebraically general case the eigenvalues of
F = & + i aredistinct sothat ¥ canbediagonalized toa
new matrix % .

The characteristic equation of & ( = ¥ )is a cubic giving
the three distinct eigenvalues and we can then calculate the
corresponding eigenvectors which form the rows of the ma-
trix P. We see from the matrix P of (I1.5) that we can then

. . . a b .
obtain the spin transformation S, £ = ( d) to within a
c

sign. Conversely, if we know the spin transformation, we can
obtain the matrix P. A corresponding Lorentz transforma-
tion relating the Weyl tensor to its transform in the new,
primed, frame can then be calculated (from Ref. 5, p. 53).

V. THE QUARTIC

The Weyl spinor components (¢, ¥, ¥,, ¥5, ¥,) may be
associated with the quartic

u =z’ + 42> + 62" + sz + 4, =0, (V.1)

whose roots give the principal null directions. There are only
two independent invariants of the quartic®*:

1= ¢’0'/’4 - 4'//1'/’3 + 3¢22 = %WABCD g ABCD
and

J = ol ¥y + 200,05 — Yo" — ¥ 7, — ¥’

g AB cp EF
—EW co¥ gV 4

There are two covariants of the quartic, the Hessian H and a
sextic covariant G, these concomitants being connected by

the syzygy
Iv’H — 4H3 — Ju* = G2,

Ifa, B, v, 6 are the roots of the quartic, the discriminant 4 of
the quartic is given by
Yo" B — )y — ala —BVla — 8B —8)(y —8) =256 4,
where 4 =132 —27J2

Clearly then the vanishing of the discriminant is the
necessary and sufficient condition that two roots be equal
i.e., two principal directions coincide. Thus when 73 = 27/ 2
algebraically special cases arise as noted in Ref. 9.

The characteristic equation |¥ — A 1| = 0 (where ¥ is

the middle matrix of (III.1) and 1 is the unit matrix) when
expanded out is

A3 — Al — 27 =0, (V.2)

where I and J are the two invariants of the quartic above.
Thus we see the link between the eigenvalue or matrix meth-
od and the consideration of the quartic. In fact the cubic is
the “reducing cubic” (or cubic resolvent) of the quartic! This
fact does not appear to have been noticed in the literature!
Knowing the roots of the cubic (V.2} i.e., by the eigenvalue
method, we can obtain the roots of the quartic and vice versa.

We have the following expressions for the invariants 7
and J ' I = — T 2X2 Principal minors of

W= TrF2=1Tr[%2— B+ 2% € B],

-2
J=det¥ =TrF > =1Tt[&> - 38 RB*> — i(B> - 3B E?)).
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Setting A = — 24,0 the cubic (V.2) is !
4,°0° — IY,0 +J = 0.

If the roots of this reducing cubic are 6,, 8,, 6;, they are
related to the roots of the quartic (Ref. 11, p. 122) by

4O, — O3)= —(B—7)a—F)

46;—-6\)= — (v —a)f—6), (V.3)
406, —0))= —la—B)r—9)
with 8, + O, + 6, = 0—this condition being equivalent to
TrY =Tr¥ =0. With A, = — 2¢,0,,i = 1, 2, 3, we then

have for the eignevalues of A; in terms of the roots of the
quartic (Ref. 11, p. 122)

1 =tlla—B)yr—36)—(r —a)B — 61

AL =B —-7ia—86)—la—Blr—5)Y,

As=illy —a)B —8) — (B —¥)a —6)1¥,
Let'?

(V.4)

@ =By —5) _ (@B )r55")

@=8)y—B) (acs)roB®)
(setting a = ay/a, etc.)

‘u,=

be the cross ratio corresponding to the roots a, /3, ¥, 6 of the
quartic (V.1) and symbolically represented by {a, 5, 7, 6 .
Then

{a’ﬁ’ 7’6 } = {B! a,é, 7’} = {7/’ 8, a’B} = {57 V’B’a};
and it can be seen that the eigenvalues are unchanged under
any of the above permutations.

There are six (out of 24) distinct cross ratios in general
and these correspond to the six permutations or ways of or-
dering the eigenvalues or six ways of reducing the quartic to
canonical form. If we fix the root ¢ of the quartic in any
chosen manner then there is a 1-1 correspondence between
the remaining roots (principal null directions) and the
eigenvalues.

With an association f3, ¥, 6—4 ,1,, 4, we may set up the
following table of correspondences using (V.3):

“Bly—68) A,—A
123 {aBpd |op =28y =8) 4 —4,
l@=8)y—B) A,—4,

zl(l) SAE“) pw Lo

_la—76—B) _As—4,
@—BY6—7) A—4,

23 1fa,p,88 |1
7
ZI(Z) SA E(2) P {2) L (2),

1 _(@=8)B—v) _Ar—4,
l—p (@a—nMB-8) 4 —4,

21(3) SA E(3) P(3) L (3)’

312-{a,8,8,7}

(V.5)

_le—nB-38) A, —4,

213—{a,y86 -1 — -
et B =l = 5=~ A

21(4) SA E4) P 4) L (4)’
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132 S{aBoyt— £ _a=B16—v _ A —4,
{a,B8,0,7} T 6Bl 11

s
zl( ) SAE(S) P15) L(S),

l@—38)y —B) _ As— 4,
A — s

1
32 1-{a,b,v.8 1 —
R R Py Y

zl(ny SA E(6) P(f)) L (6).

It may be remarked that for distinct roots of the quartic no
complex cross ratio has the value 0, 1 or o which will obvi-
ously be the case in the algebraically special cases.

We may solve the quartic (V.1) and the reducing cubic
(V.2)i.e., the matrix eigenvalue problem and confirm the
relations (V.4) and (V.5).

VI. DIAGONALIZATION: NULL ROTATIONS

A canonical form for the Weyl spinor will have compo-
nents (¥5,0,¢;,0,1; ), where it can be seen from (II1.1) that
in a primed frame, the matrix ¥' = %' becomes diagonal.

The idea, then, for diagonalization is to transform to a
primed frame such that in this frame

Y =v¢;=0and ¢ =¢,.

a b

The unimodular spin transformation S, * = ( )

¢

d
can be considered as a product of three spin transformations

o= (! D=y 2= %)

the first and third representing null rotations around ¢, and
~ 4 respectively (see IL.3); and the second a duality rotation.

Making a null rotation around ¢, , we have (see Ref. 5, p.
183)

(Woresthal = Yos-s Ya),

where 'y, | = 1 i’z//",
n dz,
Yy =2 + 4210, + 6210, + 4z + Y n = 1,4
(VL1)
Making a null rotation around ' ,, we have
(,1//0"""1/’4)_’(”¢()""’”¢4)r
where
n —_— 1 d n
l/}n +1 4 —n d23 wn s
"o ="t + 425'¢, + 6232’1/’2 + 4z,M'¢; + 234'1/'4, n =0.,,.3.
(V1.2)

Making a duality rotation, we have
("Yoyers Yask—> 0y --,¢04')  (final primed components),
where

v, =2"" "¢, n=0,.4.

For ¢, = ¢/, this leads to

2, = (”1/’4/”1/’0)1/8
giving z, when "¢, "', are known.

For ;' = O which implies "¢, = 0, we have from (VI.2)
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whenn =2

3= —"h3/"Y,
determining z, when ‘i, ‘¢, are known.

Using this value of z, in (V1.2) when n = 0 and equating
to zero ("¢, = O is implied by ¥," = 0) leads to

’11’1’1/’42 =3 Y + 2"/’33 =0.

Each of the 'y, are expressible in terms of the original
Weyl spinor components and the variable z, by (VI.1) so that
making the substitutions leads to a sextic equation to deter-
mine z,, and this sextic is precisely the sextic covariant G of
the quartic (see Ref. 11, p. 372}

G =42+ 42" + 42 + Az’ + Az’

+ Az, + A4, =0,
where

Ay = Yo’Y; — 3ot 1Y + 297,

4, = ¢02¢4 + 2ot s — 9'/’0'/’22 + 6¢|2'/’2,

Ay = Sy ¥s — 3Uot¥s + 2¢12¢3)’

Ay = — 10(’//0'/'32 - 1/’121/’4)’

Ay = — Sty — 3010t + 2¢1¢32)’

As= — ¢o¢’42 — 23, + 9¢22¢4 - 61//21//32,

A= — ¢’1¢’42 + 3¢, — 2¢33-

Solve this sextic and obtain the six roots. For a root z, of
the sextic and knowing the orginal Weyl spinor components
(Yos ¥1s ¥y ¥, ¥,) We can calculate in turn ('¢,...," 1), Z3,
("Yor-s""Ya), 25, and finally (¥y,....¢0") with (" = 9,
¥, = ¢, = 0) and so we are assured that ¥ ' = ¢’ is
diagonal.

Knowing then z,, z,, z,, we can also calculate the spin
transformation

(a b) _ _ (22(1 + z.2,) 2223)
¢ a)T88&T z,/2, 1/z,)

With the (determined) spin transformation matrices
8.:(21), 8,125, 85(z5) we may construct corresponding complex
orthogonal matrices P,(z,), P,(z,), Ps(z;) via (IL.5):

(VL3)

1—22 —iz}/2 2z,
Plz)=| —iz,272 14272 iz
— 2, — iz 1
Yz, + 2,77 Yz, — 2,77
Pyz)) =] — %i(zzz - 22"2) %(222 + 2242) 0}
0 0 1
1—2z/2 iz,2/2 — 2z
Pyz)=| iz%/2 142,22 iz,
z, — iz, 1

The diagonalization may be viewed as a succession of or-
thogonal transformations on the original matrix .%,

'F =P, F P/,
" =P, 'F P,
F' =P, "F P,T,
or ' =PFP7, where P= P,P.P,.
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In the diagonalization of a 3 X 3 matrix with distinct
eigenvalues there are six ways of ordering these eigenvalues
on the diagonal. These correspond to the six roots of the
sextic which lead to six spin transformation matrices of the
type g; (and hence their product) six complex orthogonal
matrices of the type P,, six Lorentz transformations L " [Ta-
ble (V.5)] and is further linked with the six essentially differ-
ent cross ratios which are formed from the four roots of the
quartic.

Vil. DIAGONALIZATION: COMPLEX EULER ANGLES

Another method of reduction of the Weyl spinor is the
successive determination of complex Euler angles to reduce
the Weyl spinor to canonical form.

With respect to the Oxyz axes we consider a “boost in a
given direction together with a rotation about that axis.”
These operations are commutative so that the order is imma-
terial. We refer to both operations as a *“complex rotation
with regard to an axis.” Using the Euler angle convention of
Ref. 13 we consider (i) a rotation with parameter ¢, and
boost with parameter ¢, with respect to the z axis {a complex
rotation with regard to the z axis}, (ii) a rotation with param-
eter 6, and boost with parameter 8, with respect to the new
{rotated) x axis, and (iii) a rotation with parameter ¢, and
boost with parameter ¥, with respect to the (final) z axis.

The spin, the Lorentz, and complex rotation matrices P
correspending to (i}, (ii), (iti) are respectively given by

The product of the spin transformation matrices
B,,Cy.Dy is

Q_B C D _ +(e—i(¢+¢)/2cose/2
=b0,0pgl0, = T

— je'™¥ ¢ 2%in@ /2

and the product of the complex rotation matrices P, P,, P, is

cosycosd — cosbsingsiny
— sinycosg — cosBsindcosy
sindsing

P=PJIP6P¢=

It is emphasized that the “angles” ¢, 6, ¥ are complex
and we may assume the convention 0<¢, <27, 0<0,<7,
0<¥, <27 It will be observed that if the spin transformation
is determined by any method then the “complex Euler an-
gles” are determined and vice versa.

We now set out the successive reduction of the Weyl
spinor to canonical form by determining the complex Euler
angles—this gives the boosts and rotations.
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cosysing + cosfcosgsing

e~i¢/2 O
sl )

¢
coshg, 0 0 sinhg,
0 cosd, sing, 0
0 —sing, cosg, o
sinh¢, 0 0 coshg,
cos¢ sing 0
—P, =| —sing cos¢ O, whered =4, +id,,
0 0 1
C, = + ( cosf /2 — z'sin9/2)
T\ —isinf /2 cosd /2
coshf, sinhé, 0 0
sinh@, coshd, 0 0
0 0 cosd, sind,
0 0 —sind, cosd,

0 0
cosf sinf |,

1
0 where 8 = 8, + i0,,
9/ —sinf  cos@

coshy, 0 0 sinhy,
0 cosy, siny, 0
0 —siny, cosy, 0
sinhy, 0 0 coshy,
cosyy siny O
—P, =| —siny cosyy 0|, where =1, + ith.
0 0 1

— ie"'"”‘°’)/2sin6/2) _ (a b)
e+ 4120050 /2 B

¢c d

simysind
— sinysing + cosfcosgcosy  cosysind (VIL1)
— sinfcose cosf .

From Eq. (8.69) of Ref. 5 the original components (1,
¥',,...,04) change under the spin transformation D to first
intermediate components ('Y, ‘¥,,...,'¥%,) given by

W, ="y (n=0,1,..,4) (VIL.2)

Under the spin transformation C, these first intermediate
components change to second intermediate components

(”¢0! ”¢l)"~)”¢4) giVen by

R. L. Agacy and L. M. Clendenning 1449



X M1+ cos@ )* — isind (1 + cosd)
l\ — lisin@ {1 + cosd)

— isinfeos

Y2c0s°6 — cost — 1)

isind (1 — cosf)

”
Y} =

— lsin’@
+ lising (1 — cosd )

Hl — coso

Under the spin transformation B, these second inter-
mediate components change to the final primed components

o', ¥i's-ntpy) given by

g, =iy (VIL4)

(n=0,1,..,4).
In a similar manner as used in Sec. VI we want

¥ =¥y =0and ¢y =1,
Working backwards we find from (VIL.4) that 3," = ¥/’ leads
to

e = ”¢'4/ "y
determining the complex angle ¥ when "¢, "¢, are known.
The conditions ¢," = ¢," = 0 imply "¢, = "¢, = 0 from
(VIL.4). Adding and substracting the two equations obtained
by putting ", = "¢, = 0 in (V1L3) leads to

tang = 2 ('t — ')/ (¥, ~ ')
and
tan26 = - 4i (', + P)/ (o + 6’1, + 'Y

Either of these equations determines 8 when (Yo, ¥, Ya)
are known. Eliminating & gives the following relation:

54, — A+ A3 — 54, =0, (VIL5)

where ‘A, etc. are the same expressions as in (V1.3) but with

first intermediate components (single prime on left} used.
Finally using (VIL.2) in (VIL.5) and putting y = ¢"® we

obtain a sextic in y {(or a cubic in y ) to determine ¢, viz.,

5Agx° — Aot + Ax® — 54,=0,

where A, etc. are the same quantities as in {V1.3).

There are six roots but for any root, or value of ¢ ob-
tained, we can calculate in turn {"th,, ‘&y,...,'8), 6, (" ¥o,
"Wiseers 4), 0 and finally (', &,-.., 2, ), with

Yy = and ¥ = ¢y’ = 0.

The angles ¢, 8, ¥ having been determined, the boosts
are obtained from the imaginary parts of these angles and the
spatial rotations from the real parts. The spin matrices
B,, Cy, D, and hence the spin transformation 0 = B, C,D,,
is determined. Then also the complex rotation matrix P of
{VIL 1) which makes

PFPT = %" (diag 7 ') is determined.
Alternatively one can determine the matrices
P,, P, P, from

1450 J. Math. Phys., Vol. 22, No. 7, July 1981

— Y2¢c05’8 + cosf — 1)

— 3sin*6 isin@ (1 — cos) A1 —cos@ )?
— Yisinfcosf  Y2cos’@ — cos@ — 1) lisin€ {1 — cosf)
— 14 3cos’d  — isinfcosd — Isin%9
— Ysinfcosd  1(2c08’¢ + cos@ — 1} Jisin€ (1 + cos )
— 3sin’0 — isin@ {1 + cosd ) Y1 4 cosf )
(VIL3)
1
\F =P, FP,T,
ny“ — PG’(,?PHT make uyxz — "-7” — O,

F'=P,"FP,T makeF' =0,

and working backwards determines the complex Euler
angles.

A geometrical interpretation of diagonalizing .5 is that
of determining the complex rotation necessary to obtain the
principal axes of the complex 3-D quadric # or equivalently
the principal axes of the Weyl tensor.

A few points of further interest may be suggested.

Since boosts and rotations are involved it may be worth
considering a “Thomas Precession™ of this complex gravita-
tional field.

It may also be of interest to investigate the effects on the
formalism when boost velocities tend toward the speed of
light.

In order to make our results more useful to those inter-
ested in further detail we have prepared a somewhat more
expanded version in a paper entitled ‘““‘Reduction of Weyl
tensor to canonical form: Algebraically general case,” avail-
able from Physics Auxiliary Publication Service, A.L.P. See
AIP document no. PAPS JMAPA-22-1445-38 for 38 pages of
the expanded version of the above document. Order by PAPS
number and journal reference from American Institute of
Physics, Physics Auxiliary Publication Service, 335 East 45th
Street, New York, N.Y. 10017. The price is $1.50 for each
microfiche (98 pages), or $5 for photocopies of up to 30
pages with $0.15 for each additional page over 30 pages. Air-
mail additional. Make checks payable to the American Insti-
tute of Physics).
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In cylindrically symmetric vacuum spacetimes it is possible to specify nonsingular initial
conditions such that timelike singularities will {necessarily) evolve from these conditions.
Examples are given; the spacetimes are somewhat analogous to one of the spherically symmetric

counterexamples to the cosmic censorship hypothesis.
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I. INTRODUCTION

A number of spacetimes are known which contain time-
like singularities, and thus violate the most common formal
version of the cosmic censorship hypothesis,' the hypothesis
that spacetime is globally hyperbolic, or, equivalently, that it
has a Cauchy surface. Particularly of interest among these
spacetimes are those in which the singularity develops from
nonsingular initial conditions.? These solutions to Einstein’s
equations—which we shall call “naked-singularity solu-
tions”’—formally represent the possibility that timelike sin-
gularities could result from the collapse of initially well-be-
haved physical systems. (They constrast, for instance, to
solutions such as the negative-mass Schwarzschild solution
in which the timelike singularity is infinitely old, or to solu-
tions in which the timelike singularity is part of the big bang
in a finitely old universe.’)

As it is not ultimately the above-mentioned formal
statement of the cosmic censorship hypothesis (or any of its
variants') which is of interest of physics, but rather the hy-
pothesis that naked singularities do not form in physically
realistic situations, a primary question to be asked of any
counterexample to the former is whether it would also be a
counterexample to the latter. As the latter has not yet been
precisely formulated, however,"* one asks simply whether
the given counterexample is physically realistic. All of the
known naked-singularity solutions contain matter; a large
part of the last question, then, is just how sensitive the forma-
tion of the singularity is, to the detailed properties of the
matter comprising the collapsing system. A vacuum analog
to any of these counterexamples—or, for that matter, any
naked-singularity solution in vacuum—might indicate that
there are some types of naked singularities whose formation
does not depend critically on the properties of matter, or,
more generally, on the presence of matter. Because the Birk-
hoff theorem implies that such analogs cannot exist in
spherical symmetry, and because of the extreme difficulty of
solving the time-dependent vacuum field equations in axi-
symmetric asymptotically-flat spacetimes, the natural first
choice of where to look for these vacuum analogs is in cylin-
drically symmetric spacetimes. This paper gives a simple
class of cylindrically symmetric vacuum naked-singularity
solutions. It is in several respects analogous to one of the
spherically symmetric classes; perhaps the largest difference
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is that in spherical symmetry, avoiding the formation of a
horizon is a major problem in the construction of naked sin-
gularities, whereas in cylindrical symmetry there is no possi-
bility of a horizon forming.®

Cylindrically symmetric spacetimes are, of course, ex-
tremely unrealistic physically. Our point, however, is simply
that in the simplest case where the formation of naked singu-
larities in vacuum is not clearly prohibited, it is allowed.
That is, roughly speaking, as soon as one gives the field equa-
tions enough freedom so that gravitational radiation may be
present, that radiation is capable of creating naked singulari-
ties.

The spherically symmetric spacetimes,” to which our
cylindrically symmetric spacetimes are somewhat analo-
gous, may be described as follows: at the center of a collaps-
ing, radiating star, the density becomes infinite as time 7—0.
The radiation rate throughout the star is large enough so
that the mass function m(R,T') remains less than R /2 every-
where. No horizon forms, then, and the singularity at
(R,T) = (0,0} is timelike. This singularity, whose mass is
zero, may begin to emit photons, in which case it becomes a
negative-mass singularity.

Our cylindrically symmetric vacuum spacetimes
(which are given in Einstein-Rosen coordinates [, ]) may be
described rather similarly: on the symmetry axis of a collaps-
ing system of gravitational radiation, curvature invariants
become infinite as t—0. The (timelike) singularity which
thus forms at (r,¢) = (0,0) may begin to emit gravitational
radiation, at such a rate that the singularity becomes “‘nega-
tive-mass-like”—i.e., repulsive.®

Section I1 discusses the construction of the solutions.
Section A is a brief discussion of the field equations and
their solution in the Einstein—Rosen metric; the solution in-
volves two arbitrary functions. Section IIB specifies a class
of choices of these two functions, which produces spacetimes
with the following properties:

(i) = 0, £>0 is singular in all but one case, which is
singular at r = 0, t = 0. In all cases, as (r,¢ }—(0,0) from any
direction in the past of (0,0), curvature invariants become
infinite;

(i) at all nonsingular points the metric is C *, except on
the two null hypersurfaces 7 + ¢ = 0, on whichiitis C *. (That
the metric is not C* on any of the r = constant <0 space-
slices is of some significance: if it were, then theorems on
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global behavior of solutions to the wave equation’ would
imply the existence of a nonsingular future for that slice. By
contrast, the solutions given here do not allow a nonsingular
future for such a slice.)

Section II B also discusses a certain function of time,
m(t ), whose sign determines whether the singularity, at a
given time, is attractive or repulsive. As the sign of m(z ) may
vary with time, the singularity may be alternately attractive
and repulsive.

Il. CONSTRUCTION OF THE SOLUTIONS
A. The Einstein-Rosen metric

We assume here the Einstein—Rosen form of the metric
in cylindrical symmetry:

ds’ = — e~ Vdt? —dr)+ e d + e dO? (1)
where i and ¥ are functions of r and ¢. The magnitudes of the
two Killing vector fields are |§,| = e¥ and |E,| = re ~ ¥
= 1/21 (circumference of the cylinder [r,¢] = const); note
that ris the product of |€, | and |§, |. The function y specifies
Thorne’s energy-like “C-energy scalar”.® At present, none of
the functions which have been defined in cylindrically sym-
metric spacetimes appears to be a fully satisfactory analog to
the mass function which occurs in spherically symmetric
space times.

The field equations in vacuum are

% Y _ 13y _
3 e v 0 (22)
%’ =2r‘;_¢‘;_’f, (2b)
r
and
9 _L(%Y (9%
or _r[( Br) +(82‘) ] (2¢)

The solution to the linear equation (2a) is the sum of an
ingoing wave solution, an outgoing wave solution, and a stat-
ic solution. The static solutions to Egs. (2a)~(2¢c}—i.e., the
Levi-Civita solutions—are described in detail by Thorne?;
they are given by ¢y = — 2k In(r/r,) and y = 4k *In(r/r,),
where k and r, are constants. We will assume that there is no
Levi—Civita component to the solution, as we are interested
only in solutions which are nonsingular at early times.

Thus, we consider only the time-dependent solution to
(2a), the sum of outgoing and ingoing waves,

l/l(l',t ) = ¢ou( + ¢in . (3)
While basically #,,, and ¢,, are integrals over the z-axis, we
will here write these integrals in the common forms

_ (" figdn
wom(r,w—f_w TR g (4)
and
Con— (T __eBlaB
Yinlrt) L,uﬂ_t)z_,z]vz (5)

Thefunctions /(¢ )and g(t }—called the “source function” and
“sink function”, respectively—are arbitrary functions of z,
subject only to whatever boundary conditions or differentia-
bility requirements may be present, and to the requirement
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(easily met) that fand g approach zero fast enough, as

t— — oo and t— oo, respectively, that the distant (i.e., 2— o)
contributions to the fields are finite. One would normally
assume that fis negative-definite and g positive-definite; we
will make these assumptions, and also assume that fand g
are bounded for all ¢ and smooth for all # #0.

Special cases of the integrals (4) and (5) which will be of
interest here are those which occur when fand g, respective-
ly, are identically zero for 1 < 0. When f'is zero for ¢ <0, the
lower limit of integration in (4) may be taken to be zero, and
the integral is identically zero if u==t — r <0. When g is zero
for t <0, then if v==¢ + r <0, the lower limit of integration in
(5) may be taken to be zero; that the integral (5) is not identi-
cally zero under these circumstances is the time-reverse of
the well-known phenomenon that an outgoing cylindrical
wave has a “tail.” Here, we will refer to this time-reverse as
the “nose” of the ingoing wave.

Alternate representations of ¢, and ¢, , useful for cal-
culating the derivatives of i with respect to  and ¢, are

Do) = f “flt — rcosh¢ ) dg (6)

and
dolrt) = f gl¢ + r cosh¢ ) dE. )

In general, ¥(r,7) and its derivatives will not be well-
behaved at all (r,7 ), and the resulting spacetimes have singu-
larities as well as nonsingular hypersurfaces on which some
derivatives of the metric are discontinuous. Clearly, howev-
er, the arbitrariness in the choice of fand g gives one much
control over the differentiability (as well as other properties)
of constructed solutions.

B. The choice of the source and sink functions

Here, we are interested in choosing the source and sink
functions £ (¢ ) and g(r ) so that the resulting spacetime—a su-
perposition of ingoing and outgoing gravitational waves—
allows the following description:

For sufficiently early r—say, for < 0—the space-slices
¢ = constant are nonsingular. However, gravitational radi-
ation which is present on those slices is collapsing towards
the symmetry axis r = O in such a way that the axis is becom-
ing singular as #—0. The singularity which forms at t =0
may (unpredictably) emit radiation as the ingoing radiation
continues its collapse, and the net effect, when both collaps-
ing and emitted radiation are considered, may be that the
singularity is repulsive.

To allow the preceding rough interpretation, the space-
time should meet the following conditions:

{1) On the symmetry axis, invariant measures of curva

ture become infinite as +—0, and the axis is singular for

t20;

(2) At all points other than r = 0, >0, the metric is

suitably differentiable; in particular we will ask that it is-

C?; and (optionally)

(3) For ¢ > 0, the singularity is repulsive.

In order that the second condition be satisfied, fand g
must be chosen so that the integrals for ¢, and #,, and their
first and second derivatives are continuous functions except
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atr = 0,7>0. It follows from Eqs. (2b) and (2c) that the y(r,¢)
then determined {up to a constant) by ¢ = ¢, + ¥;, will be
as well-behaved as .

To satisfy conditions (1) and (2), we now impose the
following constraints on £(z } and g(t ):

(1)f(¢)and g(t ) are both identically zero for f < O i.e., the
axis » = 0, in both its “source™ and its “sink” capacity, is
inactive prior to ¢ = 0).

(i) As +—0, the function g(t ) is proportional to ¢ %,
where vis any number in the range 3/2 < v < 2, and the func-
tion f(¢ ) is proportional to £#, where i is any number larger
than 3/2.

The constraints (i) and (ii) produce the following effects
on the spacetime, which is divided now into two regions,
4 <0 and u >0, which are separated by the wavefront #=0
of the outgoing radiation. (See Fig. 1.)

In the region « <0, ¥,,, =0, so that the geometry at a
point is determined (up to the additive constant in y) by g(¢ ).
Equation (3) for ¥(r,2 ) reduces to Eq. (5) for ,,,:

i) =, (rt) = J ” gB)dB

{u<0). (8)

B—tf =P
There is a further simplification of ¥(r,t ) when v<O0:
- d
)= | T g"”’ d o <o) o

The field ¥(r,t) descrlbecl by Eq. (9)—the nose of the ingoing
cylindrical wave—clearly reduces to a smooth function of
time on the axis » = 0. More generally, it follows from Eq. (9)
and the constraints on g that at any point in the region v <0,
¥ and all of its derivatives are continuous functions. Howev-
er, as (r,¢ )—(0,0) from within this region (e.g., from along the
line r = 0, £ <0), d %4/3t * and 3 *y/Ir* become infinite, s0
that curvature invariants (R 4,5 R *Br® for instance) become
infinite; the condition that these quantmes become infinite is
the inequality v < 2. The divergence of d *//d1 > and 3 *¢/ or
is due to nearby (i.e., z—0) rather than distant contributions
to the relevant integrals, and in this sense, the singularity at
(r,t) = (0,0) is caused “locally” rather than by the infinite
extent of the symmetry axis.

Examination of the derivatives of ¢, shows that ¢, is
C?on v = 0 (except at r = 0); for all v> 0 (but r#0) ¢, is
again C *; the condition that ¢, be atleast C 2onv = Qisthe
inequality 3/2 <v.

In the region >0, both outgoing and ingoing waves are
present; ¥(r,t ) is then

ey = [ Lo
o [(t—n)—r1"
[ T w0 (10
c+r[(B—t) =117
When u >0, 9,,,, is C = for r#0. As u—0 ., ¥,,, and its first
and second derivatives—functions which are all identically
zero for u < 0—all approach zero. Thus ¢, is C*onu =0
(except at 7 = 0); the condition that ,,, be at least C * is the
inequality 3/2 <u.
The locus ¥ = 0, t>0 is a timelike singularity of the spa-
cetime: ¥, and ¢, become infinite—again, for “local” rea-
sons—as one approaches this locus. Near the singularity,’
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You (1t )= — f(t )Inrand ¢, (1,2 )= — g{t) Inr. As r—0, then,
¥{r,t) is given approximately by

= — [flt) + gt )]lnr (r—0, £>0). (11)
[We notethat,iff{z) + g{z ) passesthroughOatadiscrete value
of ¢, then » = 0 will still be singular at that ¢, because of the
derivatives of fand g. The special case f(¢} + g(r |==0 will be
discussed separately be]ow.] The corresponding approxima-
tion for y(r,t) is

y=[f(t)+glt)Plnr (r—0,r>0), (12)
so that

y—¢=[f+8+(f+gllnr  (r—0,130. (13)

Thus it is the sum of the source and sink functions
f(t) + g(¢) which determines the behavior of the metric near
r = 0. In particular, in the three cases 0 < f + g,

—1<f+g<0,and f+ g < — 1, the geometry as ¥—0 on
the space-slice £ = constant is that of a Levi-Civita solution
in which 2k >0, — 1 <2k <0, or 2k < — 1, respectively.
For instance, if f + g > 0, then |E, |—> 0 and |&,|—0 as r—0;
if —1<f+g<0,then |E,|-->0 and |, |0 as »—0; and if
f+8< —1,then |E,|—0and |§, |- as r—0. As ¢ varies,
then, the geometry near » = 0 may undergo enormous fluc-
tuations.

The wide choice of both fand g which one has in writing
down Einstein-Rosen solutions does not, of course, carry
over to the construction of physical systems {even ignoring
the difficulties in setting up a physical system with cylindri-
cal symmetry); while one might construct a system whose
initial data—say, on a ¢t = constant < O slice—are those de-
termined by one of the sink functions g{¢ ) specified above, the
source function f(z ) would not be predictable. In that sense,
then, no particular source function corresponds to a given
sink function. Nonetheless, one may single out as being of
particularinterest the source functionf'(¢ )= — g(¢ ), which—

u>0
ingoing and outgoing
waves present

S0

outgoing wavefront

t=0

t /
NN

ingoing wave present

u<oO

V<O

nose of ingoing
wave present

V=0

«—T7=0

FIG. 1. A cylindrically symmetric vacuum spacetime which is nonsingular
for £ <0 and singular at r = 0 for ¢0.
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to the extent possible—cancels the effects of the sink func-
tionatr = 0. When f(¢) + g(z )==0, r = 0 will be singular only
for ¢ = O rather than for all 1>0. [And if the constraint (ii) is
relaxed—in particular, if the number v is taken to be large
enough so that the metric is C ? for t < 0—then a nowhere
singular spacetime will result if f(¢ )= — g(t).]

A second source function of some interest is the one
f(£)==0, whichresultsin aspacetime consisting solely of ingo-
ing radiation. That a singularity forms at » = 0 in this case
(regardless of how slowly the sink function turnsonat ¢ = 0),
shows that ingoing gravitational waves do not, by them-
selves, “‘bounce” or “pass through themselves” when they
arrive at the symmetry axis.

We summarize now the differentiability of solutions to
the field equations which are subject to the constraints {i) and
(ii): they are singular at r = 0 when £>0 (with the above men-
tioned exception, which is singular only for t = 0), C2 on
u =0 (r#0)and onv = 0 (r0), and C ~ at all other points.

Having satisfied conditions (1) and (2), we turn to condi-
tion (3). Repulsiveness of the singularity is achieved by the
imposition on f and g of one more constraint, which follows
immediately from seeing that the singularity is repulsive or
attractive, as the sign of the function

mie)=tim A= Lo hie4 021 (14)
dlnr 2

is negative or positive, respectively. { The definition of m(t)
includes the case that there is a static component of the field;
when this component is present, m(t) = 1[(1 + 4k )( f + g)
+ (f + g)* + 4k ? + 2k ], where k is the Levi-Civita con-
stant.} We note that m(t) is confined to the range

—i<m(t) < 0, (15)

and that it changes sign when f 4- g passes throughOor — 1.
{If k #0, the inequality { 15} still holds, but m{¢ ) changes sign
when f+ g + 2k passes through Oor — 1]

To see that the sign of m determines the repulsive or
attractive character of the singularity, it suffices to look at
the r-component of the geodesic equations. This equation is

L Loy [y ()] + Reznidr e
ds’ r dlnr ds ds ot dsds
vev (L e o Bpr g
r ar or
where Py=r’e = *¥ d0 /dsand P, =e? dz/dsare the two con-
served momenta. Also conserved along the geodesic is u qu”
= — 1, where u is the tangent vector; thus

- "”K?)z — (g’_t)z] +e P 4 MNP = 1 (17)
s

We will assume that P, and P, are zero, and later point out
that the conclusions are unaffected by this assumption.

We are interested in the behavior of timelike geodesics
only near the singularity r = 0. As r—0, the first term on the
right-hand side of Eq. (16) is — 2{m/r)[(dr/ds)* + (dt /ds),
or equivalently, because of Eq. (17),

— Am/r{2(dr/ds)® + r~*"]. The second term is negligible
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compared to the first, and we ignore it. As »—0, then, the
equation for radial timelike geodesics may be written

d*r mit) [(dr)z <dt>2]
= - 2——— —_— -—_ r—*O y ig
e 1\ T\ {r—0) {18
or alternatively,
o =G ]
I = g . 19
ds® r ds tr (1

Equation (18} or {19) describes radial timelike geodesics near
r = 0. It is convenient to rewrite Eq. (19), by defining
v=dr/ds, so that the left-hand side of the equation is
dv/ds = (dv/drjv = }d (v’)/dr, and the equation becomes

d

dr

Suppose that m(t ) > 0. Thend (v°)/dris negative. Thus if
r is initially decreasing along a radial timelike geodesic suffi-
ciently near » = 0, the geodesic will reach r = 0. That is, the
singularity is attractive when m{r ) > 0.

Now suppose that m(r } < 0. Then d (v%)/dr is positive.
Suppose that there is a timelike geodesic G which reaches the
singularity at the time £,: G goes from r = € (say)to7 = 0. Let
Mbethelargestand M - & the smallest value of m(¢ ) along G
(including, if necessary, m[t,]). Thus, — }<M — 6 <M <O.
(We assume 6 > 0, and will comment below on the special
case § = 0.) Note that, given G, we can pick new values of ¢
which make &§ arbitrarily small.

At each point along G, d (v*)/dr obeys

d (v*)

dr ¢

The geodesic G—which we now picture as a curve in the
(r, v?)-plane—can be compared in that plane to the integra
curves of the differential equation

W) | _ erftr — a0 (22
dr
Equation (22) describes v*(r) along curves closely related to
G, but which at each point (r,v?) crossed by G have a smaller
slope than G.

The solution of Eq. (22) is
VI =Kr=*™ — [M /(6 + M)]r—*M+% (23

where K is a positive constant. If we take € so that § =0, then
a good approximation to Eq. (23) is

V) =Kpr=3M  p—4M (24

From either (23) or (24) one sees that, along the integral
curves of the differential equation (22), v? reaches zero at a
value of r which is greater than zero. That is, the integral
curves of (22) do not reach 7 = 0. [And in the special case
8 =0, in which Eq. (22) is the geodesic equation, (23) is the
solution to the geodesic equation, which shows that there ic
no such geodesic as G.}

Now consider any of these integral curves which inter-
sects G; call it C. From (21), the intersection point (rosv) is
unique, and the slope of G at this point is greater than the
slope of C. Thus for all values of v* jess than v2,ris greater on
G than on C. Since the smallest value of r on Cis greater than
zero, then, the smallest value of » on G must also be greater

= —8mt W —dmfr)r T 0Q)

> ~ 8Myr—! — 4Mr— M+ AM -85 2r
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than zero. This contradicts the definition of G. Thus, G does
not exist. That is, there are no radial timelike geodesics
which reach the singularity when m(t ) < 0. And it is straight-
forward to show from Eq. {16) that nonzero values of P, or
P, generate positive contributions tod (v?)/dr, so that nonra-
dial timelike geodesics are also incapable of reaching the sin-
gularity when m(r ) < 0. No timelike geodesics reach the sin-
gularity, then, when m(t) < 0. That is, the singularity is
repulsive when m(t) < 0.

As noted earlier, m(t) changes sign when f(¢) + g(t)
passes through either 0 or — 1: m(t ) is positive when either
f+g>0o0rf+g< — 1, and it is negative when

— 1 <f+ g <0. The constraint on fand g which produces a
repulsive singularity, then, which may be added to the list (i)
and (ii), is

(iii) — T <f(¢) + glt) <0.

It should be noted that there are many pairs of functions f'(¢ )
and g(t ) which satisfy the constraints (i){iii).

The static, Newtonian limit of Eq. (18) (in which the
only surviving component of m[¢]is 2k * + k )is the equation
for radial motion in the gravitational field of a line source of
mass (per unit length) m. This formal analog, together with
the information carried by m(t ), suggests that m(z ) might be
called the mass {per unit length) of the singularity at time ¢.
Regardless of whether this designation is appropriate, the
inequality (15) shows a rather striking phenomenon [due to
the nonlinearity of Eq. (2¢)] in Einstein—Rosen spacetimes,
that there is a limit to how repulsive a singularity can be. In
particular, as a source function decreases from zero, it pro-
duces first a “negative-mass-like” singularity, but eventual-
ly, if it decreases sufficiently, a “‘positive-mass-like”
singularity.

Hl. CONCLUDING COMMENTS

If there is to eventually be a precise formulation and
proof of a hypothesis to the effect that naked singularities do
not form in physically realistic circumstances, then counter-
examples to the current precise version (s) of the cosmic cen-
sorship hypothesis are all, in some sense or another, phys-
ically unrealistic. That sense is abundantly clear, for those
cases which are cylindrically symmetric, or which for any
other reason cannot be thought of as representing an essen-
tially bounded physical system. For cases which pass the
most rudimentary physical reality test, asymptotic flatness,
Penrose mentions two more or less distinct reasons why the
formation of the naked singularity may be unstable': it may
depend critically on the equation of state of the matter pre-
sent, or it may require a carefully chosen set of initial condi-

tions.

Although the cylindrically symmetric counterexam-
ples given in Sec. II are not even asymptotically flat, there is
no apparent reason why cylindrically symmetric vacuum-
the simplest vacuum is which naked singularities can form-—
should also be the only vacuum in which they can form.
Rather, it would seem more likely that, in other spacetimes
which are sufficiently asymmetric that gravitational radi-
ation is allowed {and hence can play a significant role in the
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dynamics of spacetime) there are further examples of naked
singularities forming in vacuum.

Thus, we take the cylindrically symmetric vacuum na-
ked-singularity solutions as an indication that there are oth-
er classes of naked singularities (quite possibly in asymptoti-
cally flat spacetimes) which form in vacuum; viewed
somewhat more generally, the indication is that there are
classes which form in a manner which is insensitive to the
properties of the ambient matter. Presumably, then, these
(hypothetical) classes are unstable to perturbations of initial
conditions: to departures from symmetry. Even so, as gravi-
tational radiation is a phenomenon associated expressly with
a lack of symmetry, it does not seem altogether certain that
such departures will necessarily prevent a naked singularity
from forming; just as vacuum naked singularities can first
occur when a modest asymmetry is allowed into spacetime,
perhaps it is generally so that their occurrence becomes in-
creasingly common as spacetime becomes increasingly
asymmetric.
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Classes of explicit special solutions to the scalar wave equation on black. hole spacetime .
geometries are given. Some analogous solutions also exist for fields of spin one or two. The spin-
zero radial equation on the Reissner-Nordstrom geometry with m = e and on the Kerr geometry
with m = a is shown to be related to the Whittaker-Hill equation.

PACS numbers: 04.20.Jb

I. INTRODUCTION

In this paper we study the radial differential equations
which govern fields on the Reissner-Nordstrom (RNG),
Kerr, and Schwarzschild (SG) black hole background geom-
etries. The metrics of these geometries are given by

ds’ = (1 —2m/r + €*/r)dt?
— (Y =2m/r +&/A) " 'drr — rPdn? (1)
for RNG in the usual exterior coordinates, by

ds’ = (1 = 2mr/2 )dt?

+ (4 marsin®@ /X)dtdd — (X /A AP — 2d6*

—sin?@ (¥ + a® 4+ 2ma’r sin®0 /2 )d¢ * (2)
for Kerr in Boyer-Lindquist coordinates where
A=y —2mr+a*and T =r" 4+ a’ cos’f,andbye =a =0
for SG. The parameters m, ¢, and a are, respectively, the
mass, charge, and angular momentum of the black hole. We
will call real values of these parameters satisfying m>e>0,
m>a>0, m >0, physical values.

We denote the special RNG satisfying m = ¢ by CMG.
The only Kerr geometry which we consider is the special one
with m = a, we denote it by AMG.

Our purpose is to present some special explicit solutions
and to show that the equations on CMG and AMG can be
easily related to a standard equation of mathematical phys-
ics. The details of our analysis are presented for the massless
scalar {spin s = 0} field (governed by the covariant scalar
wave equation 0% = 0), but we give some examples for mas-
sive fields and for higher spin fields and indicate that the
results may be extendable to these cases. In all cases the field
may be obtained from a single scalar function,' ¥, and in all
cases ¥ is separable,” ¥ = &“'¢/(r)S (6 )e'™. For spin 0,¥ is
the field itself.

These fields are directly related to interesting problems
in the physics of black holes. They reveal the nature of the
scattering of radiation which propagates in the gravitational
field produced by a black hole; the spin O field’s reflection
coefficient, R {w), for incident radiation determines the spec-
tral distribution of the Hawking emission?; the fields are in-
volved in the question of the stability of black hole space-
times.

Except in the special case* m = a, 0 = 2am’/(1 + v/2),

“Research supported in part by the Natural Sciences and Engineering Re-
search Council of Canada.
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workers have not been able’® to relate the ordinary differen-
tial equations which arise to the standard equations of math-
ematical physics and so desired information is not easily ob-
tained. Persides’ has obtained Frobenius series in r for the
spin O field on a Schwarzschild geometry. His recursion rela-
tions are five-term, but he manages to prove convergence,
obtain extensions, and relate various solutions with different
asymptotic behavior. Most other authors use various analyt-
ic approximations® or computer calculations’ to obtain
quantities of interest such as R (w). However, Hartle and Wil-
kins'® use an integral equation and iteration to establish the
analyticity properties of R (@) and thereby prove (up to ques-
tions of completeness'') the stability of the Kerr geometry to
perturbations having spin 0, }, 1, and 2.

In this paper we show that the s = O radial equations on
CMG and AMG (with m’ = Oin the AMG case] can be relat-
ed to the well-known Whittaker~Hill equation. This equa-
tion occurs often in physical problems and has been studied
in the past; it occurs, for example, when the flat space wave
equation is separated in a paraboloidal coordinate system.'?

By using known properties of the Whittaker—Hill equa-
tion and generalizations thereof in the cases of RNG and SG,
we obtain several classes of solutions in closed form in terms
of elementary functions. Some solutions have nonphysical
values of the black hole parameters and for other solutions
S (6 ) hassingularities, e.g. a half-line singularity. Theangular
singularities occur because the separation constant / is com-
plex. When the parameter values are physical and S (6 ) is
nonsingular (case of RNG) the asymptotic behavior of the
solutions is investigated. It is found that all solutions blow up
on at least one of the null infinities or horizons. This behav-
ior occurs partly because o has complex values.

For as = 0 field on CMG or AMG the connection with
the Whittaker—Hill equation yields convergent infinite series
solutions (with three-term recursion relations} which are
available in the literature.'>"

It is often advantageous to study differential equations
with respect to all complex values of their parameters, as
potential scattering theory shows.'® The sclutions presented
here, with their complex @ and sometimes complex /, may be
useful in studies of fields around black holes, especially stud-
ies which employ a potential scattering approach. A special
case of the solutions found here are the well-known static
{@ = 0} fields and they have been, of course, important'®
though they are singular on the horizon.

© 1981 American [nstitute of Physics 1457



Il. THE WHITTAKER-HILL EQUATION

We present in this section the aspects of the Whittaker—
Hill equation which are used or generalized in later sections.
The material may be found in the book by Arscott. '

The equation

dY/dx* + Ay =0 (3)

is Hill’s equation if 4 is a periodic function'” of x. The Whit-
taker—Hill equation is the special case

d*y/dx* + (0, + 26, cos2x + 26, cosdx)p =0,  (4)
where 6, 8,, 0, are real constants. When 8, = 0, (4} is the
Mathieu equation.

A related important equation due to Ince results from
the transformation

,w = Ve~ (1/4)§‘c0<2x. (5)
Ince’s equation is
dV /dx® 4 & sin2x (dV /dx) + (A — pé cos2x)V =0.  (6)

The new parameters £, p, and A, introduced for convenience,
]

— {n+ 1§ n+25 (n+ 38
L=|o 41} 4.2%, 4.3%,
2ng, (n—15 (n—2), (n—3)E &

4n

are defined by
£7=166,, {7a)
(p+ 1) = v2<9,, (7b)
A =0,+20,. (7¢c)

Now if certain relations hold among 6,, 8,, and 6,, then
(6) has solutions which are finite series of sines or cosines
whereas (4) does not possess such solutions.'* For example,
(6) has the obvious solution ¥ = 1forp =1 = 0.

The finite series solutions exist if 8, > 0 and are the fol-
lowing four types.

Type (i): The series

V= Z a, cos2kx (8)
k=0
isasolution to {6}if p = 2n, n = nonnegative integer, and the
column vector a = (ag,a,,-,a,)" of coefficients is determined
{up to an overall factor) by
La=]a, (9)

where Listhen + 1 byn + 1 tridiagonal matrix whose three
diagonals are given by

2n&

2

(10)

The main diagonal is the middle row of (10), the adjacent diagonals are the other two rows. All elements of L not on one of

these diagonals are zero.

The matrix L is similar to a real, symmetric (Jacobi) matrix and has (n + 1) real, distinct, eigenvalues A. Hence there are
(n + 1) conditions on 8, + 28, each of which gives a finite series solution (8). The condition can always be satisfied since we
may consider 6, to be given, 8, to be defined by {7a) and (7b), and ¢, to be defined by (7¢).

After any particular eigenvalue A is found, all the coefficients @, may be very easily generated recursively from (9} starting
at the last equation with g, = 1. Then each successive equation gives a single ¢, in terms of known quantities.

Similarly we have for Type (ii),

V= i a, cos(2k + lix,

(11
A=0
p=2n+1,
- (n+2)8, (n+ 3¢, (2n + 1)§
L=|1+(n+ 1E, 37 5%, (2n + 1) (12)
ng, (n =15, (n—2), £ -
For Type (iii),
V= i a, sin2kx, {13)
k=1
p =2n,
- (” + 2)5) (n + 3)§1 2n§
L=| 413 4.22, 4.32, 4n? (14}
(n—1§, (n—=2)¢ (n--3) & -
For Type (iv),
V=3 a sin(2k + I}, (15)
k=0
p=2n+1,
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— (n+2), (n+3)5,
L={1-m+1e 3 52,
n§’ (n - l)gv (I’l - 2)5’ §

In all these letter cases A is any one of the eigenvalues of L (all
real and distinct) and a is determined by La = Aa.

We shall see in Sec. III that each of these finite series
will provide an explicit solution to the s = 0 wave equation
on CMG and on AMG.

There are also convergent infinite trigonometric series
solutions to (6) when &, > 0. They are discussed by Arscott'
along with a method for dealing with the three-term recur-
sion relation of the series.

If 8, < Othe results are different but in that case periodic
solutions to (4) have been found'? in terms of convergent
infinite series solutions to Ince’s equation with pure imagi-
nary §&.

The modified Whittaker~Hill equation is defined by (4
with the cosines occurring there replaced by hyperbolic co-
sines. It is clear that the modified equation has finite series
solutions for V' [V’ defined by the hyperbolic version of (5)]
obtained merely by the replacements x—ix and
(00,6,,65)— — (60’9|’62)'

In order to help us make an analogy to (4) in Sec. IV,
note that the coefficient of ¢ in (4) is a fourth-degree polyno-
mial in cosx and the finite series expressions for ¥ could all
be written as polynomials in cosx times 1 or sinx.

Ill. REISSNER-NORDSTROM WITH m = ¢ AND KERR
WITHm =2

In this section we apply the results of Sec. II to CMG
and AMG.

A. CMG
The transformation
r=m(l — 1/x') (17)

gives the following radial equation for the s = 0 field
d*Y/dx? + mow*(1 — 1/x'V — (L /X' =0, (18)
where L =/ (/ + 1} is a separation constant, — o0 <x' <0Oin
the exterior, and 1 < X' < « in the interior.
The further change of variables x' = — %,
# = |x'|"?¢ in the exterior shows that ¢ satisfies the modi-
fied Whittaker-Hill equation. Then the formal change
z = Ix gives
d’¢ /dx* — {4m*w*[8 cos2x + 2 cosdx]
+ 24m’w> — (21 + 112]¢ = 0. (19)

Thus solutions to (18) may be obtained from those to (4) via
(19) and the transformations. [It does not matter that x
should be considered pure imaginary in (19).]

Comparison of (19) with (4) and use of (7) gives

m'w’ = —(p+ 1)*/16, (20a)
§=—2p+1), (20b)
A=020 + 17 4+2(p+ 12 (20c)

Each of the solutions given in Sec. II thus generates via (20) a
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2n + 1)¢
(2n 4+ 17 | (16)

I
value for m?w?, a value for (2! + 1}?, and a solution to (18)
given by

wz(|xr|)l/ze~n/4)(p+1l(x’+l/X’)V, (21)
where Vis a polynomial in x" and 1/x’ [times (|x’|)'/? for

types (ii) and (iv)]. To illustrate we give the results for type (i),
n=1. Wefind

A=2+2V37,
L=14-18, 22)
m2w2 = — 1976’
and
g = P 2mrl +6/2) + 2m(1 + 6/4)
lr'— m|3/2
5 @3 Amgdmar = m). (23)

For all types, since p is real we are restricted to pure
imaginary values of mw, and / can only possibly by a nonneg-
ative integer if A is an integer and if 1> 1 4 2(p 4 1)°. For
types (ii), (iii), and (iv), it can be shown that, for each n, the
eigenvalues are all bounded below 1 + 2( p + 1), so / is not
realand the angular functions.S (6 ) are singular. For type {i}it
can be shown that, for each n, at most one eigenvalue is
greater than or equal to 1 + 2(p + 1)’; a computer search
shows that no such eigenvalues exist for n<30.

The infinite series, applicable when 8, > 0, mentioned in
Sec. II will provide additional solutions to (18} with
m*w® <0; if we require mw to be real the relevant series is
that for g, < 0. It would be of interest to determine whether
these solutions are of value in investigating the physics of
fields around black holes. We do not pursue this question
here.

B. AMG

In terms of x’ the radial equation for an axially symmet-
ric s = O field on AMG is
d*p/dx’* + m*w*(4 — 8/x' + 1/x7

—4/x" + 1/x"* W — (L /X" = 0. (24)

It is easy to see that the transformation x’ = ce%,
¥ =(|x'|)!"?¢, z = ix will convert d *¢/dx"> + Ay = 0,
A=d,+d,/x + .. +d,/x", into(4)if c is chosen to satisfy
¢’ =d,/d, and if d,/d, = ¢* Equation (24) meets this re-
quirement if we take c = — 1/2/2. We thus obtain
d /dx> + {(2] + 17 — 28m’w’
— 32(V2)m’w’ cos2x — 16m’w® cosdxid =0.  (25)
Comparison of (25) with (4) and use of (7) gives

m*wl= —(p+ 1)¥/16, (26a)
= -2v2)(p+ 1) (26b)
A=+ 1P +4p+ 172 (26¢)

Then via (26) each solution of Sec. II generates values for
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m*e* and (2/ + 1)* and a solution to (24) given by

u«} — \/ \x’\ e (V2 p 4+ WX+ l/2x')V‘ (27)

The values of mw are again pure imaginary. Real values
of / exist because there are eigenvalues A greater than or
equal to 1 + 1 p + 1)’ but these do not occur for small val-
ues of n; for types (i), (ii), (iii), and (iv) such eigenvalues exist
only for n greater than 10, 29, 30, and 9, respectively. For
n<32 it has been found that none of the real / values are
positive integers.

Remarks similar to those in Sec. I11. A concerning infi-
nite series solutions apply to the AMG case.

IV. REISSNER-NORDSTROM AND SCHWARZSCHILD
GEOMETRIES

A. Solutions on the Reissner-Nordstrom geometry

It is possible to construct solutions to the radial equa-
tion of a s = 0 field on RNG and SG by considering the
following analogue'” of the Whittaker—Hill equation in
which cosx is replaced by ctnhx

d'/dx’ + 4y + 4,y + Ay + A, 0 + Ay W

=0, (28)
where y= ctnhx, 4,,,--,4, are constants and 4,7#0. This
equation has an analogous treatment to that of (4) because it
can be shown that if

b=V (29)
and if certain conditions on the coefficients of 4 are satisfied,
there are polynomials,

V=3 b,y (30)

which yield solutions to (28).

The equations on RNG and SG can be put into the form
{28) but the conditions on 4 implied by (29) and (30) are not
obeyed by these geometries.

An ansatz which is applicable to RNG and SG is to use,
instead of (29), the generalization

w — ezx,r(sinhx)ﬁeTYV, (3 1)
A= —7 (32)
where a and /8 are two new parameters to be determined
along with the coefficients of ¥ in (30). The equation for Vis
d2V/dx* +2a+y+By—yy)dV/dx + AV =0, (33)
where
A=A+ @+ +B +2aB + 1B~y
+ (B~ B = 2ay =21y
+ 21 =By + 7y 34)
Note that if y is tanhx in (28) through (31) and (sinhx)” in
(31) is replaced by (coshx}? then (33) and (34) are again
obtained.
There are some redundancies built into (28), (30), and
{31). A solution ¢ characterized by («,3,y,n) is equivalent
(equal, aside from a nonzero constant factor) to one charac-

terized by (@ — ¢, + q,7.n + g) for every nonnegative inte-
ger g. As we shall see in the case of RNG and SG, equation
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(33) has polynomial solutions which correspond to fields ine-
quivalent for different values of #n and inequivalent to those
obtained from (29) and (30).

We now apply (31) to RNG. In terms of the variable x
defined by

leln
2

r—m,

, (35)

r—m

e= /1 — (¢?/m?), m . =m + me, the radial equation on
RNG is the following special case of (28):

d2y/dx? + [m*e¥/e)l — ey + L(1 — )y =0, (36)

where y== ctnhx in the exterior and we have

r=m(l —€y). (37)
In the interior, m _ <r <m , (36) holds with y= tanhx.

In terms of 7,3 given by (31) has the form

e (y/meir

¥= lee + B)/2 £

- (38)
fr" m+’(ﬂ a)/zlr - m—(

where ¥ is a polynomial in r of degree n, and in terms of y
(essentially r} (33) becomes

(y—1P(y+1Pd?V/dy' —(y + 1y — 1)
xa+y+B—Ny—yydV/dy + AV =0. (39)

Thus the ansatz (31) merely amounts to taking out, in addi-
tion to the exponential, the usual factors of Frobenius series
about regular singular points of the r-differential equation
for . But a difference is that in (38) the powers (8 — a)/2 and
(@ + )72 are not necessarily fixed; they may depend on V,
i.e., on n, and this, it turns out, will allow V to be a
polynomial.

It is clear from (39) that for

V=3 (—lfa(y+ 1) (40)

K=0
the recursion relation on a will have four terms whereas the
recursion relation on b has six terms. In accord with (40) we
define coefficients in 4 by

A=Ay~ A+ N+ 4Ly + 1 =4y + 175 (41)
they are easily determined by (34), (37), and
= () £ 022 0 £t

2 2

€ \m € m m
[4 is of degree three because of (32).] Because of the form of
(38) and the fact thaty + 1 = — (r — m ,)/em we may as-

sume, without loss of generality, that a,a, #0. From (32) we
have

mwe = — 7. (43)
Then substitution of {40) into {39) yields

Aga,=0la — B = (/€)1 + €, (44a)
(dy — 2nyla, =0=B=2y/e +n+1, (44b)
Ak + Yk +1+a—F,,
+ A4, +2k 2k +a — 3B -4y + 1)]a,
+ [/Iz +(k— Wk —28— 8n\la, _,
+2n+2—klag_, =0, k=0,12,.,n,  (44c)
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(4, + nln + 1 — 28— 8)]a, +2ya,_, =0, (44d)
where we takea, =0ifs<Oorszn + 1.

We may also write V' = =} _, a;{y — 1)* and substitute
into (39). This produces an equation similar to the left equa-
tion of {44a), in which a; is uncoupled from the other compo-
nents of a, and gives the further information:

(a+B) =(r/e)l — e (45)

There are three solutions to (44a), (44b), and (45) for a,
B, and ¥ in terms of n and €. One of them we ignore because it
may be obtained from one of the others by the symmetry
x— — x, €= — € of (36). The remaining two solutions are

= —in+ Ve (46a)
B=ln+1) (46b)
= —in+ 1€+ 1)/e (46¢)

and
Y =(n+ 1)€/(e — 1)), (47a)
B=(n+ 1) + 1)/(e — 1) (47b)
a= —2n+ le/le — 17 (47¢)

The quantities 4, = — 4y*(e + 1)/ — 2L

—2af3 + 4y — 4y +2B3° — 2B — 4ay and
A, = — 6/ e+ 1P/ —L +B*—F —2ay +47°

+ 6y(8 — 1) which occur in (44c) and (44d) are known from
(46)or (47) in terms of eand L. In order to solve the equations
(44c) and (44d) we may consider (44c)as (n + 1) linear homo-
geneous equations for the vector a and the necessary condi-
tion of their vanishing determinant to determine € in terms of
L. Equation (44d) is then either a constraint with determines

L (and hence ¢) or it is linearly dependent on (44c) and there-

by leaves L undetermined. For each n, 0<n<10, we have
found the latter possibility to be the case and have carried out
the procedure just described to obtain inequivalent solutions
to (44c) and (44d). We therefore claim, without proving it,
that if (44a), (44b), and (45) hold then (44c) and (44d) have
inequivalent solutions labelled by unrestricted values of L
and nonnegative integer . [It should be emphasized that the
closed form solutions (38) which have been found here hold,
at each chosen value of L, for particular values of the black
hole parameters mw and e.]

The case n = 0 gives interesting and representative re-
sults. Forn = 0, we haved, = 24, and hence (44c)and (44d),
A, , = A, =0, are dependent and L is unrestricted (except
that L #0). The complete solution in the case of (47) may
thenbeexpressedasy = L%, a +B=1,—a=(L + 17,
m’e® = — LL*L + 2)°,and € = L /(L + 2). Thus we have
aninfinite set of solutions with nonsingular § (¢ ) and physical
values of the black hole parameters since for every integer
[>1 we have € < 1. Note that, for all integer /> 1, each of the
quantities a, /3, ¥, and m’o»” is an integer, and }(a 4 /3) and
{(B — a) are both positive half-integers. In this case (and for
all n and physical €) mw is pure imaginary.

When n =0in (46) we find 4L = — € — 3 and
m’w* = — L In this case then, for every integer />0 we
have a solution with e?/m? > 1, but for e2/m? < | the param-
eter / is complex and S (6 ) is singular.
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In the case n = 1, it is easy to check that (44d) is depen-
dent on (44c), and a is easily found from (44c¢). The condition
of vanishing determinant which relates € to L is, in the case
of (46), (€* + L + 2)* = 2¢” 4 1 and in the case of (47) is
(e = 1’L*+2(€ — 1)(7Te + 1)L + 8¢(4€ + 1) = 0. From
these relations it may be seen that the nature of the possible
values of the black hole parameters is similar to the case of
n=20.

For increasing n it becomes tedious to write the polyno-
mialin € and L which results from the determinant condition
and to check whether (44d) is a dependent equation. We have
therefore analyzed the cases 2<n<10 on a computer. At
each of these values of » we have found (44d) to be linearly
dependent on (44c) and have found solutions for any chosen
value of L. We conclude that L remains unrestricted and
infinite sets of solutions exist at each » in each of the cases
(46) and (47).

B. Asymptotic behavior on the Reissner~Nordstrom
geometry

Let ¢ be given by (38); a, 8, and y by (47); and w , by
@, = =+ i(n + 1)¢/m{e — 1)*. Then asolution to (36), linear-
ly independent of 4, is given by

¥ =¢J F—m, Py —m_|* P!
Xe(Zy/me)r’V—Z dr'. (48)

We may take (38) and (48) to be valid in both interior and
exterior regions. We thus have four fields, denoted by

e (1,3, )P, which are defined in each of the regions I, 11,
and III {(shown in Fig. 1) belonging to the maximally ex-
tended RNG.'? (Linear combinations of these fields are, of
course, also solutions to the wave equation.) We examine the
behavior of e '(w,gb,) in I, II, and III, and we choose to
express the results in terms of null coordinates 2u =t — r*
and 2v = ¢ + r* in the various regions, where
r¥=r4(m’. /2me)Inlr —m_ | — (m>_ /2me)In|r —m_|.
The behavior of the fields with @ = w_ may be obtained by
time reversal.

AtI* I~ HYH  H H;" H;,H{,andr=0
we find, respectively, the following limits of & *(1,¥,):
(O =), 0,0), e ~*“0), (o0, ~ 2414}, (a0, 0],

e (1L, (0,0), e 2 “m(1,1), and e ~ 2I°(1,1). We have
ignored constant nonzero factors in writing these limits.

Different limits may be obtained for special linear com-
binations, but in no case are all the limits finite.

A situation with no infinities can be defined by suppos-
ing the external RNG to be caused by a static spherical body
of radius greater than m . Then € ‘¢ provides an infinite
class of solutions to the wave equation on the external geom-
etry which are all finite everywhere to the future of any spa-
celike surface t = const.

C. Solutions on the Schwarzschild geometry

The construction of solutions to the radial equation of a
s = 0 field on SG is obtained by setting € = 1 everywhere
before (47) in Sec. IV A. Note in particular that
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FIG. 1. A portion of the maximally extended Reissner-Nordstrdm geome-
try showing horizons A and future and past null infinity *.

a + 3 = 0in (38). The only possible forms of , 3, and y are
those given by {46) with € = 1, and we claim that with these
forms, (44¢) and (44d) with € = 1 are satisfied at each n by
n + 1 values of L. In all the calculated cases we have L — 1
and this is expected to hold for all .

Forthecasen =0andm' =0O0wehave L = — landso
I = — 1+ i(v/3)/2; then P/{cosf) is a conical function® so
that the solution is for a half-line singularity at & = 7 along
the polar axis. The function ¥ is simply e”*"/|r — 2m|'/2.

V. OTHER FIELDS

For a massive scalar field of mass u on RNG or SG the
radial equation still has the form of (28) and on CMG or
AMG it can be related to (4). Hence the previous methods
will generate solutions for the massive field. It appears, how-
ever, that the inclusion of u does not allow new parameter
values. For example, for RNG with n = 0, it can be shown
that it is impossible for all of the following to hold simulta-
neously: m*u* >0, m’»* > 0, € real, and / = nonnegative
integer.

For fields of spin 1 or 2, solutions analogous to those of
Sec. III and IV can easily be found for low values of . (For
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the Maxwell field on SG, for example, a solution for the
radial part of the Newman-Penrose®' quantity ¢, is

Y = [sinh(r/2m — 1)]/(¥/2m — 1} — cosh(r/2m — 1} and
w = i, [ = 0. In this case ¢/(r — 2m)"/? is a modified Bessel
function of order 3/2). Furthermore, these solutions have a
property in coramon with those of (39); namely, their par-
ticular parameter values reduce the order of certain regular
singular points of an appropriate differential equation. This
happens in (39) because the parameter conditions (43), (44a),
and (45) cause 4 to have a factor of (y — 1)(y + 1). These
facts suggest that results analogous to those of Secs. 11T and
IV may hold for nonzero spin fields.
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A set of elementary solutions of the linear transport equation is constructed for a class of
scattering ratios which vary continuously in space. These solutions are shown to be complete on
the half-range 0 <u <1 for a restricted class of scattering ratios.
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I. INTRODUCTION

One of the most recent developments in transport the-
ory is the emergence of analytical methods for treating one-
dimensional transport problems in media whose cross sec-
tions vary continuously with position.'~® In this article we
continue this line of research for halfspace transport prob-
lems of the form

d
,Ua—lll (x’lu’) + lI/(xnu)
X

=c-f—12)i)—‘£l¥/(x,y')dp', 0<x< o, (1.1)
¥ (0u)=glu) 0<u<l, (1.2)
lim ¥ (x,u) = 0. (1.3)

X—> o0
We require the scattering ratio, written as ¢f'(x), to be non-
negative and the half-space 0 < x < « tobe subcritical. (Thus
the above problem has a unique solution for all values of ¢
between the given value and zero.) The function f(x) has a
quite general form described below. However, to introduce
notation and motivate the analysis, we first state some
known results.

For the well-studied'® case of a homogeneous medium,

f(‘x) =1,
the set of continuum solutions satisfying Eqgs. (1.1} and (1.3)

can be written
W (xp)=8v—ple™ " +cy (we” ", O<v<l, (14)

WF%L; — oy —win( 1Y) (L.5)

The distribution ¥, which plays a key role in our analysis,
satisfies

f_ ulukda =0 (1.6

and

(1 —u/Myy.p) =4 (1.7)

The set of solutions (1.4) is not complete on the half-range
0 <u<1; a discrete solution must be appended to the set'in
order to satisfy Eq. (1.2).

For the case of an exponential medium,

fix)=e ", 0<s< o0,

*This work was performed under the auspices of the U. S. Department of
Energy.
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an analogous set of continuum solutions has been construct-
ed by Mullikin and Siewert®:

W, (xp) = 8(v —ple ™" +cy, e 7%, O<v<l,
(1.8)
Vo =1/s+ 1/v. (1.9)

These solutions are complete on the half-range 0 < <1 for
any finite value of s, provided only that the half-space

0 < x < oo is subcritical.® Also, these solutions carry over to
the previous ones in the limit s—co.

In this article, we take f(x) to have the general form

flx) = fo " alt)e—d, (1.10)

and in Sec. I we show that the functions
lI/V(x,,u) = 5(1/ _Iu)e—x/v _+_ CJ a(t )yw(/t)e"‘/‘“dt
0

O<v<«l, {1.11)
Vo =1/t + 1/v, (1.12)

are a set of elementary solutions of Egs. (1.1), (1.3). In Sec. I1I
we formulate a simple necessary and sufficient condition on
the parameter c for the half space 0 < x < « to be subcritical,
and we show that if the half space is subcritical and « satisfies

J- ta(t))* dt < o0,
0

then the set (1.11), (1.12) is complete on the half-range

0 <u<1. Finally, in Sec. IV, we discuss and relate our results
to the work of Mullikin and Siewert? and Kelley and Mulli-
kin,® who have considered a different aspect of the problem
(1.1)-(1.3), (1.10).

(1.13)

Il. CONSTRUCTION OF THE ELEMENTARY SOLUTIONS

For f(x) = 1 and f(x) = exp( — x/s), elementary solu-
tions of Eq. (1.1) are given respectively by Eqs. (1.4) and (1.8).
The fact that both of these sets of solutions are linear in the
parameter c suggests that we seek solutions of Eq. (1.1), with
fix), defined by Eq. (1.10), which are linear in c:

W, (pa,0) = g, (0,u0) + ch, (xp). 2.1)
Introducing Eq. (2.1) into Eq. (1.1) gives

d
S g, () + 8, (xu) =0, (2.2)
x

a 1
B k) + ) = f‘zi’ f b 23
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1
0= f B (x)du (2.4)
-
If we choose
g ) =6(v—ple ", O<v<l,
then Eq. (2.2) is satisfied and Eq. (2.3) becomes
g w®
) gt =3[ Caleleedt, 2
ax 0
where
lV/o =1/t + 1/v. (2.6)

To solve Eq. (2.5), we take

hx) = [ Bleuvie s,
0

and then Eqgs. (2.5) and (2.4) reduce to
(1 —u/0)B(tu,v) = lalt),

1
0= Bl
The solution of these equations is easily found to be

Bltpv)=alt)y, ).
Thus, we obtain
l[/‘,(_x,,U«,C) = (S(V J— #)e — x/v + CJ- a(t )ymw)e — x/(ud[’
0

which is just Eq. (1.11).

ll. HALF-RANGE COMPLETENESS

The general solution of the transport equation (1.1),
which is constructable from the solutions (1.11), and which is
bounded at x = + o, i

Wixu) = ae "+ cfla(v)fxa(t )y, (e~ *“dt dv,
0 0
(3.1)

where

alp)=0, — 1<u <0.
To solve the full transport problem (1.1)—(1.3), the boundary
condition {1.2) must be satisfied. Using Eq. (3.1) and

t=owv/lv—w)

this condition can be written

glu)=alu) +c f a(v)f alt fy ) Vv — w)1do dv,

0
0 <puxl,
or
gw)=U—cL)au), (3.2)
where [ is the identity operator and L is the integral operator
defined by
L=L +L,,

1

L, alp)= J- alv)G,(vyu)dv, n=1,2,

[§]

v 2
Gitvu) = [ atn( 2] &2,
o v—w/ 2 o-—u
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and

2
Golvyps) = _a( pv )(__V_) ﬁln(l +/~t), p<,
v—ul \v—pu/ 2 1—u

G,(vu) =0, v<u.
Let us suppose that L, and L, are completely continu-
ous operators in an suitable function space. Then,'' either

(i) Eq. (3.2) has a unique solution a(u)
or

{ii) Eq. (3.2) has a nonzero solution a{u) for g(u) = 0.

If case (ii) were to hold, the half-space 0 < x < « would have
a nonzero flux ¥ corresponding to a zero incident flux g, and
then the half-space would be critical. However, we have as-
sumed that the half-space is subcritical, and therefore case
(i1) is impossible and case (i) must hold. It follows by defini-
tion that the set of solutions (1.11) is complete on the half-
range O <u<1.

A sufficient condition for the operators L, and L, to be
completely continuous on L, (0,1} is'?

1 1
ff |G, (vu)|* dudv< o, n=12.
0 Jo

Since'?

L?G.(v,u)lzdfmf |G \(vi)*dpe

Vv
2
:ﬁf
0

Sl i

2(—V )Zdw
v—w

)

v

a(t)

4 Jo vV —w
=-7T—.f la(t )t |*dt
4 Jo

and
1
[ 16l
0
v 2
<%f a( i ) =id 1n1+’u 2( v )dﬂ
0 v—u/v—pu l—pul\v—p
) f a(s)sln(l_ﬂ_ﬂ) 2
0 1 —sv/(s+v)

<in(l + 2v)j ls)s|"ds,
0

then L, and L, are completely continuous if a satisfies

J ta(t)|*dt < 0. (3.3)
¢

To summarize, if the half-space 0 < x < oo is subcritical
and a satisfies Eq. (1.13), then the set of elementary solutions
(1.11) is complete on the half-range 0 <u <1 in the function
space L, (0,1).

The above remarks imply that if a satisfies Eq. (1.13),
then Eq. (3.2) has a unique solution for all values of ¢ such
that

cspril)<1 (3.4)
(where spr denotes spectral radius), and, if
cspr(l) =1, (3.5)

then Eq. (3.2) has a nonzero solution for g = 0. Therefore, we
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can characterize the criticality of the half-space 0 <x < o0
for functions a satisfying Eq. {1.13) as follows: the half-space
is subcritical if Eq. (3.4) holds, is critical if Eq. (3.5) holds,
and is supercritical if

cspril}>1

holds.

To conclude this section, we note that if « satifies Eq.
(1.13) and a(v) € L,(0,1), then each term in Eq. (3.1) can be
interpreted in L,{ — 1,1). T his follows from a simple exten-
sion of the analysis either in this section or in Ref. 14.

IV. DISCUSSION

The class of scattering ratios which can be represented
by Eq. (1.10) is very large. For example, an explicit integra-
tion gives

ece~/{/t 1
J e = : (4.1)
(s t- A+x

(This representation is valid for all 0<x < « provided
Red > 0, whereas if Red <0, the representation converges
only for — Red <x < «. Thus in this discussion we must
require Red > 0.) Equation (4.1) can also be integrated and
differentiated with respect to A. For example,

e e gy (’H") (42)
o t Ay +x
and
oo — A/t 1
o " +x"

If A is real, then the above functions are all real. Howev-
er, if 4 is complex, then real functions can be generated by
adding the complex conjugate or subtracting the complex
conjugate and divding by /. By taking linear combinations of
such functions, with possibly differing values of A, one can
obtain representations of more complicated functions. For
example, any rational function which vanishes at « and has
poles only in the left half of the complex plane can be repre-
sented in this manner. Moreover, Eqs. (4.1)—(4.3) indicate
that the corresponding functions a(t) will satisfy Eq. (1.13),
and thus the elementary solutions defined by Eq. (1.11) will
be half-range complete.

Other explicit representations can be generated by tak-
ing a to be a distribution, but care must be taken to properly
interpret the integral term in Egq. (1.11). For example, if

alt)=6(t—ys), 0<s< o0,
then Eq. (1.10) becomes

Sl =e=
and Eq. (1.11) gives

W, () = 8(v — ple =" + ¢y, (ule %,
where

lVw=1/s+ 1/v.

Since a(t) does not satisfy Eq. (1.13), the analysis of Sec. 111
does not predict that the above elementary solutions are
complete on the half-range 0 < <1. However, a more de-
tailed analysis does establish this completeness.®
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The solutions in the above paragraph were derived by
Mullikin and Siewert,? who used them not to develop solu-
tions of the transport problem (1.1)-(1.3), but rather to derive
an equation which the flux exiting the half-space must satis-
fy. To make contact with their results, we shall sketch this
derivation. One assumes that the transport problem solution
can be represented by

1
R A (4.4)
(]
and shows that the elementary solutions satisfy
1
f puV, 0, —u)¥, Ou)du =0, O<v, v <1.
-1

Then one sets x = 0 in Eq. (4.4}, multiplies by u ¥,.(0, — uj,
and integrates over u to get

fuwo,u)wo, iy

1
= [ mwnt0. — pgads, 0<v <1,
0

which is a singular integral equation for the exiting flux
w0, —u)for0<u<l.

This procedure can be carried out for the elementary
solutions defined by Eq. (1.11). The result is

S(v)+cfsw)f

= cJ;,ug(,u)J; altyy (—updtdu, O<v<l, (4.5)

(£ u)dr dp

where
Su)=p¥0, —yj
and
Vo=1/t+ 1/v. (4.6)

Equation (4.5) can be rewritten, after a lengthy amount of
algebra, in the form

-5 o[ =2
=—fug(/zf

Equation (4.7) was also denved by Mullikin and Siewert,”
although in a completely different manner from that de-
scribed above because the elementary solutions of Eq. (1.11)
were not known to these authors. Kelley and Mullikin® have
recently proved that Eq. (4.7) has a unique solution for all
functions a(r ) such that f(x) € L,(0, « }, assuming ¢ to be small
enough that the half space 0 <x < « is subcritical. Thus the
Kelley—-Mullikin analysis shows that Eq. (4.7) has a unique
solutionfora(t) = & (t — s)[which gives f(x) = e ~ **, where-
as the half-range completeness analysis in Sec. II1 of this
article does not apply since a does not satisfy Eq. (1.13). In
addition, Kelley has recently shown'® that

waz(X) dx<1rf0m |t a(t)?dt

and therefore the set of functions fdiscussed in this article is
a strict subset of the set discussed by Kelley and Mullikin.

S(a))
a)+/.t

-————dt du, O<v<l. (4.7

dpe dt
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The enigma of “entropy” is reconsidered from the viewpoint of generalized information theory on
a lattice generated from measurements that define the system. A small (incomplete) set of natural
axioms for a global information measure is developed sufficiently to deduce as a special case a
generalization of Segal’s entropy on a W *-algebra (classical and quantum). A simple relationship
between monotonicity of entropy and a semigroup on [0, o ] (representing composibility of
information) is presented. Various extensions of information-theoretic results are incidentally
proven, including relations between regular composible informations (on an orthocomplemented
complete lattice) and measures (on o—ideals of the lattice).

PACS numbers: 05.70.Ce, 05.50. + q

I. INTRODUCTION

Although dating from the grimy dawn of the industrial
age, entropy has remained one of the most controversial,
esoteric, and enigmatic concepts of physics. Recently
Wehrl' has reviewed the properties of various entropy ex-
pressions useful in physics. In addition to the numerous “en-
tropies’ he has collected, one stumbles across other formu-
las which are also dubbed “entropy.”>~® This proliferation of
“entropies” suggests the need for a comprehensive approach
to the basic issue, namely: “What is entropy?”’

Rather than dismiss all expressions that do not conform
to“—Zp, In p,,” " —Trp Inp,” or even Boltzmann’s
*“ — kInW—assomereviewers would happily have us do—
we prefer to seek a fundamental meaning and axiomatic for-
mulation of a quantity which, when suitably constrained,
reduces to such special formulas. Indeed, the need for such
an approach is evident from the difficulty of reconciling the
second law of thermodynamics with Hamiltonian motion.
This problem has led to various approaches to nonequilibri-
um statistical physics, including different forms of “coarse-
graining”' (which effectively reject the second law for the
true system *‘state,” and only work for infinite systems in
general'), “master equations” (e.g., those based on projec-
tions of “relevant” data®), semigroups,” and modifications of
entropy itself.®

Of course, all concepts of “‘entropy” are ultimately re-
lated to probabilities (or “states”). This relationship in fact
unites the mystery of entropy to the enigma of “probability.”
Good’ has distinguished at least five different concepts of
‘“‘probability.” More recently, Fine'® has compared the var-
ious concepts and ultimately concluded with the doubt that
*‘probability” is even necessary for scientific endeavors.
Most physicists are familiar only with the so-called “objecti-
ve’'probabilities—relative frequencies over infinite ensem-
bles which, though by definition unmeasurable, are never-
theless considered to represent a physical property (“‘state”).
Rayski'' has shown how quantum mechanics paradoxes
vanish if one relinquishes this interpretation. Elsewhere'? we
have argued how certain arguments against theories of “hid-
den variables” depend implicitly on the interpretation of
probability, and thus cannot be convincing.
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An extremely successful step in explaining both enig-
mas—"‘entropy” and “probability”—has been made by
Jaynes.'® In essence, Jaynes interpreted “entropy” as the
“expected self-information” of a class of mutually exclusive
and exhaustive “events,” or propositions. Although the as-
sociation of “entropy”” with “information” (negative uncer-
tainty) is neither original with Jaynes'* nor without opposi-
tion,'® it nevertheless provides an explanation for this
hitherto misunderstood quantity. Simultaneously, Jaynes
interpreted “probability” to mean the rational “‘degree of
belief’!® we assign to events (on a zero to one scale) based on
available evidence, generally of the form of expectation val-
ues of observables. The choice of data used effectively defines
the total evidence assumed relevant to the properties being
estimated with the degree of belief. This condition is quanti-
fied by taking as degree of belief that measure which maxi-
mizes the “entropy”, i.e., the average uncertainty, subject to
the chosen evidence. In a single blow, Jaynes not only ex-
plained, simplified (no ensembles!), and generalized statisti-
cal thermodynamics, but also provided scientists and engi-
neers with a new, (more or less) consistent technique of
inference which has been successfully employed in many
areas.'’

Despite these successes, and in part because of them, we
again find a need for an axiomatic explication of “entropy.”
For one thing, Jaynes’s program is strictly constrained by
the choice of entropy formula'® most generally, the Gibbs
formula classically, and the von Neumann expression in
quantum mechanics). Although Shore and Johnson'® have
recently given an axiomatic derivation of the classical entro-
py in terms of inductive inference, there is no reason to assert
that this specialized “entropy” is appropriate or even correct
in general. Indeed, as we will elaborate below, most “‘real-
life” situations do not admit the requisite idealizations for
Borel algebras, and thus probability-related information
measures. It thus may be not only desirable but essential to
eliminate probability altogether. Because of this and certain
other difficulties,*® the MEF (maximum entropy formalism)
has not been exploited as thoroughly as is possibie.

Inorder toarrive at a fundamental understanding of the
significance of “entropy” in physics, we believe it necessary
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to reexamine the essence of physics as distilled in its lattice-
theoretic formulation. It is convenient to visualize a physical
theory as a data-processing algorithm: Empirical data are
digested by the theory and predictions result. This is consis-
tent with the view that theories model reality: They are not
“explanatory” in the sense of being in one-to-one correspon-
dence with aspects of reality.?! The model is constructed by
first postulating an “operational definition” of the objects
under study in terms of the set of all “relevant” empirical
relations that can be defined on the objects. This definition is
then naturally imbedded in a complete lattice—the “the-
ory,” which is the mathematical context for calculations. We
review these ideas in Sec. II, extending our earlier work.?>%*
Also, we present certain new results concerning composible
informations.

Our approach to “entropy” is based on the idea of “lo-
cal” informations on a lattice (of “propositions”) first stud-
ied by Sallantin.** In Sec. III we define “entropy” to be a
global measure of information associated with possibly sev-
eral “local” informations on the “theory.” We do not at-
tempt to characterize our “entropies,”* but rather consider
certain special cases that ultimately reduce, as desired, to the
usual “entropies.” In Sec. [V we provide an interpretation of
certain qualitatively novel features of our “entropies,”
which appears to have bearing on irreversible dynamics. Fi-
nally, we conclude in Sec. V with a general commentary and
some open problems.

il. ABSTRACT THEORIES AND INFORMATIONS

The essence of physics is generally considered to be one
or the other of various logico-algebraic models®® based on
abstract lattice theory.?” While physicists are concerned spe-
cifically with deriving quantum and classical physics, we
have found a broader viewpoint to be more enlightening. In
Refs. 22 and 23 we have proposed a somewhat unusual ap-
proach which we describe and extend below. Our approach
is reminiscent of the constructive descriptions of logic and
language by Watanabe® and Sallantin®’; however, we do not
attempt to derive specific theories, but rather describe uni-
versal properties. We assume the reader to be familiar with
standard terminology of lattice theory.

Our starting point is the obvious one: How do we define
an object about which we wish to “talk” {i.e., discuss in a
literal sense, or scientifically study)? This question is by no
means trivial or metaphysical, since practical problems of
computer recognition are involved. It is natural to define an
object (actually, the class 4 of all such objects) by a complete
list of its properties. Although for real-life objects such a list
may not be possible, one can effectively define varying de-
grees of approximation to “real-life” by a judicious choice of
the relevant properties. To account for the intrinsic “fuzzi-
ness” of “real-life”” descriptions®**' we assert that the prop-
erties consist of relations R:4 "*—Q, where Q is a quasior-
dered set of “truth values.” (This generalizes slightly the
work of Goguen*” and DeLuca and Termini.** Ali and Pru-
govecki** have applied “fuzzy” set theory directly to quan-
tum physics, but not in the “logical” context.) To be oper-
ationally consistent we must insist that the order n, of the
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relations be finite. The set of all “relevant” relations is denot-
ed by F:{4,0,F ) constitutes an empirical relational system.
Note that the relations are essentially generalized character-
istic functions,

The relations in F are naturally ordered by an “implica-
tion,” =, defined in terms of the quasi-ordering of the truth
set Q. This binary (classical) relation induces a quasi-order in
F; we denote by P the partially ordered set obtained from
by associating “—=—equivalent” relations. Thus, P represents
a minimal set of relations defining an object class 4, with a
built-in partial order. See Ref. 23 for details.

At this point we wish to clarify the above *‘abstract defi-
nition” by a further condition on P. Essentially, if R is a
relation relevant to an object, it has a quasi-ordered range
Z(R) = {R (a)ed "*] C Q. If we reverse the order of #(R }—
which corresponds in the simplest case to interchanging bi-
nary (yes-no) responses on an elementary experimental appa-
ratus**—we have a new relation, R ', whose rangeis the dual of
(R ). It is natural to allow for each ReP that R 'eP as well,
since the same apparatus or operation that defines R also
defines R . The map R—R ' is an involution by construction:

R”=R; R<S=S'<R’. (1)

Notice, however, that there exists no meaningful relation in
P which can in any sense “imply” both R and R . That is

{SeP: S<R and S<R'} =6 . 2)

In this axiom, we diverge from the custom of introducing an
“absurd” relation P such that R AR ' = @. Thus the “log-
ic” of measurements is not assumed at this level.

So far the objects have been abstractly defined by the
poset P with involution; this structure, constructively ob-
tained, corresponds to the rational numbers. It is essential
for further progress to introduce idealized elements—analo-
gous to real numbers. We do this in the corresponding man-
ner; weimbed Pin a complete lattice L ( P )by the “cut proce-
dure.”? (This method is not alien to quantum mechanics’’;
however, the construction and properties of P used by pre-
vious authors are less general than ours.)

Theorem 1: If Pis a poset with involution satisfying (2),
then L ( P) is a complete orthocomplemented lattice.

Proof: Recall*’ that E = {ReP: R<Sfor all S>T for
all TeE } defines theclosureof EC P,and that L ( P)isjust the
set of closed subsets of P, a complete lattice under set inclu-
sion (C). For EeL ( P) define

E'={ReP.R<S' for all ScE} . (3)

Then, (E')' = {ReP:R<S ' forall §'>T forall TeE | = E;
EC Fimplies F*C E* since ReF " implies R<S"’ for all SeF
implies R<S for all SEE, and thus ReE . Finally, (3) defines

an involution since E*eL ( P): E' = {ReP:R<S for all
S>Tforall T< W' forall WeE | = {ReP:R<SforallS'<T",
for all T'> W for all WeE } = {ReP: R<Sforall
S'eE =E} = E*.Now EnE " = {ReP:R<S and R<S, for
all SeE | = ¢ by (2). Thus, E—~E "is an
orthocomplement.*® Q.E.D.
The importance of the universality of orthocomple-
mented completelattices (L ( P))as “theories” liesin theabili-
ty we obtain to construct partitions. If 4L ( P ), a (finite) par-
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tition of A is the set

mA)=|E,eL(P)A=V}_ E,E,\E,} (ELAffECF").
(4)

We denote by /7 the set of all (finite) partitions of P, and

7{ P) = 7 for short. The set /7 is partially ordered by the
relation

m(E)Cm,. (5)
If 7, < ,, then 7, is a “finer”” partition; note that 7y, = {4,P |
is the universal lower bound, and that unless L ( P)is finite, /7
has no upper bound in general.

We digress briefly to interpret L { P)and /1. Since RePis
arelation, § (R)= {R] = {SeP:S<R |(closureof {R })is
the “proposition” or idealization consisting of all (nonequi-
valent) relations in P that “imply” R. Since E=Y.0(R)
(see Ref. 22), E is a set of relations plus their antecedents. The
elements of L ( P) thus effectively summarize sets of proper-
ties. This ability is desirable in a theory—i.e., to combine
consistently large numbers of experimental features. A parti-
tion e/l is asubdivision of L ( P)into a finite set of “orthogo-
nal” sets. It is natural to consider such a partition as an
experiment whose outcomes are manifestations of the prop-
erty. Each manifestation is a summary of more “‘elemen-
tary” measurements that “imply”’ relations comprising the
manifestation. Such an interpretation does not disagree with
typical physics usage, especially in regard to observables in
physics (countable partitions!).>* One may look upon the ele-
ments of P as “outcomes” and the elements of L ( P) as
“events” in the language of probability theory.

Recall’’ that.7 C L ( P)isaco—idealif(a) Ec.5", XeL ( P)
and XC E implies Xe.7; and (b) E, €7, n = 1,2,..., implies
Vr_,E,e7 . Notethatif E Fe7, EnF'ec.7 as well, which
suggests that any o—ideal is analogous to a o—-ideal in Bool-
ean set theory.*® We thus are led to define a generalized mea-

T, < 7, iff for each Eerm|,

sure as a mapping .7 — R* = [0,c0] such that.7 isa o—
ideal, u(é ) = 0, u(E ) = p(F) = 0 implies (EV F} = 0 and

/'L( v:~ lEn) = i /“{En )’ En‘LEm . (6)

n=1
This definition is a natural extension of Piron’s* definition
4.38, the distinction being that Piron defines 2 on a “tribe””:
.7 such that E€7 implies £*c7 and.7 countably closed.
In special cases of interest, the o—ideals reduce to tribes, and
the concepts coincide.

Viewing the lattice L ( P) as an ordered set of proposi-
tions,*" one naturally discovers certain minimal require-
ments for a local information measure*' on L { P). First, it is
natural to demand that no proposition have negative
information:

J. L(P)> R* =[0,00]. (7a)

Next, if ECF, then proposition E is more specific than £ in
that it contains fewer relations (from 2). Thus, as one ex-
pects, the more specific proposition have the more informa-
tive value:

ECFimplies J (E)>J (F). (7b)

Finally, as P is maximally unspecific, it should have the
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minimal information value, while ¢ (being absurdly specific)
should have undefined value:

J{@)=o; J(P)=0. (7c)
We have studied properties of such information—defined by
(7)—in Ref. 22. In this paper we will restrict attention to the
subclass of informations which are (weakly) o—composible.

An information is said to be composible*' (weakly) if there
exists a real-valued function F such that

JAVB)=F[J(4)J(B)], whenALlB. (8)
We are motivated largely by the consequences to consider
informations which are composed by ROC’s:

Definition 1**:

A regular operation of composition (ROC)is a function F
satisfying:

F R* > R* is continuous,, (9a)
Fixy)=Flyx), {9b)
Flx.F(yz2)] = F[F(xy)2], (¢)
F(x,00)=x, (9d)
x <y implies F (x,z)<F (y,z) . (9e)

In fact, any composition map must satisfy (9b), (9c), (9d),
and (9e) on the set of values defined by
. (J)={{x,X,..x,):A,As,..A, €L ( P),A,14;,x; = J (A, )}

(10)

for the appropriate n> 1. Condition (9a) extends the domain
of Ffrom I',(J)toall R*? and furthermore makes Fa
topological semigroupon R* . Since J(V?_ E,)
=1lim,__Fy [J(E,),J(E),...., J(E\)] exists, (Where
F\x)=xand Fy(x,,...x5) =F [Fy_ 1 (XpeesXn_ 1 X 1)
is o~composible under F. Incidentally, (9) implies that

Fxp)<inflx,p) . (11)

Among the remarkable properties of ROC’s is the fol-
lowing characterization theorem**:

Theorem 2: Let A be a closed subset of R* so
R* — A =uy, (a,,b,)—I = ¢, is finite, or countable. Let

2:€00,0],8,:[0,a; ]—[a,,b; ] be strictly decreasing, continu-
ous with 6,(0) = b,, 6,(Z,) = a,. Then

Fuyk={hmxyh (oyle RY? — U fa,.b,) 12

é; [07 l(x) +6. l(y)]» (an’)e[airbi ]2
is a ROC with A = A (F) = {xe R* :F(x,x) = x|. Here
= P el0]

e x>z
Conversely, any ROC is of form (12) with A = A (F).
Perhaps yet more remarkable is the intimate associ-
ation of ROC—composible informations with certain ideals
and measures onideals. Because L ( P)lacks the essential dis-
tributivity properties of a Borel algebra, the beautiful results
of Ref. 42 apparently do not survive intact. For this reason

we extend these results (as best we can) in the following
somewhat unaesthethic theorems:

(13)
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Theorem 3: Let AC R™ be closed with 0, 0€A,

R* — A ={,{a,b,) To each xeA, associate a o—ideal .7~
such that for all x > 0, 7" is proper, 7, = L ( P), andx<y
implies .77, 2.77,. On each T, t€l, assume a generalized
measure u;:.7 i—»[O,,u, ] such that fz,€(0, 0] and
u:[.7 N7, 1 = 0. Let 6,:[0,2, ] —[a;,b; ] be any continu-
ous, strictly decreasing function with 6,(0) = b, and
6:,(f1;)=a;. Letz,{4 ) =sup{xeA: Ae7 .} and
2,(A) = inf{xed: AT ).

Then

Jd)= {ZI(A ) if zy(d) =2z,(4)
pi(pi(4), if z,{d)=a, <b, =2z,4)
is a o—composible information on L ( P).

Proof: Note thatJ (4 )e[z,(4 ),2,(4 )] by construction and
that (z,(4 ),z5(4 ))nA = ¢ ifz,(4 ) < 2,(4 ), since (@;,b,)nA = ¢.
Clearly J is defined on all A€L ( P). Since g7, for all xeA,
2,(¢) = 0 s0J(d)= wo;since Pes ,butforallx >0,PET ,,
thenz,(P)=2z,(P)=0and J(P)=0, orelse
J(P) = ol flo) =ay =0, if z,( P) <z,( P). Now for
allx <z,(B),Be.7 . and 4 C Bimplies4e.7 ,,s0z,(B)<z,(A).
IfJ(4)<J(B) z/{4)<z,(B), so
a; =2(4)=2(B)<J(4) <J(B) <z,(B) = z,(4 ) = b,. But
1,4 )<p1,(B ) implies &, p1,(4)>¢,(1,(B)), 50T (4)>J (B).

Now A4,Be7 _ (xeA )iff AV Be7 ,,sothatz 4V B)
= min{z,(4 ),z,(B)}<J (A V B)<min{J (4 ),J (B )}
<min{z,(4 ),z,(B)]. For the sake of definiteness, assume
z,(4)<z,(B) (A4LB) so the following cases are possible:

(14)

(Nzd)=z(B)=2z,d)=a,<2(B)=b,
2)z)d)=z(B)=2z,B)=a,<zld)=b;,
B)zid)=2z(B)=a,<z,4d)=2,B)=b,,
4)z,(4d)=a,<2,(B)=2,{4)=2z,(B)=b,,
(5)z,(d) =z\(B) =2z,4) = z,(B),
(6) 2,(4 )<2,(4 )<z,(B )<z,(B) -
In Case (1),J(4)=J(AVB)=a, J(B)>a,s0J(AVB)
= inf[/ (4 ),/ (B)]. In Case (2),J(B)=J(AVB)=a,J(4)

»a;,s0J{AV B)=1nflJ(4),J(B)]. In Case (3), J(4),J (B),
JAVBIe[a,b,; J(AVB) =&, [ p1(4) +p,(B)] and
J(A)=0u;(4)),J(B)=6,(u;(B))(definition of 6, and ,),
soJ(AVB)=¢,[0, J(A)+ 6, 'J(B)].InCase(4),J(4),
(AVB jela;,b,1,J(B)=b;,80J(AVB)=¢,[ n.{4) + 0]
=J(4 mf‘[JA]JB)] In Case (5),x =J(4VB)
=J(4 ) J(B) =inf[J (4),J (B)],wherexé(a,,b;).inCase(6),
J(A),JAVB )e[z,(A ),22(A4 )],/ (B )>2z,(4 ). Thus, eitherz,(4 )
=J(A)=J(AVB)~27( X or
JAVB)=¢;[pn{d)+0]=J(4)ifa, =2z(4)
<b; =2,(4)<J (B). Thus,J (4 VB) FIJ(4)J (B)] where
Fis defined by (12). Since by Theorem 2 Fis a ROC, J is
o- composible. Q.E.D.

Comment:XfJ (A ) < X,,z,(A ) < x,implies4¢.7", . Thus,
Ae””, impliesJ (4 )>x,. If A€, andJ (4 Je[a;.b; ] by (14}
w,(A)=0;"J(A). Because u,(4 )<,u,, and 1, is o-additive,
Sy getan 00 JE,)<@, for every sequence of mutually or-
thogonal elements of .7 .
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Inthefollowing theorem, if L ( P }isorthomodular(15)is
satisfied, while if L ( P) is distributive (16) is unnecessary.

Theorem 4: Let L { P) be a complete orthocomplement-
ed lattice such that

A,BeL ( P)implies there exists DC A, EC B such that
AVB=EVD,ELD. (15)

Let I', = {AeL ( P): There exists a countable partition

7 (A)suchthatforall E, er_(4),J(E,)>x}, whereJis an
information on L ( P) o—composible under ROC F. Suppose
the ROC is defined by (12), where

fi,= o or else J(4)=aq, implies A¢I, icl. (16)
Then there exists a family of o~ideals .7, xeéA (F)such that

=L(P)DT,D7,2-D5 . (x<y (17

and on each .7, there exists a measurey;:7, — R™ . The
ideals and measures determine J by (14).

Proof: If xeA (F), define 7, = {AeL (P)J (4 )»x}. If
Ae7 ., XCA (XeL ( P)), then J (X )>J (4 )>x implies
Xe7 ..By(15)and (9),if4,Be7 ,,JAVB)=J(EVD)
= F[J(E)J(D}]>F (x,x) = x,sobyinduction, E,€7 , implie
J( V _+E,)»x for all N>1, and by o—continuity,

=_E, €7 ;507 ., x€A (F), are o—ideals and (17} is im-

mediate by construction

Define on .7, (i€l )

0, if J(4)>b,
pild)=140.J(4), if Ael’, and J{4)ela, b)), (18
w0, if del",, J(A)e[a,.b,)

By definition of .7, xeA {F), the upper line of (14) holds. In
the lower case, J (4 Je[a;,b; ) if Ael’",, , by (18)

=06, ud)] =¢, [ u:{4)], while if 4¢I",,
¢ [ nii4)] =a,. ButAéI“,,, means thatJ (4 ) = a,,for other-
wise (J{4)>a;),A=ANSV V- (¢14 for all AeL ( P))
implies Ael", . Thus, (14) holds.

Now u;(¢) =0, since J (¢ ) = oo 2b,, for all iel. If
E,Fe7, andp,(E) = u,(F) =0, thenby (18)J (E).J (F)>b,;
(15) implies J(EVF)=J(4V B)

= F[J{A4)J (B)]>F (b;,b;) = b; (b;€A (F)), sop EV F) =

also. LetA = V*_|E,, E,LE, Incase Aél, ,some E,
must satisfy J (E, ) = a,. Thus, u {4 )= oo = Z7_ u,(E,).
Ifdel’, and 4, = oo,
JAd)=a, =¢, [EJ(E,.be[a,,b,; 6, JIE, )]’
where the sum is >, = . But
z MI(EH) = ILLI(EH)
n=1 J(E,ela.b)
= Y 0 VE)+ (o0) = o

E. el JE)e[a.b) E,4r, JE,ela,b)

sothat u,(VE,) = 2u,(E,) = «. If Adel’, and fi; < o0, by

assumption (16) J(4)>a,. Thus 2, (0000 T (E,)
=327 ulE,) <g;, and
¢.-[ S 6 ‘J(En)] X (En)] —J).
J{E Jela.b) n=1
Thus, u,(4) =68, 'J(4)=2r_,u,(E,). Hence, (18) defines
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a generalized measure on 7, . Q.E.D.

These theorems indicate that there is a very deep rela-
tionship between ROC~composible informations and mea-
sures. We point out that these results may perhaps be
strengthened: However, they suffice for our present pur-
poses and we have not attempted to study further interesting
properties (such as uniqueness of the measures).

lil. GLOBAL INFORMATIONS

In this section we consider an explanation of “‘entropy”’
as the global information associated with L ( P} (complete,
orthocomplemented lattice) relative to a finite set of ““local”
informations, each ROC—composible. Although many of the
concepts we employ are well known (lattice informations,*!
entropies as functionals of informations on Borel algebras,**
measure-related entropies on lattices,?® entropies relative to
experiments’) our synthesis and generalization of these ideas
appear to be unique. In order to maintain universality we
seek only minimal (natural) properties of such “entropies”
and do not attempt to characterize the special cases we intro-
duce as examples. On the other hand, we sacrifice some gen-
erality by considering only ROC-composible informations
on L ( P). Webelieve nevertheless that the resultant compro-
mise is of considerable interest.

Let us denote by Z the set of all informations on L ( P)
which are ROC-composible. We do not specify any ROC,
however. We begin by considering properties of the informa-
tion content of an experiment (partition) 7el7 relative to a
finite vector, J = (J,J,,...,J ), Of informations, J,,€Z. We
denote by F the vector of corresponding ROC’s,

F = (F,F,,....,Fy,). Our first axiom is simply that the infor-
mation content of 7 be a real-valued functional of the local
informations:

Axiom 1:

HY:ZM R, =ell.

Axiom 1 generalizes Ref. 44, which considers only Borel
algebras and the case M = 1. Other axioms from this paper
are meaningful in general. Indeed, the trivial proposition,
PeL ( P),satisfiesJ ( P) = Oforall JeZ, soitisnatural that the
global information of 7, = {@, P} be zero:

Axiom 2:

H 5": ZM{0}.
Our next axiom is not so widely accepted,** but we believe
that it is in fact most natural to assume that an information
on experiments not depend on the labels of the manifesta-

tion. Thus we assume
Axiom 3:

HYQ =% [{JE Y-, ];
DN ({x,:n= 1,2,.N}x,e R M]—»R,

where J(E, ) = (J|(E,), JL(E,),.... Jy,(E,)), E, €. That is, the
information of me/T relative to J depends only on the set of
respective informations of the manifestations of 7, and not

on their order (index n). This axiom defines “symmetry”** of
H ¥ (under permutationsofn = 1,2,....N ). Weassume as well
that the function @ §, has as domain all sets of N M—tuples of

1471 J. Math. Phys., Vol. 22, No. 7, July 1981

reals; we do this primarily for simplicity, but this hypothesis
also reflects the fact that the global information is a function-
al of the JeZ ™.
Recall that /7 is partially ordered under “refinement.”
It is natural to suppose that the more refined experiment has
greater global informative value:
Axiom 4:
7, <, implies HY ,<H7 .
Again, although the order < has varying definitions, the
essence of Axiom 4 is well accepted.>*¢
Now it is not inconceivable for some JeZ ™ that two
partitions be related as follows: 7y = {E,E,,....Ey |,
my = {F ,Fy...Fy 1}, HE,)=IF,), n=12,.,Nand
J(Fy, 1) =(0,0,..,00). In such a situation, since Fyy _ , is,
informationally speaking, impossible, it is natural to demand
that 7, and 7, possess the same information value. More
generally, expansibility** takes the form:
Axiom §:
Dn . x40 V{{0,m00)} =P % [{x, WY . lx,e RV ™
Finally, consider two experiments defined by
my = (E\,E,..Ey} and m, = {E|V E,,E,,...Ey}. Clearly
T, < 77; in general
HL Q) —H} () =A4% [JE)JE)NEVE),
but the F~composibility of the J,,’s means that
JIE,V E;) = F[J(E,|)J(E,)], where F(x,y) = (Filxipi)
Fy(x5,02),.0 F o (X4g,V 5 )J—a semigroup operationon R+ M

Then, branching** means
Axiom 6:

oLlix. 1N J—o%_, L{F(x o) olx, §7 -5 ]
=4 i’[{xhxz}] ’

where 4 §, is the information gain.*

The properties embodied in Axioms 1-6 are certainly
minimal, natural, and (excepting Axiom 3) generally accept-
ed. Other axioms involving algebraic independence*® do not
have a clear meaning in our general context, and will be
avoided. We define the global information of L  P) relative to

JeZ M by
Axiom 7:
HY= supHF .

well

Since /I generally has no upper bound, this is the next best
thing to taking a “finest partition” of L ( P). Even such an
axiom has appeared in at least one context.’

The following theorem cites sufficient conditions to re-
present a global information—henceforth “‘entropy.” The
conditions are probably necessary as well (in case M = 1 this
is known®), but we will not attempt to verify this very te-
dious result.

Theorem 5: For any F = (F,F.,....,F,,)—F, a ROC,

M < wo—Ilet

o*: R* M [0,00), (19a)
Plw0,00,..,0) =0, (19b)
@*[F(x,y)]1 <o F(x) + @ Fly) . (19¢)
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Then, if J = (J,,J,...J ., =/, is F,,—composible.on L ( P)

HYJ) = —"(00,..0) + 33,9{ iw“[J(En)]] (20)

n=1

is a global information of L ( P) relative to J.
Proof: Note that (20} is the 7—supremum of

N,
HiQ)= —¢"0,...0+ > @"[JE,)]. (21)
n=1

Thus we must show (21) satisfies Axioms 1-6, with ¢ de-
fined by (19). By (19a) it is clear the (21) satisfies Axiom
1—N, < «.Since J( P) = (0,...,0), by (19b), (21) satisfies Axi-
om 2. Certainly (21) satisfies Axiom 3, as the sum is commu-
tative. By {19b) Axiom 5 is immediate. Condition 6 is satis-
fied since

ATHIENIE)N] = | — @7(0,..0) + Z<P (J(E, )}

=00+ " WEVE) + 3 o "WIE,]

= @"[JE )] + "V (Ey)] — ¢ F[FI(E,)I(E)] - (22)
That is, the difference depends only on J(E,) and J(E,). By
(19c) we see that 4 ¥({ J(E,),J(E,)})>0. If 7, < m,, there exists
achain 7 <7, <7, < <7 <my, withN, =N_ +1,
N, =N, + 1,etc, sothat employing {22)and its non-nega-
tivity successively yields Axiom 4. Q.ED.

The next result essentially defines the effect of symme-
try on the “entropy.” Here Aut[L ( P)] is the group of all
automorphisms of L ( P }—these preserve orthogonality and
are complete (¢ — ) morphisms.

Corollary 1: Let & = {geAut[L ( P)]:g(P) =
HY is invariant under %

Proof: From Axiom 7 it is evident that any transforma-

P}. Then

onto

tion IT— IT leaves H Y invariant. If ge ¥,
gvVY_(E)=V1]_gE,)glE)gF)if ELFand asg( P)

= P, then g(m)ell for each rell. In addition, if 77/, for each
ge¥ thereexistsg ' and thus g[g ™ ‘()] = 7, showing that g
maps /T onto /1. Q.E.D.
Comment: If 7 is a subcomplete, orthocomplemented
lattice of L ( P) with maximum M,  then &
= { geAut[ I lgM ., } keeps invariant that portion
of H" that concerns only . This will be highly significant,
as we show in Sec. IV. Note that transformations other than
automorphisms may leave H  invariant, but these revise the
structure of the system and thus are eliminated.
___The next result indicates that the semigroup F on
R* “induces a potentially useful decomposition of H ¥.
___Corollary 2: Let A (F) = X, _ A (F,,), and let

R — A (F) =y [XY_ ,b ,,)]— where

l:(ll't"'"’lM)andI: Xf‘r’l’:llm’ R+ —A( m)

=, 1 (a; ,b, ). Define for ¢" satisfying (19)
= [EeL(P)J,(E)ela, b m=12...M}, (23a)
S=L(P)— 4TI, (23b)
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G(mW) = EZWtPF[J(En)L wgatir. (23c)
Then the globnal information (20) can be written
H') = = ¢"(0..,0) + 3 sup G (a7 ()

+ sup G (mS) (24)

N.B. [EeL(P)J,(E)>a, m=12,..M}=c_ 7,
with 7", = {EeL{P}J,{E)>a, |. These are o-ideals.

Proof. Clearly (21) can be written as

HEJ)= —¢70,.0) + SG[mT ()] +G(mS).  (25)

iel
Thus, H7(J) is effectively the sum 2, G (m,), where 7 is at
most countable. The problem is therefore to show that

sup[EG#)] z[iggc(ﬁn)], (26)

well | ney nen

from which (24) follows. Trivially,

sup ZGF)] E[SUPGW)] {27)

mell | ney nen

For every € >0 and N> 1, choose 7}, in /T such that
/N> sup G (m,) — G(r.). (28)
meff

Then, it follows by ordering 7 naturally that

sup 3 Glm,)+e> 3 (Gl +e/N]

mell ne 1
N
> Y supG(m,)=Vy, for all N>1,e>0. (29)
n=1 meil

Clear]y Vyand W, = supE,, _, G (m,) are nondecreasing in

,as G (7,)>0, so that—remember 77 is at most countable—
Lim V, = Z sup G (7,)<€ + Lim W,
Nl nen mell Nl

= G| 30
€+ sup [ Z, (m )] (30)

As (30} holds for all € > 0, this proves the reverse inequality
to (27) and thus (26). Q.E.D.
The next result is helpful in expressing entropy on cer-
tain atomistic lattices.”®
Lemma: Let L ( P) be atomistic such that

for each EEL (P) there exists an at most countable set of
mutually 1 atoms A4, such that E = V 4,. (31)

Then, with IT * the class of all countable partitions of atoms
7* =1{4,:4,14, ,4, atoms, P=V7_,4,},
HFJ)< sup HE(J). (32)

If we also assume that

Lim H HEY.(J),7y€ell such that

N—oc
v = {4y Ay 3V
then equality holds in (32).

F )=
n;NAn }’ (33}
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Proof: If well, there exists w*€lT * such that 7 < 7* by
(31) defined by U7, {4,,:me# ,},E, = V ,.c ».A,,. Thus,
by axiom 4, H ¥ (J)<HE., (J) and (32) results. For each
m*ell *, consider the sequence 7y = {4,4,,..Ay _ 1,
V ,onA, A, em*}. Clearly wyell, wy <my . <m*. By (33)
and the fact that H % (J)<H "(J),

HE (N)<HFY(J), for all 7r*ell * (32')

so that equality in (32) is apparent. Q.E.D.
Let us first illustrate the above results in the case M = 1.
Assume @ (x) has the form:

_ -1
Flx) = [thf.-(X), X=0,(x),
0, otherwise,

x€la;,b,),

(34)
where ¢,:(0,2; ][0, o) is nonincreasing and ¢,( iz;) = 0. It
is trivial to verify that (34) satisfies (19a) and (19b), while (19c)
follows since, because ¥; is nonincreasing,

(X + Y)WlX + Y)<X¢,(X) + Yo (Y), X, Ye(Ou,)

with X + Ye(0,7,) . (35)
Assume the conditions of Theorem 3, soJ (E )e(a;,b;) implies
J(E)=0,[ u(E)] withp1;.7, —[0,2;] and y,(E ) = O for
all Ee7",n7, . We write (24) as

Sspl, S wEwlmEN]. 09
iel ™M | gemy,

Let us further suppose that M, = V {E€7 , }e7, and
that the supremum over 7.7, may be replaced by the su-
premum over well;, where II; consists of all (finite) parti-
tions of M, with components in .7, . In particular, let each
7, be an irreducible propositional system, .7, =~ 2 [#7]
(lattice isomorphic) the closed submanifolds of a Hilbert
space. Then .7, is atomistic and (31} holds; moreover, our
measure coincides with the CROC-measure of Piron,*’
which reduces to (we choose &, = 1,iel )

RIE)=TtWil, Ee7,, Eelge?[#1,  (37)

where ﬁ’, is a density operator on . Hence, (36) becomes

H'J)= 3 sup

iel mrell?

H"J)=

S T [l T P )1] 09

where E, em* are atoms. Let p/, (7*) = Tr, V?’,ﬁ £, Then,
each i—term in (38} is essentially the supremum over all
“measurements” of a generalized “Ingarden~Urbanik en-
tropy.” To see this, let ¢,(z) = — Inz. Then clearly
#,:(0,1]—[0, o) is nonincreasing with ,(1) = 0. Moreover,
(33) is satisfied since in fact for all /ef:

N1

Lim "; — T, (WAl Yn (Wl )
+(-Tr,WJT vy  IWnTrwil )]
ne=N"" n>N""
= — iTriWiﬁEnlnﬁ’iﬁEu (33)

n=1

since for large enough N,
= TeW T , (T, war )

n>’\ n}l\ "
can be made arbltrarily small. Thus (38) becomes
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8

HFJ) = 3 sup [

el 1r‘el'l hd

AR ln(WIIE,]]

n=1
>3 (=T, Wini,). (39)
el
See Ref. 1, p. 255/.\
Expanding W, in terms of its eigenbasis (%),
) = Y p (w8,
m=1

=Tr 1l Il , F,end,E,em*.

Note that T, (7*) is a non-negative, doubly stochastic ma-
trix. If we assume I';(z) = zy,(2) is convex, then

#70)= 3 sp $ | 3 AT )
<3 s | S5 Tl o)

ic. 1 mrell ¥

=3 > L{pn(m3). (40)

el m
. . o~ .
But since p,, (7§) are just the eigenvalues of W, and since
waell ¥, we have from (40)

HU)= 3 Tl W), (41)
el
For properties of Trl" ( V/I}), where I is concave, see Ref. 47.
Our next illustration is for the case M = 2. Again, with-
out any real justification, let us assume that @* has the form

#f(x,€)

_ {Wij(x7§ ) xE)= xeAzj = (ai’bi)x(aj’bj)’(i:j)dlxIZ
0, otherwise . (42)
If we specify that i <j implies @, < a;, the conditions (19) re-
duce to
(x)e[0,00) for all xed, (i jlel,X1,, (43)
V,(x) + ¥,ly)> ¥, (Fixy)]l xyed;, ()X, (44)
V(X)) + Y ly)> ¥, [Fiix )€ ]
J<kixed;, yed,, (Fixy)E)ed; ., (45a)
Wij(x) + ij(Y)? Wij [x,F,5(Em)]
i<kxed;, yed,, (xFy§ned, . (45b)
Note that F\(x,y)e[a,,b;), if x,pe(a; b;) in general (likewise for
F,).

! We further simplify matters as follows:
IL={0,0};6=0%0c) o0€0,), <, {46)
Yolx.£)

_ oY(X/0),X=06;"(x), xela,b,); o€0,5) )

0, otherwise .

Note that X€(0, i,)if x = 6,(X )e(a,,b,). The constraints (43)—
(45) become:

¥,:(0,00)—[0,00), i€l, (48)
o (X /o )+ (Y /T )20+ 7 WX+ Yo+ 7)),
XY, X + Ye(0, 2,); &7.6 + 7€(0,5), (49)

ov(X /o) + T¢,(Y /1)
2o+ 7WiX Mo+ 7)) if i<ji Xe(0, ;)

John F. Cyranski 1473



Ye(0, &) o104+ 7€0,0). (50)

A degree of justification for the arbitrariness of choices (42)
and (46) can be felt from the following results.

Lemma: i,(z) is a convex, continuous function ¥,:(0, o)
—>[0, 0 ) and

inf #,(z)>¢,(0") = L1m¢(6) i<j (513

ze((), 00}

if and only if ; satisfies (48)—(50), for each iel.

Proof: Clearly (48) means #;:(0, o }—[0,  }—bounded
everywhere. Condition (49) is equivalent to convexity of ¢,,
which because ¥, is bounded, means continuity as well in
(0,0). (Ref. 48, p. 91.) First, for z, > z,, z,€(0, 0 ), choose
X€(0, i2./2) and 0€(0,5/2) such that z, = X /Jo—as X /o
ranges over all (0, o) this is always possible. Let
Y =0z, = (z,/2,)X€(0, f7,/2) and take 7 = o in (49). Thus

Yilz) + 4ilz:)>2¢, [(z) + 2,)/2]  for all z,,2,€[0,00) (49')

so that by Ref. 48 (page 70) ¢/, is convex.
Conversely, if ¢; is convex, then for
z,,2,6(0, w0 ),0,7€(0, o ),

wle)+ b Loz 4~z
o+ o4 T o+ o+
so taking z, = X /o and z, = Y /7 we obtain (49) for

X, Y, X + Ye(0, ;) and o,7,0 + 7€(0,0 ).
We show that given ¢, are convex and continuous on
(0,00), (51) is equivalent to {50). In fact, we show that

,(0") = supflo + 7 (X /(0 + 7)) — oYX /o ):
Xe(0, z,), 0€(0,0 ) such that o + 7€(0,6)} . (52)

Let X€(0, iz,), Y€(0, i1;), o,7,0 + 7€(0,5 ). Let
X =X'+ 6 where X', 6€(0, &z,;). Then by convexity

o+7W[X/No+7)] —ov{X /o )<oy,(X /o)
+71Y(8 /7)) — o (X /o)
=o[Y(X = 8)/c)— v (X /0o)] + ¢,(6/7). (53)

Now [¢,((X — 8)/0 ) — ¢,(X /o )| — 0 by continuity, so for
each € > 0, there exists 6€(0, iz;) SSC’}(')I that
—eo<o([Y((X —8)/0)— ¢, (X /o)]<eo
—er<r[¢(07) — o, (6/7)]<€e'T.
Take € = min (€,€’) for 8.
(c+7W, [ X/ o+ 7)] —o¥;[X/o]l<e

SO

o+ 7)+74,{07),

@+ 71X /o + 7)) —od(X /o)<, (07). (54)

Since for X = 0™ equality holds in (54) we obtain (52).-Now
(50) is equivalent to

(Y /7)2(0 + T WX /o + 7)) — o (X /o );
YXe(0, z,),Ye(0, iZ,),0,7,0 + 7€(0,0 )

if and only if
Ttﬂ_,-(Y/T)}sz,.(OJ“),

re(0,7), Yel0, ),

if and only if
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(Y /7)>4,(07), 7€(0,5), Ye(0,7,),
if and only if

%@>9,0%), Vzel0,),
if and only if

inf{,(2):2€(0, 0 )} >4,(07) . Q.E.D.

The following function ¢, satisfies the Lemma’s
conditions:

Y (z) = zlnz + (1 + i)/e, for all z€(0, ) . (55)

Note that ¢,(0%) = (1 + {)/e (OInO = O convention).

Assume for J,,J, the conditions of Theorem 3, and that
M, = V{Ee7 , 17, andleto, = 0|, (restrictionofoto
7 ,,)- Then, using (24) w1th IT, the set of partltlons of M, in
" ,, again replacing {77, }

HF(JI’JZ) = Z h;, (56a)
i€l
E,)
h; = sup E, 1, [ (56b)
el [a.wgmm i(En)
udE,€(0, 1)

In order to discuss classical and quantum physics, we further
assume that each .7, is a CROC for which only discrete
superselection rules are present. We assume also that u; is a
stateon .V, (u,(M;) =@, = 1) and u,=o;. Each CROC is
associated with a W *—algebra .7, of observables on a Hilbert
space #"; and “state” N, on .«/ ;. Indeed, there exists a homo-
onto

— = NP (F ), where ¥ () 1s
the lattice of projectors on #7;, so N, [y;(E )| = p,(E } relates
the two types of “states.” If ¥, happens to be an isomor-
phism, then there is a complete algebraic representation of
7 ,- We henceforth assume this holds.*’

We also assume that the measure o, corresponds to a
faithful, normal, semifinite trace, m,, on .o/;. [See Ref. 1, p.
258, and Ref. 50.] Thatis, m, [v,(E)] = o,(E ) forall Ee7 .
The main characteristic of such a trace (aside from certain
convergence propertles) 18 its umtary invariance:

m, (U*IIU) m ({1 ) for all unitary Ue.o ,and alllle .. Of
the state V; we demand that there exist W >0in.¢; such
that N,(X) = m, (W, X ) for all Xe.v/;,. We can now describe
h; in terms of partitions of projectors in .%";:

h;=sup{ ¥
i Um(P)#0,00

[Note that from o,=u;, o,(E) = 0iff 4,(E) = 0, but
UlE)=fI, < o iff u,(E")=0iff 0,(E') =0
iff 0,(E) = &, < . Thus we can eliminate the condmons on
w4, in (56b).] Finally, let us suppose that ¥,(W,) is “m,~inte-
grable,” i.e., m, [¢;( W )] < « . Under these many conditions
we have that 4, = m, [¢,(W;}]. We prove this in the follow-
ing Lemma (dropping the mdex i for convenience.)

Lemma: Let m be a faithful, normal, semifinite trace for
a W *_algebra ./ with projection lattice .#” (alogic). Let n be
as normal state on .</ such that there exists self-adjoint
We. o, W> 0, such that n(X) {WX) for all Xe./. We as-
sume ¥:(0, «c (0, 00 ) is convex and continuous, and
m{Y{W)] < . Then

morphism ¥,:7

a;

mi B, )0, [m, (WP, )/m,-(ﬁ")]] (57
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mp) = sup S m(B1[m(WP,)/mP,)]. (58)

7 mP)#0,

Proof: ﬁ}being positive and self-adjoint,
W= f dP (o) (59)
0
is its spectral resolution; we define (W) by

w) = [ dPlo) v (60)
50 that with m (4 ) = §, dmP(w)A€B (R *):

m[g()] = f dm [P ()] Yw) = f dmg Yw).  (61)

Since ¥ is convex and continuous, its domain decom-
poses into two disjoint parts: D, on which # is monotonic
increasing, and D, on which ¢ is monotonic decreasing.
Thus, using (61) we obtain

mlgP) = 3 dmy o)
j=1J¢ YD)
2
= su

p my [4,np~ (D,
Jg:l fa,ny (D) [ )nu’,[A,,f‘\l/IZlDI)]#O,oc W[ '/’ ( j)]
X inf{ Ylw):wed ™ '(D,)} ] ) (62)
The restriction to elements of the partitions of R * with
w [4.,7p '(D;)]1#0, 00 follows from the integrability of
f ¢ pydmp ¢(a)) while the supremum representation of the

integral is standard. (See, for example, Ref. 39, p. 115) On
the other hand, for all AcB (R *) we have

D)< f dmy @
anv (D)

<myp [An™ Y(D;) Jsuplwedny™ (D))}, (63)

where m; [Any ™ '(D;)]50, . Exploiting the monotonicity
of ¥ on D; yields

inf{ Y{w):wedny'(D,)}

my [Any (D) Jinf{wedry

<ol [ damgo/matansp))|. (64)
Any (D)

Thus, by (64) in (62) we get

ml$(W)] < }2‘_’ sup

7S a0y D)

= sup 3 K[|4,07'(D)}], (65)

(4. /&

K [{4,m (D))} ]

where

K [{4,07 (D)} ] =

myla,ng (D)0, %

Xtﬁ[f dm,;,a)/m,;(A,,mzp"(Dj))]
A, Dy

and an argument as in Corollary 2 to Theorem 5 applies. But,
{4,y '(D;)} is a finer partition of R * than {4, }, and
{PA v oy = Sapu -(D,dP {w)} is among all projector parti-
tions {P,:n = 1,2,...,N, }ell, so that

sup >

m(P,)#0, o

my (4,00~ 1(D;)]

mlYW)l< m(P, )y [m(B, W)/m(P,)].  (66)
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On the other hand, for any projector P'such that m(P)#0,

L"_(%?] U dm [ PP (w)lw/m(P)

< fdm [ﬁf’\(w)]u//(w)/m(P) = m[P://(W)]/m(I,’\) , (67

14

using Jensen’s inequality. Employing (67) with (66) yields

mlpW)<sup S m[B,10[m(P, W)/m(P,)]

Tell (P F0, 0

<sup Y

T miP,)#0,

m [P, (W) ]<m[(¥)) (68)

QE.D.

The above result is based on the proof of Theorem 1.1 of
Ref. 51, a classical version of the Lemma (without the re-
strictions 1>0 and integrable). Our “entropy” is thus given
by

since Z,,5 .0, I/’\,, <[. Thus, we have (58).

HY L) =S m, [¢(W)]. (69)

el

In case 0,(M;) < « and ¥;(z) is given by (53), this becomes

HYUW) = 3 [m (WInW,) + (1 + iim,(£,)/e]

iel,

= S [=S{W) + (1 + imL)/e], (70)

el
where S, ( I'/I\/,.) is the “Segal entropy,” which includes both the
{classical) Gibbs—Boltzmann-Shannon entropy and the
(quantum) von Neumann entropies as cases.’” If, however,
0,(M.) = «—our result fails sincem, [¢,(W,)] = o >h,.In
words, the ‘‘global information” is essentially the “neg-en-
tropy” plus the prior measure of the space.

Since our purpose in introducing these illustrations was
simply to indicate the relationship of the “global informa-
tion” concept to typical ‘‘entropies,” we will not discuss fur-
ther properties or problems associated with expressions like
(70). Rather, we postpone such discusston until the axiom set
is completed by an appropriate description of the informa-
tion of compound systems.

IV. A TENTATIVE INTERPRETATION

In the preceeding sections we have established minimal
universal criteria for a “‘global measure of information on a
‘theory’ L ( P) relative to M (generalized) local information
measures”’—a quantity which by the examples we consid-
ered, apparently relates to a generalization of the neg-entro-
pies of physics. We have purposely avoided questions of
characterization, as the universal structure of L ( P)is not yet
fixed. Nevertheless, a truly surprising result appears already,
namely, the introduction of a natural semigroup F (on

R~ M) and its natural segmentation of the “entropy.” In
keeping with our policy of specialization, let us consider the
case M = 1. (The arguments apply as well to the M = 2 case
considered in Sec. 1I1.)

With ¢, =0 < by<a, < b,<a,
Theorem 3, we may write (24} as

...by the construction of

H*J)= LimHJ), (71)

-0
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where we assume for convenience that ¢*'(0) = 0 and define
forall 1> 0:

H{J)=

> sup

ielt>a; medl { JIE,)ela, b))

¢F[J(E,,}]]

+ > sup [
iel b, ™ L J(E, e (b minha, )]
Note that H [{J) is constant for all t(a,,b,) and is generally
increasing otherwise. The connection between this mono-
tonic nondecreasing “entropy” and dynamics—the *“Second
Law”—comes about as follows.

¢ U(E)] ] (72)

Let us model zime by the positive real line R *. This
corresponds to the usual “initial value” problem of physics,
but can also represent an operational model of a general rela-
tivistic cosmos because of the finite age of the universe. A
dynamical object is described** by

P(T)= V&, P P= LimP(T), (73)
T rec

where V © is the direct product of posets {the cartesian set
product ordered in the obvious way?’). According to our

model, each P,,ze R *, represents the abstract definition—
i.e., the ordered skeleton of defining relations—at the *in-
stant” z. The structure may endure over finite intervals, i.e.
P, = P for all z&(a,b ), whereas it may continuously change
over other intervals. Since L (V ®*P,) = V ® L ( P,)** these
comments extend directly to the abstract “theory™ of the
“‘objects.”

Note that the “object” thus described is a “dynamical
object.” In fact, this description is analogous to the world-
line models in relativity. Let us define

T =[Viond. IV [V2,L(PIICL(P). (74

Clearly each.7 ;. is a complete sublattice of L ( P )(and thus a
o-ideal). Moreover, if T, < T5, .7y, D.7 ¢, is evident. If we

imposeon R the semigroup F with idempotents of A (F),
the ideals .7, ,zeA (F) correspond to distinct components in
L(P), while V&, ., . corresponds to V 2, , L { P,},
where L ( P,) is the same structure for all z in (a,,b;). [Com-
pare with the usual physical model of Ref. 35 where the

L { P,) are related to the mutually isomorphic Hilbert
spaces.] Thus, intuitively each choice of F (a real-line semi-
group!) induces a world-line model that consists of (open)
segments with constant entropy (and reversible unitary dyn-
amics) and of (closed) segments of constantly increasing en-
tropy in which dynamics is irreversible in that the physical
structure of the object changes. The “‘entropy” H f(J) de-
fined by (72) is the total information about the system up to
“time ¢ "—i.e., the entropy of the “‘world-line” segment de-
fined by [0,z ]. As more data about the “world-line” is ob-
tained, the information increases towards the maximum re-
presented by (71).

Fach ““dynamical object” can therefore be associated
with a semigroup ( R *,F)—not the usual physical
choice’—and F — g—composible informations on L { P}
which are related to unitarily evolving measureson.",, (that
vanishon.””, n.7", ). In order to see more clearly the signifi-
cance of this model, consider the example of an atomic sys-
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tem which decays at time T This system can be described by
L ( P,)—the lattice of projections of a Hilbert space defining
the atomic system— and L ( P, }—the lattice of projections
of the Hilbert space defining the decay products. Then

L(P)=[V 6L (P)IV=[VEL(Py)] (75)

is the “dynamical object.”” Note the dependence on T:

A (F} = {0,T, ] defines the corresponding information. We
have 9"y =L(P)and .9, = V %, L(Pp). A measure u, on
7"y acts, in fact, solely on V 2, L { P} since

o7 I —0. Note that uy Z; = 1) is a joint measure on

V 2oL ( P,) whose marginals on L ( P,), define the dyna-
mically evolving “states” W, (¢ ) on 5%, . The same remarks
apply top, on.7 1. It should be appreciated that the present
description in fact extends the ideas of Piron [see Ref. 35, pp.
117-119] and explains the lattice theoretic model for general
irreversible systems in terms of information theory.

The potentiality of the present viewpoint revolves about
the interpretation of (71) as an information measure. If one
knew precisely J, F, and L ( P), (71) would be fixed and there
would be complete knowledge of the “‘object.” In reality, we
can only infer J, F,and L ( P) from generally inadequate evi-
dence (or hypotheses). Thus, the role of information theory
in the inductive process, described in the Introduction, can
be exploited in the present context to seek estimates of J and
A (F), e.g., if we fix 6, and the distinct L ( P,)’s. We shall
consider these applications elsewhere.

V. CONCLUSION

In this paper we have attempted to provide a universal,
intuitively reasonable axiomatic description of “entropy.”
Our approach takes seriously the information-theoretic in-
terpretation of “‘entropy,” and explores the universal expli-
cation of this concept in the context of what might be called
*“‘algebraic measurement theory.” Although we have not
characterized our “entropy” species, we have found that
with sufficient effort one can (more or less) recover the more
common entropy formulas as special cases of our definition.
Besides this encouraging result, we have discovered a sur-

prising relationship between semigroups on R * and Pir-
on’s model for irreversibility. This, in conjunction with in-
formation-theoretic inference procedures, suggests a new
(and relatively simple) way to devise models, etc. for irrevers-
ible processes.

While this paper represents a first toddle in hopefully
the right direction, it clearly leaves much work to be done.
Most urgent, perhaps, is the incorporation of an appropriate
“tensor product” in the scheme to describe compound ob-
jects whose components preserve a certain identity: The *‘en-
tropy” of such a compound system will evidently suffer re-
strictions similar to the usual (sub-)additivity that favors the
logarithmic function in a central entropic role. Beyond this,
one can establish a “‘communication theory” between such
abstract “‘languages” which (among interesting social poten-
tials) could perhaps form the basis of a quantitative “meta-
theory™ to compare distinct mathematical theories or phys-
ical models. We have already spoken at length of the more
and more respectable techniques of information-theoretic

John F. Cyranski 1476



inference which provide the means to use the full “data-pro-
cessing” potential of a theory to predict based on observa-
tions—as well as defining useful criteria for the relevance of
parameters within a theory. We anticipate that the “commu-
nication theory” envisioned will play a pivotal role in estab-
lishing the universal validity of a generalized MEF'!" and in
removing the various difficulties it now suffers.

In closing, we note that our axioms already disqualify
certain candidates from the entropy zoo. In particular, we
have pointed out that the classical and quantal “entropies”
correspond to infinite global information (#; < co actually)
when the “prior” information corresponds to an infinite
measure. In fact, this illustrates the obvious: That in “real-
life” priors based on invariance over infinite spaces {Lebes-
gue measure classically, infinite Hilbert spaces quantally) re-
quire an infinite amount of information to specify. In reality,
one should account for the finite limits of the observable cos-
mos (operational view) by appropriately delimiting the
priors. Otherwise, one must apparently seek other formulas
for “entropy.””?

Noted added in Proof: We have discovered an omission
in conditions (43)—(45): Further consequences of Axioms 2
and 4 compel ¥,(z) in (47) to vanish. Deletion of these axioms
permits the representation (20} without — ¢ ¥(0,...,0), where
¢ ¥ has real range and (19¢) is not in force. In this case
¥,(z) = z Inz is admissable in (47) and, since non-negativity of
¥, is not essential in deriving (38) (see Ref, 51), we obtain
HYJo) = — 3,,S(W,). 1 W<W,, S (W,)>0[M.B. Rus-
kai, Ann. Inst. H. Poincaré 19, 357 (1973)] so that H ¥(/J,,J,)
is monotonic {(non-increasing) in “‘time” (Sec. IV). The error
noted here does not effect any other result of this paper.
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Recently, sufficient conditions have been established, characterizing Yang-Mills fields invariant
under a space~time-dependent U(1) subgroup of the full gauge symmetry group SU(2). In this
paper we make precise the meaning of the equations and extend the known solutions for larger

classes of sources.

PACS numbers: 11.30.Qc, 11.10.Np

I. INTRODUCTION

There have been many attempts to generalize the
t'Hooft monopole since its discovery.

The authors of Ref. 2 have studied solutions of a Yang—
Mills theory whose gauge potentials are invariant under
gauge subgroup of the full gauge group, as is the case for the
monopole.

The purpose of this paper is to improve their solutions
in such a way that they become regular outside a compact
subset of R? {space) (see Sec. III) or R* (space-time) (see Sec.
1V). Section II recalls the ideas of Ref. 2 and the equations to
be solved. Some remarks about the meaning of these equa-
tions are made.

1. GENERALITIES

Let us consider the Euclidean version of the Yang-
Mills theory with a triplet of Higgs scalars described by the
Lagrangian density:

L= —§tr(F*F,,) + 4triD* D, é) — Vig),
F, =84, -3,4, +i[4,A,], (1)
D,¢=3,6+ild4,.¢]
Vig)=A (Jtrg> —a*)? {a =1 in what follows),
A‘u =A;10J W=O’l’2’3)’ (2)
¢=¢'d,
where o; are the Pauli matrices and A and a are constants.
The corresponding equations of motion are

D#Fuv = %[¢1D,;¢ ],
(3)
DD, ¢ = — A (Jtrg* — 1),
The ansatz of Bacry and Nuyts {see Ref. 2, B-N in what
follows) consists in the construction of gauge potentials 4

invariant under a U(1) subgroup [with generator called G (x)]
of the full gauge group SU(2); i.e.,

A, =A4,=U4,U "' ~iU3, U™},
where
U = U(x) = expliaG (x)). (4)

Taking an infinitesimal U, it is easy to see that 4 .- must
be a function of the matrix G in such a way that

D,6=3,G +i[4,,G]=0. (4)

Equation (4') requires that trG ° be space-time-indepen-
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dent. If we take the generator G (x) equal to the Higgs field
# (x) [G (x)=¢ (x)] and if we normalize it such that it mini-
mizes the Higgs potential [V (¢ ) = 0], the only equation of
motion still to be satisfied is

D ,F*=0. {5)
In Ref. 2 the authors construct 4,,, the solution of Eq. (4'), in
terms of the matrix ¢ (x) and of an arbitrary classical vector
field e, (x):

A, =il0,¢¢]+a,é (6)
Furthermore, they express both Eq. (5) and the Bianchi iden-
tities as a Maxwell-like system:

o’Lfm =0, (7a)
3, €vpo oo =0, {7b)
where

S = —2itr(g [8H¢,c9v¢ +d.,a, —4d,a,. (7c)

The most general ¢ (x) compatible with Eq. (4) may be para-
metrized in terms of two arbitrary functions w(x) and g(x):

_( g ( —gﬂ'“e"w)

P mgee g )

With this parametrization f,, takes a simple form [see (8c)].
A completely regular and differentiable field ¢ {x) would

be gauge-equivalent to a constant one

[+ )]

and one would be topologically trivial. In order to obtain
more interesting solutions, such as monopoles, B-N have
solved a system like (7) by replacing the null source in Eq. (7a)
[resp. 7(b)] by a localized and conserved electric (resp. mag-
netic) current, i.e.,

At =75, (8a)
aveyvpo po = J/T: (Sb)
f;iv = (aya)) (avg) - (avw) (ayg) + ay Q, — avau‘ (80)

Let us make some mathematical remarks about this
system:

(a) The current components J;, and J .. and the field
components f,, have to be considered as distributions over
R? (space) or R* (space-time). Equations (8a) and (8b) togeth-
er with the condition £, (c ) = O can be considered as defin-
ing £,,, given the currents.

(b) The functions g and @ (and their derivatives) in Eq.
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(8c) have to be taken as functions only in a domain D where
they are differentiable and continuous, with DCR? or R*,
depending on the solutions considered.

In Ref. 2 B-N exhibit functions  and g for various J
and for J, = 0 [the arbitrariness on «,, in Eq. (8a) is suffi-
cient to allow its contribution to kill the electric current J 5 ].
But some of their solutions have singularities extending to
infinity. They don’t give an acceptable asymptotic behavior
to the field ¢ (x).

In the next section we construct solutions with accept-
able asymptotic behaviors for the specific forms of the mag-
netic current considered by B-N.

fil. STATIC SOLUTIONS
The static hypothesis is characterized by

(90[1) = a()g = 09
J3 =p=p(V4r&i(x), J"=0 (i =1,2,3), (9)

with p(x) a homogeneous polynomial in the space variables.
Equation (8) then reduces to

VAf=0=20= —VV, (10a)

Vef =p=>V = — p(V)(1/R), (10b)

f=VwAVg, {10¢)
with

R?=x} +x3 +x}.
Given ¥ in the form {10a,b), the first problem is to find two
scalar functions with gradient orthogonal to VV. Let us note
a property that we will use in the following:

If p(x} and ¢(x) are two homogeneous polynomials of
degree d-such that

V =p(V)1/R ) = g(x)/R %~
and if m(x) is a function such that

Vm-Vg =0,
then we have for t = (24 + 1)/(d + 1) and g{x) = m{x/R)

VV.vg=0.

This property allows us to construct solutions  and g
of Eq. (10c} for the f considered by B-N. In each case we give
g, and g,, two elementary g functions, defined in R (origin
excepted) (R*\ {0}). The true functions @ and g may be ob-

tained as two continuous and differentiable functions of g,
and g, such that

—gleng) | |22 2
g =888 9, og, » .
0 = wlg,8) gg'_ g

1 2

The functions  and g are still regular in D = R*\ {0}; note
that a possible choice isg =g, and w = g, {or g = g, and
© = gy).

A. Magnetic dipole
In this case, using the same notation (d = 1)

piX)=Ax;, gix)= —Ax,, mx)=1x,, myx)=1x,, (12}
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we choose for g, and g, (7, and v, are constants)

g =yx /R, gy=1x /R yy, =24, (12))

B. Magnetic quadrupole

As shown in Ref. 2 the most general quadrupole can be
obtained from a source p [see Eq. (9)] such that

p=axi +px;, gq=>3ax]+pBx)~{a+BIR?,

m, = xlxgza - B/l + [3)’ m, = x,x‘f”' a/la+B) (13)
If a + 8 #0, g, and g, are given by

g1 = Pl Py /R O e

g = 7/2<sz1 +/3X§’3 — “/R 5/3>1/((1 +BI,

vir2=3a+B) (131
Inorder for g, and g, to be defined everywhere asymptotical-

ly we see that not all values of @, f are acceptable. In particu-
lar, they must satisfy the condition above (see Appendix):

B/a=@2I-N)/(I +N), 0<N<I, (14)

with V an integer and / an odd integer. In the case
o + B = 0, we may choose a basis such that

p=Axx; q=3Ax\x5, m =xI —x}, m,=x,
(15)

g =7} —x3/R"”, g, =yx: /R,

¥ Y2 =94 /4. (15

Furthermore, the hermiticity condition on ¢ [see Eq.
(7¢)] requires

g'<l. (16)
Each function g; (i = 1,2} given above satisfies this last con-

dition outside the surfaces gZ = 1 which are in each case in-
cluded in a compact set of R’, e.g., the surface

g =rx/R%) =1 (17)
is included inside the sphere with radius R = (y)*.

Moreover, using Eq. (11), we can define an allowed
tranformation (@,2)—({2,G) such that

G =tanhg, — I<G<+1, (18)
12 = w-{coshg)?,
and hence the region in which (16) is satisfied is the full R®
space, origin excepted. This is the crucial point of this paper.
To repeat: the transformation (18) guarantees the existence

of a Hermitian Higgs field regular in R*\ {0}.
Note: In the dipole case, B-N have taken as w

© = arctan(g,/g,) = arctan(x,/x,). (19)

This function has a geometrical significance, but unfortu-
nately it introduces singularities of ¢ along the x axis.

IV. NONSTATIC SOLUTIONS
We will consider magnetic current of the form

J i =p,(V)[2m84x)), (20a)
FIT =0, V=V, =(3,0,3,0,), (20b)

where the p, (x) are four polynomials of degree d in the vari-
able x = (x,,X,,%;,X,) constructed in agreement with (20b).
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Equation (8a,b) are solved if

fiv = €uppa 0,05 (VN1/R?). (21)
Equation (8c) introduces the following requirement which
restricts also the possible choices of the polynomials p,, :

€unnfnton = 0. (22)

myvpad pvl po
In the following, we present solutions (@ and g) correspond-
ing to the choices of p,, :

P, = a(0,0, — xy,x;)=ap, (23a)
Py = lax)ps, (23b)
2, = vlax} + Bx;)p~ (23¢)
P, = (Bx3 + vx3 + 6x3, — Bx x5 — YX1X3, — 6X1X,).
(23d)

These particular forms for the current have been chosen in
cannonical space-time positions in such a way that they
obey the condition (22). We have not been able to find a
general condition for polynomials with arbitrary degree.
Below we write the solutions [up to a transformation
like (11)] for the different cases.
(a) Now R?=x? +x2 + x5 +x2:

g =Ax/R? g, =Ax/R?* A4,=4a. (24a)

The solution called the dipole ephemeron in Ref. 2 can be
obtained in its original form by the transformation (11):

—arctanG'gz), g= Za[(i')z G)], (24b)
&

but it is singular if x, = x, = 0 and hence (24a) is a better
form.
(b) g=2ax,/R? w=2x7 +2x3 —x3 —x})/R*

(25)
In these two cases the solutions are acceptable asymptotical-
ly, a transformation like (19) giving a Higgs field Hermitian
and regular on all space-time except the origin
{c) If we suppose a + 3 #0 (the case & + 8 = 0 is com-
pletely treated in Ref. 3), the solutions can be written

m x, Y™
g =4 x Y"/(R™, g2=/12(R22}m:, Ad, = =8y,
(26)
witha+,6’=1 we obtain
— 6a 2 6a -5 ,
+ x5 + x5 + X3,
1+6a i 7—6a } * (27)
6a + 1 5 —6a 6a + 1
|= y 2= y m|= y
4 4 2
m _71—6a
2 2 .

For the same reasons as for the magnetic quadrupole [see
(14)] these solutions are regular asymptotically if and only if

= (4N +1)/6I, 0<N<I (28)

with N an integer and 7 an odd integer.
(d) g=2xy %~ Pixif =2,

1 5 — —_ _
w=x)*o-rxltA-oxl vy B/ (29)

Itis easy to see that the function g is asymptotically singular
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somewhere because the sum of the exponents is zero. Hence
one at least must be negative. Even so this solution is interes-
ing because it is the only known solution which has no cylin-
drical symmetry in the {x,,x,) hyperplane.

Moreover, for specific values of the constants £,7,8 we
have been able to find a transformation like (11) allowing the
new functions »” and g’ to be defined everywhere outside the
origin point.

Let’s choose

6—vB—8y~PB)
=[l/IN+N'+N")J2N—-N-—N',
~N—-N"2N"~N-—N), (30)
where N, N', N are integers. Then
g =go”, o =w'""?/1—p) (31)

are as required above, provided
p=1—-(N+N'+N"/3[), ISNN'N", (32)

The integer 1 being odd for the same reasons as before.

V. CONCLUSION

We have obtained in this paper a number of new classi-
cal solutions invariant under a U(1) subgroup of an SU(2)
gauge theory.

We now list two open questions which we hope to solve
in the near future:

(a) generalization of static and nonstatic solutions to all
possible pointlike sources;

(b) generalization to larger groups of the basic
equations.*
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APPENDIX
In general for any positive number #, the real function
fx—x" (A1)

is defined over the full R provided that # is a rational of the
reduced from

r=N/I (A2)
with N an positive integer, / an odd positive integer. So, in
order for the functions g, and g, [see (13')] to be real asymp-
totically for positive as well as negative values of x, the ex-
ponents of x, have to be of the form [see (A2)]

0<2a —-B)/la+B)=N/I, (A3)

0K —a)la+B)=1—N/I=({I—N)/L (A4)
This implies

B/a=(2I-N)/I+N) (A5)
and clearly from (A3) and (A4)

O<NLIL (A6)

This establishes formula (14). The same argument can be
used to prove (28) and (32).
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[n this paper we consider a basis for N boson states classified by the chain of groups
U({6)DU(3)DU(2) D U(1). We determine analytical expressions for the matrix elements of the
boson creation and annihilation operators, as well as for the U(6) generators, with respect to that
basis. For such purpose, we use the Wigner—Eckart theorem with respect to U(3) and calculate the
reduced matrix elements of the appropriate irreducible tensors from their matrix elements
between highest weight states. Then we apply the transformation brackets from the chain
U(6)DU(3) D U(2) D U(1) to the physical chain U[6) D SU(3)DSO(3) DSO(2) to obtain the matrix
elements of the above-mentioned operators in a basis corresponding to the latter. The matrix
elements so determined can be used either in the nuclear interacting boson model of Arima and
Tachello or in the microscopic nuclear collective model of Vanagas ez al.

PACS numbers: 21.60.Fw, 21.60.Cs, 02.20.Nq, 02.20.Qs

1. INTRODUCTION

In nuclear physics authors of recent developments have
paid much attention to the basis states of the symmetrical
irreducible representation (IR) [V ] of the unitary group U(6).
The U(6) group has been introduced in various ways with the
purpose of giving a unified description of coilective states in
nuclei. In the work of Dzholos, Dénau, and Janssen,! and
later in that of Arima and Tachello,” the U(6) group is used in
connection with active bosons, created by coupled pairs of
fermions. In the work of Vanagas and co-workers,* it is de-
fined as acting on the six collective variables that can be
formed from bilinear products of Jacobi coordinates. Al-
though in this paper we shall adopt the language of Arima
and Iachello’s interaction boson model and therefore speak
of s and d bosons, the results as obtained will be also valid for
the other approaches.

Three chains of subgroups of U(6) are considered,
namely,

U(6) D U(5)DSO(5) D SO(3) DSO(2), (1.1)

U(6) DSU(3) 5SO(3) D S0(2), (1.2)
and

U(6) DSO(6)DSO(5) D SO(3) DSO(2). (1.3)

The chain (1.2), to be considered here, corresponds to the
limit of the axial rotor of the Bohr and Mottelson geometri-
cal model.*

The knowledge of the matrix elements of various opera-
tors with respect to the basis corresponding to the chain {1.2)
is required. In the interacting boson model, such operators
are for instance the boson creation and annihilation opera-
tors, which connect nuclei differing by a pair of nucleons,
and the generators of U({6}, in whose terms the most general
interaction can be expressed.

In a recent work,” Castafios, Chacon, Frank, and Mo-
shinsky show that the basis states of the IR [V ], classified

“"Maitre de recherches F.N.R.S.
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according to the chain (1.2), can be obtained from those clas-
sified according to the chain (1.1) by diagonalizing the ma-
trix of the operator

Q=

+2

S (-1, (1.4)
Here Q,, (m = + 2, + 1, 0) are the components of the qua-
drupole operator, which, together with the components of
the angular momentum L _(r = + 1,0), form the generators
of SU(3) classified by the subgroups SO(3) DSOI2). One can
then proceed in the basis corresponding to the chain (1.1),
which has been extensively studied,*® and calculate the ma-
trix elements of all relevant operators in that basis.

With this paper, we propose an alternative approach,
where the matrix elements of the operators under consider-
ation are determined in the canonical basis for U(3), corre-
sponding to the following chain of groups

U(6)DU(3)DU(2) D U(1). (1.5)

The matrix elements in the basis corresponding to the chain
(1.2) can then be deduced with the help of the well known
transformation brackets between the two basis.”® In this
way, one can get analytical expressions for the relevant ma-
trix elements as opposed to the numerical values which re-
sult from the diagonalization procedure used in Ref. 5. Ana-
lytical expressions may be quite useful in some respects. This
point will be illustrated in a forthcoming paper, where the
formalism developed in this work will be applied to the study
of the shape of nuclei in the rotational collective model.”

In the next section, we begin by defining our notations
for the generators of the groups appearing in the chains (1.2)
and (1.5). The following three sections are then concerned
with the calculation of matrix elements in the chain (1.5). In
Sec. 3, we discuss the construction of the basis states of a
symmetrical IR of U(6) in that chain. In Secs. 4 and 5, we
obtain the matrix elements of the boson creation and annihil-
ation operators and of the U(6) generators, respectively. Fi-
nally, in the concluding section, we indicate how to express
the matrix elements in the chain (1.2} in terms of those in the
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chain (1.5) by using the transformation brackets between the
two basis.

2. THE CHAINS U(6) D SU(3) DS0O(3) ODS0(2) AND
U(6) DU(3)DU(2)DU(1)

We shall start by giving the notations required for the
generators of the groups contained in the chains (1.2) and
(1.5). Let us begin with the physical chain (1.2).° The creation
operators of s and d bosons are denoted by 77 and 7,,

(m= 42, + 1, 0), respectively, and the corresponding
annihilation operators by £and £ ™ (m = + 2, + 1,0). Here
m is the projection of the d boson angular momentum on the
quantization axis. On occasions, we shall use the single
symbols

Nl = 0,2, —I<m<I), Mgy = 77’ Mam = Nms (2.1)
and
§”"(l=0,2,—l<m<1), é-()()zéTy §2'n:§my (22)

to designate the whole set of creation or annihilation opera-
tors, respectively.

In terms of those operators, the generators of U{6) are
written

G =6, 1=1'=02. (2.3)
The three generators of SO(3) are given by

L, =[63 2mlri2m'yy, ™

= 5723 Cmam 1) — ) (24)
T= + 1,8,m

where (]) is an ordinary SU(2) Wigner coefficient, and the
covariant form of the annihilation operators is defined by

Em=(=1"E "7 (2.5)
The operator L, generates SO(2).

To get the generators of SU(3), one has to add to the
three components L (7 = + 1,0) of the angular momentum,
the five components of the quadrupole operator defined by

= — 'm'|r 21"m”
Q,, = —./87/15 ;lguw m'|r'Y,, (0,

X&' = [1/3 [NXE1E + 2/ [3078,, +7.,E),

m= +2,+1,0. {2.6)

Here the ket |2/m) is a two-quantum harmonic oscillator
state with the angular momentum and projection indicated,
while [m X £]? is defined by

(MXEN, = 3 Cm2m"2m)n,, &, . (2.7)

Let us pass on to the canonical chain (1.5). As the group
theoretical structure of the interacting boson model is simi-
lar to that of the many-fermion spectroscopy in the 2s-1d
shell of the three-dimensional harmonic oscillator, which
was extensively discussed many years ago,'®!" the results
obtained for the latter case can be applied to the former one,
provided fermions be replaced by bosons.

In the corresponding harmonic oscillator problem,'!
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the six two-quantum states are obtained by distributing the
two quanta over the three one-quantum statesa™, |0),
wherea ™, (g = + 1,0)denotes the spherical components of
the one-quantum creation operators, and |0) is the oscillator
ground state. The two-quantum states are denoted by
|nyngn ), wheren, (¢ = =+ 1, 0)is the number of quanta of
the typea™,, and n, + n, + n_, = 2. They form a basis of
the IR [200] of the symmetry group U(3) of the harmonic
oscillator in the chain U(3) D U(2) D U(1}. This U(3) group is
generated by the operators

¢, =a*,a', ¢4 = +£1,0. (2.8)

If we choose to enumerate the values of the index g in
the order

g—i: + 11, 02, — 153 2.9)

the states |n,n,n_,) can be identified with the Gel’fand
states

n +n, O = |nnoh_ ). (2.10)
ny

If moreover we enumerate the states of the IR [200] in the

order of decreasing weight, they can be represented by a

single index u, which takes the values u = 1, 2, -+, 6:

(200>1, (110)—2,
(0204, (011)—5,

(101)—3,

(002)—6.
(2.11)

(ryngn _ )—u:

Finally, the relations between the states
|#) = [nngn_)and the two-quantum states |2/m), classi-
fied according to the chain SU(3) D SO(3) DSO(2), can be de-
duced from Eq. (6.21a) of Ref. 11 and written:

1) =[222), [2) = 221),

13) = 37172220) + [2]200)),
(2.12)
14) = 3772 2] 220) — [200)),
[5) =[22 —1), |6)=|22—2).
In a similar way, we define boson creation operators ¢,

u =1, -, 6, classified according to the chain (1.5), by the
following relations:

L= Go=m £=3"n, + 23,

(2.13)
Lo=3"" L= ) G=niy Co=1oa

The corresponding annihilation operators are denoted by
Shu=1, -'--, 6. Let us note that these definitions essentially
depend upon the enumeration conventions (2.9) and (2.11),
and should be accordingly transformed when different con-
ventions are chosen.
Using the creation and annihilation operators ¢ . and
. » it is now straightforward to write the generators of the

groups appearing in the chain (1.5). The generators of U(6)
are given by
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%/#H = gug;; s ,U",u" = 1,"',6, (214)
and are of course different from those defined in Eq. (2.3}. To
obtain the generators of U(3), it is again useful to consider the
corresponding harmonic oscillator problem. In this case, the
U(3) subgroup of U(6) is a realization of the symmetry group
of the harmonic oscillator, acting in the two-quantum state
space. Its generators C, 7.q,4 = + 1,0, are therefore de-
fined in terms of the generators of U(6) by

6
€= 3 (ule, W)E -,
o' =1
Using the enumeration convention (2.9), they can be rewrit-
ten as C/, i,j = 1, 2, 3. Explicit expressions for these opera-
tors are contained in Eq. (7.17) of Ref. 11. We reproduce
them here:

CP=V2E 2 + V26, + %5,
CPl=Vv26 .+ %, +v2%,5,
CPl=%,"+v26>+ V2%,
C'=2¢,'"+%,2+ %5,
Cl=%F 424+ %5,
CP=%7+ € +2%,
C,'=V2E,' + V26,7 + ¢S,
C'=V2E, '+ C3+1v2% ¢,
CP=Fy+vV2€*+ V2% .
Equation (2.16) may be applied to the generators of the U(3)
group in the case of the interacting boson model as well. The
generators of the U(2) and U(1) subgroups are then obtained
from those of U(3) by restricting /, j to the values 1, 2, or 1,
respectively.
The generators of all the groups appearing in the chain
(1.5) have thus been defined, so that we are now in a position

to construct N boson states characterized by IR’s of the
chain of groups (1.5).

(2.15)

(2.16)

3. BASIS STATES OF THE IR [V] OF U(6) IN THE CHAIN
U(6)>DU(3)DU(2)DU(1)

Since Elliott’s pioneering work on the nuclear 2s-1d
shell,'® it has been well known that the IR’s of U(3) contained
in the IR[NV ] of U(6) can be characterized by a partition
[(A.,hoh5), A >k >k, >0, where the values of &, h,, and 45 are
restricted by the conditions

h,hyhy  even, (3.1a)

and
h,+ hy,+ hy=2N. (3.1b)

The last one is clearly connected with the fact that the first-
order Casimir operator of U(3) is equal to twice that of U(6):

Sci=23 %, (3.2)

i=1 u=1
The IR’s of U(3) can be also characterized by three nonnega-
tive integers x, y, and z, satisfying the condition

x+2y+3z=N. (3.3)

The relation between A, 4., A5 and x, y, z is given by

1484 J. Math. Phys,, Vol. 22, No. 7, July 1981

hy=2x+2p+2z, h,=2p+2z, h,=2z (3.4)
N boson states characterized by IR’s of U(3), U(2), and U(1)
are just the usual Gel’'fand states of the U(3) group

hl} h23 h33

h.>h,

iy - 1 >h

i+

{3.5)

with the only restriction that 4, = A, (i = 1, 2, 3) satisfy the
conditions (3.1). To construct the states (3.5), it is sufficient
to build the highest weight state (hws) of the IR [#,4,A4.],

h, hy hy
A, hy hy

hws

(3.6)

because the other states can be obtained from it with the help
of lowering operators. '’

The hws (3.6) is associated with the N th degree polyno-
mial in the s, Py(£,, ), which is a simultaneous solution of
the equations

(CilPN(gy) = hiPN(é',u b =123,

(3.7)

C/Py(L,)=0,
where the G/ are interpreted as first-order differential opera-
tors. Some years ago, it was shown by Pérez'? that the solu-

tion of Eq. (3.7) leads to the following expression for the hws
(3.6):

1<i<j<3,

h, h, h, xX+29+2z 2y+2z 2z
hws hws
=V (xp2) Y*Z*|0), (3.8}

in terms of the polynomials £, Y, and Z associated with the
hws of the IR’s [200], [220], and [222] of U(3), respectively.
Explicit expressions for ¥ and Z are given by

Le

r=| | \/5 (3.9)
75{2 §4
and
1 1
&y ﬁz ﬁs“z
1 1
Z=|—Fb5 G —,-s“s (3.10)
2 2
-{—g ¢ Vg
BT

It only remains to determine the normalization coeffi-
cient .#"(x,p,z) in Eq. (3.8). This can be achieved by using a
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method similar to that explained in Ref. 7. (Normalized hws
have also been derived independently by Vanagas et al."?)
We only quote hereafter the final result, leaving the complete
derivation for Appendix A:

Flxgz) =2 ] !
X [2x + 12y + Lix + pile +y + iy + 2117
X [22x + 2y + W2y + 22 + 1)!
X(x+y+z+1)0 "2 (3.11)

The other states of the IR [/ ,4,45] can now be written in
terms of the hws as follows'":

h, h hy
hlZ hl'l
hll
:N:::jhz:N::fléfz;(Lzl)h,:—h,|(L3l)h.—h,_.
h,  hy b
X (L)t he (3.12)
hws

In Eq. (3.12), the lowering operators are given by

in — Czl,
L)' =GCC,' — G + 1)+ C,'C3, (3.13)
L32 — C32,

and the normalization coefficients by
N::fh” = [{h12 — Ay )ihyy — B!l ~ V2 LA — An)t] 12,

N:'.:'ﬁi‘ = [{hy — A hy — Aoy + 1Ay — Aol — hy)!
X {hy— Ay 4 Ulhy — Ba] 72 [y — by + 1)

X Ay = Bolhiy — by + Ulihyy — Aa)t] 2 (3.14)

Let us note that the relative phase of the states (3.12) has been
chosen in such a way that the matrix elements of C,* are
nonnegative.

In the following two sections, we will proceed to the
calculation of the matrix elements of some operators with
respect to the NV boson states that have been introduced in
this section.

4. MATRIX ELEMENTS OF THE BOSON CREATION AND ANNIHILATION OPERATORS IN A SYMMETRICAL

U(6) D> U(3)DU(2) D U(1) BASIS

Let us first consider the matrix elements of the creation operators £, , £ = 1, -, 6. These operators transform according to
the IR [200] of U(3). We shall denote the components of the corresponding irreducible tensor (IT) 7' [200] by

2 0
T r 0 ,  0<r<?2, 0OKiegr.

!

(4.1)

The component with » = ¢ = 2, corresponding to the hws of the IR, is proportional to §,. We choose to normalize the IT in

such a way that
2 0

4.2)

The remaining components of the IT are then deduced from Eq. (4.2) by applying an equation similar to Eq. (3.12). The various

components of the IT so obtained are listed in Table I.

The matrix elements of the IT 7 [200] between N boson states of the type (3.12),

TABLE L. Boson creation and annihilation operators as components of the [T’s 7 [200] and 7[00 — 2].

2 0 0 0 -2
r t T r 0 T 0 —r
t —t

2 2 & &t

2 1 [ -6

2 0 [ [

1 1 [ <%

1 0 gs - §5+

0 0 9 [
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h', h's h's 2 0 o\ |4, h, hy
hi h'ss T r 0 hy, hy, , (4.3)

Ay t Ay
are different from zero only when
h'y=hy+2, h'y=hy, h'y=h,,
orh',=h, h'y=h,+2, h'y=h, (4.4a)
orh’ \=h, h's=h, h'y=h;+2,
and

hoth'pn=hp+hy+r,
{4.4b)
h'y = b+t
The nonzero matrix elements can be calculated using the Wigner-Eckart theorem with respect to the U(3) group, which
is written as

' h'y h'y 2 0 O\ | A, h, h,
h'\, h'sy T r 0 A, hyy = (h'\h 'R || T [200])| A hsky)
A t hyy
By h', h', h' —h, h, h, hy
h'v+h's—h —h, O
X h'y, h'sy 2 0 0 Ry, h,, ) (4.5)
r 0
h'y t hyy

In the right-hand side of Eq. (4.5), the first factor is a U(3) reduced matrix element, and the second one is an SU(3) Wigner
coefficient. For the latter, we use Biedenharn’s notations, ' where

RN
h'y+h's—h, —h, O
is an operator pattern, which is entirely determined by the initial and final IR’s of U(3), as the Kronecker product

[A,h,h5]) < [200] is multiplicity free. The SU(3) Wigner coefficient can be factorized into an SU(3) reduced Wigner coefficient
and an ordinary SU(2) Wigner coefficient:

k', h', h', h'y—h, h, h, h,
h',+h',—h,—hy, O
A f'p 2 0 0 hia hy
r 0
h'y £ hyy
k', Ay h's h',—h, h, h, h,
h'y+h'y—h —hy O
= h'i2 h'a 2 0 0 i har
r 0
h' ' —hp hiy
XA — ho) Ay = S + ) % t— élﬁ(h "a—h k=R R ) (4.6)

The SU(3) reduced Wigner coefficients, contained in Eq. (4.6), were tabulated by Hecht,'® so that the only quantities left for
determination in Eq. (4.5) are the reduced matrix elements of the IT. When using Hecht’s tables, one must take into account
that they were established with a phase convention for the states of the U(3) IR’s which was different from the one adopted in
the present work. Hecht indeed chose the matrix elements of C,' to be nonnegative, instead of those of C,”. The states of the IR
[4,h,h.] therefore contained an additional phase ( — 1)": ~ "= with respect to our choice, defined in Eq. (3.12). As a conse-
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2 —h'yn 4 hy— hy

quence, the values of the SU(3) reduced Wigner coefficients, tabulated by Hecht, have to be multiplied by ( — 1158
before they can be used in Eqs. (4.5) and (4.6).

The calculation of the reduced matrix elements of the IT T {200] can be carried out by applying Eq. (4.5) to hws in both
bra and ket. From Eq. (4.4b), the values of r and ¢ are then found to be equal to

r=h'y+h'y—~h,—hy, and t=h"', — h,. (4.7)
The matrix element of the left-hand side of Eq. (4.5),
2 0 0
h' h', h's h, h, h,
TYyh',+h's—h —h, 0 ) (4.8)
hws hws
h'y—h,

can be computed from the explicit expression of the hws, contained in Eq. (3.8). According as A A ",h "] = [A, + 2h,h5),
[A,hy + 2h;] or [A,hoh; + 2], the component of the IT appearing in Eq. (4.8) is £, {,, or &,. It can be shown that the matrix
elements (4.8) can be expressed in terms of normalization coefficients .4 (x,y,z) corresponding to various sets of values of x, y,
and z. As an example, the case of the matrix element of &, is treated in Appendix B. The complete results for the matrix
elements (4.8) are given in Table II.

It is now straightforward to obtain the reduced matrix elements of 7 [200] by dividing the matrix elements (4.8) by the
SU(3) Wigner coefficients (4.6) corresponding to hws. The results are contained in Table III.

Once the matrix elements of the boson creation operators have been obtained, those of the annihilation operators are
given in terms of them by the following Hermitian conjuguate relation:

L h'y h'y hy h, hy hy h, hy k' hy h's
h'is h'n 4 ,,+ hy ha = hi hy, §,4 ki h'y . (49)

h ,l 1 hl 1 hl 1 h ' 11
Equation (4.9) leads to a relation between the corresponding reduced matrix elements.
To establish this relation, it is first necessary to express the annihilation operators in terms of an IT. It is clear that the
annihilation operators transform according to the IR [00 — 2] of U(3) and that £,* is of highest weight. Let us choose the
normalization of the IT 7[00 — 2] in such a way that

0 0 —2
T o 0 =6t (4.10)
0

Then it is straightforward to see that the remaining components of 7[00 — 2] are as given in Table I. They are related to the
components of T [200] by the following equation:

2 0 0
TABLE II. Matrix elements of 7| r 0 between hws.
t
2 0
h'y h'y h' hy hy hy
h'| h', h'y T r 0
hws hws
t
’ (2x+3)x+y+2)
h, hy+2 hy [ 2+ U2y +2243) ]
’ {2x + 1)(2y + 3)
' 2y+lx+p+1)
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TABLE III. Reduced matrix elements of 7°[200]. TABLE IV. Reduced matrix elements of 7[00 — 2].

h’y h's h'y Ch' ik S| T 1200|140 Aok ) k' h'y h'y (R SR|TT00 — 2]k hohy)
ho+2 h A [(x+1)(2x+2y+3)(x+y+z+2) 2 h—2 h, [X(2x+2y+l)(x+y+z+l)]'”
2x +3)x +y +2) ; ) (2x — 1)x + »)

" o2 b [wa 1)(2y+2z+3)]'/2 » A2 & [2tx+1)y(2y+2z+1)]w

: : (2x — )2y + 3) ' : ’ (2x+ 3)2y — 1)
bk a2 [y<2x+2y+n(z+n 5 " ho_s DD+ 3>z]v2

: ' (2 — ix +) ‘ ’ ’ 2y + 3x +y +2)

0 0 -2 2 0 01"

T 0 —r =(—1y*"|T r 0 . (4.11)
—1 t

Finally, when combining Eq. (4.11) with the following symmetry relation of the SU(3) reduced Wigner coefficients,'”

k', h', h's h',—h, h, h, h,
h'y+h';—h,—h, 0
A h', 2 0 0 h, h,
r 0
h'l h/] _hl hl
= ( — 1)(1/3i(h.72hz+h,—h'.+2h'2~h',—zlfhz+h'2 dim([h,h2h3])(h ’1 “hlz + 1) ]1/2
dim([A" 1A "0 s Ik — Ay + 1)
h, h, hy h,—h', h'| h'y h',
) 0 h+h,—h' —h',
X h, h, 0 0 -2 h', h', ) (4.12)
0 —r
h, h,—h', h',
where
dim([ b)) = (2x + 2 + Vix +y + 1) (4.13)

is the dimension of the IR [/,4,4,), Eq. (4.5), written for hws, leads to the relation between reduced matrix elements of 7'[200]
and 7 [00 — 2], that we were looking for:
(h'h"5h 5| TT00 — 2]k hshs)
= [ dimlAkahs)) V2 g (200118 R A ). (4.14)
dim([A"h"5h"5])
In deriving Eq. (4.14), we have used the fact that the phase

( _ 1)(1/3)(h, —2hy+hy—h' + 2R, — k'~ 2)

isequalto + 1for IR’s[4 ' 4",k " ]satisfying Eq. (4.4a). The reduced matrix elements of 7[00 — 2], calculated by means of Eq.
(4.14), are listed in Table IV.

5. MATRIX ELEMENTS OF THE U(6) GENERATORS IN A SYMMETRICAL U(6) D U(3) DU(2) DU(1) BASIS

The method that is going to be used to calculate the matrix elements of the U(6) generators is essentially the same as that
devised in the previous section for the matrix elements of the boson creation and annihilation operators. There are however
two additional difficulties with respect to the previous case: first the U(6) generators do not transform irreducibly under U(3),
so that one has to separate them into I'T’s, and secondly the Kronecker products of IR’s of U(3), that appear when considering
matrix elements of those I'T’s, are not multiplicity free.

Let us begin by organizing the U{6) generators into IT’s with respect to U(3)DU(2) D U(1). The U(6) generators are the
products of a boson creation operator transforming according to the IR [200], and an annihilation operator transforming
according to [00 — 2]. Therefore they can be separated into three IT’s with classification [000], [10 — 1], and [20 — 2],
respectively. The [000] IT is just the first-order Casimir operator, 3, %, *, of U(6) [or the first-order Casimir operator, =,C,’,
of U(3), owing to Eq. (3.2)]. The [10 — 1] IT is made of the eight generators of SU(3), obtained from the generators (2.16) of U(3)
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by dropping the trace 2, C;". Finally, the [20 — 2] IT is made of the 27 remaining independent linear combinations of the
generators. Its components, denoted by

2 0 -2
T r s | — 24502, <<, (5.1)
t
are listed in Table V. They have been chosen in accordance with Eq. (3.12) and with the normalization convention
2 0 -2
T 2 0 =% 5 (5.2)
2
As the matrix elements of 7 [000] and 7 [10 — 1] are well known,'! we only need to calculate those of 7 [20 — 2], i.e.,
h', h', h's 2 0 —2\ | h, h, h,
h '12 h 122 T r s hlZ h22 . (5.3)
k' t Ay
The latter differ from zero only when either of the following conditions is satisfied,
h' =h+2 h'y=h,, h'3y=hy—2, (5.4a)
h'y=h,+2, h'y=h,—2, h'y=h,, (5.4b)
h'y=h, h'y=h,+2, h'y=h,—=2, (5.4¢)
h'y=h, h'y=h,, h'y=h,, {5.4d)
h'y=h, h'y=h,—2, h'y=hy+42, (5.4e)
h'\=h —2, h'y=h,+2, h'y=h,, (5.4f)
h'y=h -2, h'y=h,, h'y=hy+2, (5.4g)

and when moreover
h'oth'ny=ho+hy+r+s,

and {5.5)
h'y=hy+t

In the calculation of the nonzero matrix elements, the multiplicity problem only appears for the diagonal case, corre-
sponding to Eq. (5.4d): the multiplicity of the IR [# ', ;4 ';] in the Kronecker product [#,4,45} X [20 — 2] is indeed equal to
three for [# ' 4 ";h 5] = [hh,h5), and one in the remaining cases.

The Wigner—Eckart theorem for the matrix elements (5.3} is written

h', h', h'y 2 0 —2\ | A, h, h,
h', h's T r s hy, hy,
By r hy

= (k" h k3| T 120 — 24(7)] [ ihhs)

(¥

h' h'y h's {¥) hy h, hy
X h'y h'y 2 0 -2 hi hys ) (5.6)
r s
h'y, t Ay
where
Yu
(¥) =
Y1z 722
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is an operator pattern. '* As can be seen in Table VI, it is entirely determined by the initial and final IR’s in the nondiagonal
cases, whereas in the diagonal case it takes the three following values:

0 0 0
(¥) = , , and
0 0 1 —1 2 -2
The factorization of the SU(3) Wigner coefficient now becomes:
h', h'y h'y (v) h hy hy
h'y h's, 2 0 -2 hi, Ay
r s
h'y ¢ hy
h' h'y h'y ) n h, hs
= hllz hrzz 2 0 -2 hlz hzz
r Ry
h'p h';—hy, hyy
X <_%_(h12 —~hyp) Ay — ihi2 + hyy) ir—s)t— ir +5)|%(h ‘=R 'p) k) — %(h 2 A, (5.7)

As the IR [20 — 2] of U(3) is equivalent to [42] when considered as an IR of SU(3), the SU(3) reduced Wigner coefficients

needed in Eq. (5.7) are equal to those where one of the JR’s is [42]:
7u
h', h's h's Y12 Vaz h, h, h,
h, A, 2 0 —2 P h,
h', r s Ay,

T _J -

Y +2

h'y +2 h'y+2 h'y+2 Yizt+2 Y2+ 2 hy hy hy
= h'n+2 By +2 4 2 0 his hys . {5.8)
Bt 2 r+2 s+2 Ay,

- Bla—hy+2 -

The latter were tabulated by Castilho Alcaras, Biedenharn, Hecht, and Neely. !¢ Their values may be introduced directly into
Eq. (5.7) as the phase convention chosen by these authors for the states of the U(3) IR’s coincides with that used in the present
paper.

Let us turn now to the calculation of the reduced matrix elements of 7'[20 — 2]. We shall treat first the nondiagonal cases,
leaving for later the diagonal one, where there is a multiplicity problem. We have to actually compute one half of the
nondiagonal reduced matrix elements as it is clear that the other half can be deduced from it by using the hermiticity property
of the IT:

2 0 -7 2 0 -2
T r s =(—1y***'T -5 —r . (3.9)

t —1
So let us consider the cases (5.4a,b,c). When taking hws in both bra and ket in Eq. (5.6), it turns out that the values of 7, s,
and ¢, compatible with Egs. (5.1) and (5.5), are entirely fixed by the initial and final U(3) IR’s. The evaluation of the matrix
element of the left-hand side of Eq. (5.6) then leads to the determination of the unique reduced matrix element of the right-
hand side. That evaluation can be carried out straightforwardly by using methods similar to that explained in Appendix B.
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The results are contained in Tables VI and VII.
The reduced matrix elements corresponding to the cases (5.4e,f,g) can now be calculated from the previous ones by using

the following symmetry relation for the reduced matrix elements:

h' b I T 120 — 2001l = { dim(Lh hshs]) ]m<h,h2h3IIT [20 — ()18 " A"k ), (5.10)
dim{[# "1k 20"
where
: —¥n
(v =
— Y22 — 712

This relation can be proved by combining Eq. (5.9) with the following symmetry property of the SU(3) reduced Wigner
coefficients'®:

— 7
h, hs Bl =7 —vn R h, ',
A, hs 2 0o -2 h, h,
A, —s —r h
ho—h',

dim([Ahha0)h" —h's + 1) 172
dim([A "k "2k "]y — by + 1)

(_ 1]r+x+h, —h',

Yu
h', h's h's Yiz Va2 h, hy hy
X h'y h', 2 0 -2 h, h, . (5.11)
I r s ry
h'y—h,

It remains to consider the diagonal case for which there are three independent reduced matrix elements for

0 0 0

()= and

0 0 1 -1 2 -2
to be determined. When taking hws in both bra and ket in Eq. (5.6), it turns out that for [# ', A", ;] = [k h,h5] three sets of
values of r, 5, and ¢ are compatible with Egs. (5.1) and (5.5}, namely

r s 0 0 1 -1 2 -2
and
t 0 0 0

Therefore if one considers Eq. (5.6) for each of these sets, one gets a system of three linear equations in the three independent
reduced matrix elements. Its solution leads to the results of Table VII, which have been expressed in terms of the boson
number &, given by Eq. (3.3), and the eigenvalues of the second-and third-order Casimir operators of SU(3), respectively, equal
to

i

g=202x" 4+ 2xy + 2" + 3x + 3), (5.12)
and
I =2(x — y)dx + 29 + 3)(2x + 4y + 3). (5.13)

6. TRANSFORMATION BRACKETS BETWEEN STATES IN THE CHAINS U(6) D SU(3) DS0O(3) D SO(2) AND
U(6) DU(3)DU(2) DU(1)
The transformation brackets from the canonical chain U(3) D U(2) DU(1) to the physical chain U(3) DSO(3) DSO(2) were
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determined by Moshinsky some years ago.”® Hereafter we shall quote his results and indicate how they can be adapted to the

present problem.
Denoting by

hihshy

qLM

the Bargmann—Moshinsky basis states of the IR [4,4,A4,] of U(3) corresponding to the chain U(3) DSO(3) DS0(2),'"" the

transformation brackets we have to consider are

h, h, hy K
h, h, hs
klZ by =
qgLM
hyy
where
Ki=h;—hsy, Kn=hy —hy =12,
Ky =hy —hy

K> 0

Ky

(6.2)

In Eq. (6.1), we have used the fact that the U(3) transformation brackets for the IR [A, A, A,] reduce to SU(3) transforma-

tion brackets for the IR [k, &,] = A, — k4, A, — A3].

For M = L, the transformation bracket (6.1) is given by”*

Ky

_ { [%(Klz — Kaz + L) ollK 1 — K3 + Dl + Wik, — ko0 + WKy — ko)l — &)t 72

X( __2)11/2)(K\;—» Ky, — L} E1
pzﬁ‘: g
where p is even (odd) if k, — L is even (odd) and

q o e
ES =(%p>(—— 1), if p is even,

[ilk1a — Koo — LYKy — &5 + DKy — Koy)!
[%(Kl —L—P)]!P!(Kz—ﬁ)! , (6.3)
Yoy — K2 — K2y — p) + B iy, — Bltip — B)B Yk + 1 = B
(6.4)

:(%(p‘i 1))( =N if p s odd.

For M # L, the transformation bracket (6.1) can be obtained from the one with M = L and the well known matrix elements of

€,/ with respect to the canonical chain because

K, K> 0 B (L +M)!2L7M 1/2L

LM (L — ML)

and L _,, defined by Eq. (2.4), can be expressed in terms of C/
as
L_,=GC'+¢C {6.6)

Equation (6.3) cannot however be applied directly to the
present case because, through its derivation in Ref. 7, the
values of the index g were assumed to be enumerated in the
order

g—i: +1-1, —1-52, 03, (6.7)

which does not coincide with our convention, defined in Eq.
{2.9). To overcome that difficulty, one could use the same
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])L~—1w

K Ky 0

, (6.5)
glLL

procedure as that devised in Ref. 8. It consists in applying the
transposition (2,3) to the bra in Eq. (6.3) and using the explic-
it result of Chacén and Moshinsky for the matrix elements of
{2,3) between basis states corresponding to the canonical
chain.™

There is however a simpler method, where Eq. (6.3) is
retained without any modification and the transformation
from the enumeration convention {2.9) to {6.7) is performed
in the remaining equations. The latter is easily made once it
has been noted that the enumeration convention of the index
g values does only determine the relations between the §,’s
and the 7,,,’s, in conjunction with the enumeration conven-
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TABLE V. Components of the IT T'[20 — 2}, tion of the (n,n,n _,) values. By this way, the conventions
(2.9) and (2.11) lead to the relations (2.13). When choosing

2 0 -2

now the convention {6.7) for the index ¢ values and combin-

, s ¢+ T , s ing it with the following modified convention for the
{nngn_,) values,

, (ningn _ )i (200)—1, (101}-2,
2 0 2 ¢ (110}—3, (002)—4, (011)—5, (020}—6, (6.8)
g 8 (l) g}, the relations between the §,,’s and the %,,,’s become
5 —_ —_

; :: ? 3_,1/(?%‘3_‘/2(525] Si=n» 6=3 ne +V20), &=

2 —1 0 3'V2%, -4, i _ 69

2 -1 -1 % Sa=mn_2 Cs=1m_1 C¢=3 (V215 — 7)),

g :i ? f_‘. B — g+ 6. while the relations (2.16) between the U(3) and U(6) gener-

2 _2 0 6~V 2 2cgzzz+ €A ators remain unchanged, as well as all the results contained

2 -2 —1 27'"%, — %, in Tables I to VII. Therefore Eq. (6.3) can be used just as it s,

2 -2 -2 % provided that the results are interpreted in accordance with

1 0 1 1572 =2% > —v2%,° + 3¢, Iso that in thi Ea. (6.6)h b

1 0 0 15712 — V287 — 2€ .5 + 3€ 1] Eq. (6.9). Let us note also that in this case Eq. (6.6) has to be

1 -1 1 107'Y[€ 2+ €, —2v/2%,°] replaced by

1 -1 0 107V —F,'+2€ >+ € —2%°

1 —1 —1 10—I/2%_(glli:§423++2\/3(553] 5] L—l =C31 +Czs- (610)

1 —2 1 %8

1 -2 0 37V —v267+ €65
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2 0 -2
TABLE VI. Matrix elements of T r s between hws.

hws

v e ()

2 0 -2
T r s
i1

h, A h‘>
hws

2 0
h 42 h, hy-2 [(x+li[y+1)2(2x+2y+3)(2x+2y+5)(x+y+z+2) 172
2 (2x+3)2y+3)x +y+2)x+y+3)
2 -2
h 42 By —2 h, [2(x+1)(x+2)y(2x+2y+3)(2y+22+l)(x+y+z+2) 172
5 (2x + 3)(2x + 502y + Dix + ¥ + 2)
2 0
h, hy 42 he—2 [2x(y+1)(y+2)z(2x+2y+3)(2y+22+3) 12
0 2x+ 12y + H2y + Sx +p + 2)
0 0 s
h, hy h, 307|/:[X+2y+ 52(2xy+2y-+x+3y)]
0 2y + Mx+y+2)
I —1
h, h, h, - 10*”&{1 + .z
0 2y +3x+y+2)
2 -2 R
A, A, A, PESTER. [2x+4y+3+ 2(8xy + 8y° + 10x + 24y + 15)]
0 2x+3 2y +3Ix+y+2)
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TABLE VII. Reduced matrix elements of 7 [20 — 2].

hy h', h'y (3] (B kI TT20 — 25 (A Aukshy)
2
ho+2 h hy—2 [(x+ o+ 1Dz2x + 20 + )X + W+ SIx +y + 2+ 2]
2 0 (2% + 302y + 3)x +y + 2)ix +p + 3)
2
hy+2 hy—2 hy [2(x+1)(x+2)Y(2x+2y+3)(2y+2z+1)(x+y+z+2)],/,
2 -2 2%+ 3)2x + S)2y — Dix+y +2)
0
h| h3+2 h,—2 [2x(y+ l)(y+2’2(2x+2y+3)(2y+22+3) 1,2
2 0 (2% — 12y + 32 + S)x + y -+ 2)
0
" : h 5N+
0 0 3[30glg — 411"
0
" b 2 ([ =Lkt 4o
1 ) 30g(g — 9)
0
h, h, hy %{ ~r3+g2(4g+9) ]x/z e ale— N4 3
2 _2) 6 de S T tdgg_opy) [Tt NI
0
h| hz"z hy+2 [2(x+1)0’—l)y(z+1)(2x+2y+1)(2y+22+1) 12
0 -2 {2x + 3)2y — 32y — 1)ix + )
-2
hlﬁz h1+2 /13 [2(x—1)x0’+1)(2x+2y+1)(2y+22+3)(x+y+z+U}V
2 -2 (2x — 3)(2x — 1)2p + 3)(x + ¥}
-2
h—2 hy hy+2 [xy(z+1)(2x+2y_1)(2x+2y+1'(x+y_*_z_{_l)]l/2
0 -2 2x— 12y —Dx+p—1)

APPENDIX A: NORMALIZATION COEFFICIENTS OF
HWS IN THE CHAIN U(6) > U(3)DU(2) D U(1)

In this appendix, we determine the value of the normal-
ization coefficient .4+ (x,p,2) appearing in Eq. (3.8). By defini-
tion, this coefficient is given by the following equation:

(A (xp2)] 2= (O|(&, " (Y TP(Z *)E, Y?Z7|0).

(A1)
In the calculation of (A1), we shall use throughout the fact
that § 7 can be interpreted as a differential operator, ie.,

.5 =3a/dg,. (A2)

Let us first apply the operator Z * to the state
£,*Y?Z*|0). From Eq. (3.10), Z " can be expanded as

follows:
+ =yt + L Y HET + — ¥ *
bt VT G

where Y and Y are defined by

1 1
vz &3 -‘72-§5

1 1 a3

1
& 72—§2
1

2 £ [

and ¥ = (A4)
1 1
_§‘/2 3 V2 5
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As&et,EsT,and £, act neither on & noron Y, and give the
following results when acting on Z:

$e"Z|0) =Y10),

£sTZ |0y =V2Y|0), (A5)
£7Z |0y =v2Y|0),

one obtains

zreryzeio
=Y Y+ Y Y+ YY) YPZE N 0). (A6)

Using the commutation relations of the boson creation
and annihilation operators, the operator ¥ *Y + Y+y
+ Y * Ycanberewritten in terms of the generators of U(6) as
follows:

Y*+Y+ Y+Y_+_ Y+)'}= %11%444‘%%11(555*‘5(%22)2
HICPE+I7ES HIETC S 3 18D

+3657 3¢ )
1
VG CHV2E P+ €5
— 1B 3V2E )+ V2% ). (A7)

The last three terms in the right-hand side of Eq. (A7) can be
transformed in such a way that they give rise to either terms
with a raising generator of U(3) acting on the right, which
gives zero when applied to the hws §,*Y*Z* ™~ !0}, or terms
only containing weight generators of U(6). Let us make the
explicit transformation for one of them:
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cgzl(‘/zcg; + %35) = (gzl(clz - \/2%12)

=%,'C2 —V2E €, +1). (A8)
As a result, the operator Y *Y + Y*Y+ Y+¥, when ap-
plied to the hws £,*Y?Z =~ 1|0}, is equivalent to a second
degree polynomial in the weight generators of U(6). This
polynomial can now be expressed in terms of weight gener-
ators of U(3) only. The final result writes

ZFEYPZA0) =z(IC," + 1)(C2 + 3)5,°Y¥Z* 71 0)
=kx+y+z+1)2p+2241)87YZ7710). (A9)
In the last step of Eq. (A9), use has been made of Eq. (3.7).
Repeating this process for the other (z — 1) Z * operators,
one obtains:
(Z *7E,°Y?Z7|0)
= 222y + Wix +y + Iy + 2)!] ~ ylz!
X2y +2z24+ x+y+z+1)5*Y?|0). (A10)
Let us now apply the operator ¥ * to the state (A 10). As

§s 7 and £, do not act on &, and give the following results
when acting on Y:

§4+Y|0> = §1|O>»

§2+Y|0> = _§2|0>’

one obtains

(A11)

Y e Y0y =yt + —;—§z+§z LY 0y, (Al)

The operator §, &, + 45, % &, can be transformed into
S+ = +1€,7 +3
=4C,' — €3+ 3), (A13)
where ¢, disappears when applied to the state £, *¥”> ~!|0).
Equation (A 12) thus becomes

Y87 Y?10) = W(C,' + 3)5,°Y >~ 1|0)

=2x +2p+ 15> 10). (Al4)
Repeating this process y times, one obtains
(Y Y5, Y?|0)
= [2%(2x + 1)l{x + p)!] ~ xW2x + 2y + 1)£,*(0).
(A15)

It only remains to apply £, * x times to Eq. (A15) and
use the result
(611 7¢€,"[0) = x]0). (A16)

By combining Egs. (A1), (A10), (A15), and (A 16), one gets
Eq. (3.11) for the normalization coefficient .4 (x,y,z).

APPENDIX B: MATRIX ELEMENT OF ¢, BETWEEN HWS

In this appendix, we determine the matrix element of £,
between the hws corresponding to the IR’s [k,A4,4,] and
(A + 2hs].

By definition, it is equal to

h, hy, +2 hy hy h, hs
Sa
hws hws
=4 x—-1p+ 1,2
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h h, hy
X CE Y HZE0), (Bl
hws

where use has been made of its reality. As the action of £,*
on Y and Z is given by

£a7Y[0) =£,(0),

§4+Z |O> =[166 — %§32]l0>’
Eq. (B1) can be transformed into
h, h, hiy| A h, hy
Ga

hws hws
=4 —1y+ 1Lz2{p + DA xp,2)] !
+ 24 x,p,2)0)(&, (Y TPZ Y

1
x|ego— 2e2fer iz o), (B3
where it remains to calculate the matrix element of the right-
hand side.

Using the reality of the matrix elements again, we ob-
tain from Eq. (A9)

L
X(Z +)z~ 1§."Y”Z‘|O)
= [2%722p + 3lx + y + 2l + 2] ' + 1)
X2y 4224+ Dx+y+z+1)

X (Ol(E, Ty (Y TP+ ‘[9*;: - %@3*)2]
X§Y’Z 10), (B4)
where

©lE, F Ty ‘[éﬁ&* - S&rrlerrzio

R e ‘[§1+§,*Y”’ 4 %§4§,*YY]40>

(B2)

=Xl A= 1y + 101~ 4 {2y +3)
XAOI = Y TP+ 158,77 7|0). (B5)
The last matrix element then reduces to
OIS Y T PEH e 'Y 0) = (v + YA xp,0)] 2
(B6)
Combining the results (B3), (B4), (BS), and (B6), and
using Eq. (3.11) for #7{x,y,z), we finally obtain the matrix
element of £, as
A, h,+2 h, h, h, h,
$a
hws hws
[ 2x(y + )2y + 2z 4 3) ]2
(2x + )2y + 3) '

(B7)
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Paraxial self-trapped beams in nonlinear optics
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Self-trapped beam solutions to the equations of nonlinear optics are studied by perturbing the
straight ray solutions. In two dimensions, analytic forms for the perturbation solutions are
obtained while for the radially symmetric case numerical solutions are produced. In both cases the
perturbation amplitude contains an arbitrary function of distance so that a large class of self-
trapped beams is produced. The solutions obtained are paraxial, and it is argued that they are the
only symmetric paraxial solutions. It is further pointed out that solving the well-known paraxial
equations leads to errors unless the solutions obtained are of the form found here since otherwise

they violate the paraxial approximation.

PACS numbers: 42.65.Jx

I. INTRODUCTION

Light rays in certain nonlinear media tend to converge
due to the nonlinear effects. The property responsible for
self-focusing and self-trapping of beams is that the phase
velocity of the waves decreases with increasing amplitude. A
disturbance that has a distribution of amplitude along an
initially flat wavefront will be retarded at its more intense
points, and rays will bend inwards there. The convergence of
rays increases the amplitude enhancing the nonlinear effect
and forcing greater convergence of rays until diffraction ef-
fects become felt. Diffraction, which resists sudden changes
in amplitude, causes rays to bend outward to disperse the
energy of the waves. When the opposing effects of nonlinear
focusing and diffraction are present, a great variety of results
can take place. It has been found experimentally that beams
can focus and emerge from the focus, contract to one or more
self-trapped filaments, or merely diffuse away from the ini-
tial distribution. Askary’an' proposed on theoretical
grounds that a beam of light could create a self-induced
waveguide. Later, Talanov? and Chiao et al.* calculated
beam profiles based on balancing self-focusing and diffrac-
tion so that the beam propagates undistorted. This paper is
devoted to constructing profiles that generalize these undis-
torted beams by perturbing them with slowly varying
functions.

Beams that vary slowly in the direction of propagation
relative to distances of the order of a beam width are said to
obey the paraxial approximation since rays remain close to
parallel to the beam axis. When the paraxial approximation
is satisfied, the governing nonlinear equations are simplified.
It is necessary for the validity of the results, however, that
solutions that satisfy the simplified equations also satisfy the
paraxial approximation. In this paper we produce general
paraxial solutions by perturbing beams that are independent
of the direction of propagation and then by accepting only
slowly varying perturbations rather than solving the parax-
ial equations and checking the results for validity.

The paraxial approximation was introduced into non-
linear optics as a natural extension of the properties of linear
optics. Chiao ef al.? use it without reference, and later Kel-
ley* in using the equations of Chiao refers to it as a “familiar”
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procedure. Apparently independently, Talanov® used this
approximation in nonlinear optics following the example of
Vainstein® who used it in resonator and waveguide prob-
lems. Vainstein gives as reference the review of diffraction
phenomena by Malyuzhinets,® who indicated the validity of
the approximation for diffraction of nearly plane waves of
small wave length by apertures, the waves governed by the
linear wave equation. Since then a tremendous volume of
research has been generated using the paraxial equations as
starting point. The reviews by Marburger’ and Svelto® give
substantial lists of references that cover this research up to
their time of publication. Some of the papers appearing since
then are included in Refs. 9-26. Marburger seems to be the
only one to mention the possibility of nonphysical solutions
due to neglect of higher space derivatives, and he justifies his
own analysis by prescribing symmetry between certain time
derivatives and derivatives in the direction of propagation. It
is the opinion of this writer that much of the paraxial re-
search on self-focusing does not account for the extraneous
solutions that satisfy the paraxial equations but violate the
underlying Maxwell equations due to the additional nonlin-
ear effects not present in linear theories of diffraction.

In Sec. IT we derive the differential equations for the
envelope quantities without invoking the paraxial approxi-
mation. A general nonlinearity is utilized, although it is em-
phasized that the cubic nonlinearity is the dominant one.

In Sec. III we perturb the undistorted beams both in
two and three dimensions. The former is treated because,
while primarily of academic interest, it possesses analytic
solutions, while radially symmetric beams in three dimen-
sions must be expressed in terms of the undistorted beam
profiles that are only known numerically. For the latter case
we produce graphs of the perturbed profiles and of their
transverse wavenumbers. It turns out that the perturbed
beams contain an unspecified function of distance along the
beam axis. Thus a great variety of beams can occur which
include many of the cases found experimentally.

In Sec. IV we derive the paraxial equations and indicate
the relation between paraxial solutions and the perturbation
solutions of Sec. II1. As a comparison with paraxial theory,
we investigate the effect of Zakharov’s?’ criterion for self-
trapping on the perturbation solutions.
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Il. THE ENVELOPE EQUATIONS

Maxwell’s equations describing waves in a nonlinear
medium reduce to

V’E —E, = (1/¢)P, (1)
if one makes the assumption
V:E=0. (2)

Equation (2) is exact for the two-dimensional analysis but is
only approximate for the three-dimensional case, where it
depends on the electric field not being unusually large so that
the relation between E and P is close to linear. In this cir-
cumstance the dominant term of the Maxwell equation

Ve(e,E + P) =0

asserts (2). Marburger,’ in his review, indicates that if this
approximation is not made, then “there are no confined
wave solutions with purely linear polarization everywhere.”
He cites the work of Abakarov e al.?® and Pohl,?® who con-
struct special field configurations in which V-E is identically
zero. Svelto’s® explanation for accepting (2) is that this ap-
proximation retains the nonlinear effect of self-focusing
while neglecting the nonlinear effect that causes rotation of
the polarization ellipse.

For an isotropic medium P is parallel to E, and, when
wave patterns are stationary, the frequency is fixed so that
|P| depends on |E| algebraically. We retain the differential
equation describing an inertial medium, however, as the cal-
culations are simplified if the amplitude of P is determined
first and then eliminated. This relation is

P, +0,/’P — F(|P")P = 6(,a)P2E, (3)
and it may be regarded naively as Newton’s law for the mo-
tion of electrons in the medium. They vibrate with a natural
frequency w,, which is the resonant frequency of the medi-
um, and are driven by the external electric field. The nonlin-
earity of the medium is expressed by F (|P|?) with any linear
part absorbed into the w, P term. Since F (| P|*) must be small
compared to ,’, its Taylor series will be dominated by the
term quadratic in |P| except for very unusual media. Both
Akhmanov*” and Zakharov®’ take quadratic and quartic
terms in F, where the quartic one dominates near focal points
as the medium saturates. Many of the physical mechanisms
that lead to the nonlinear term are described in the review by
Svelto.”

To obtain equations governing the stationary wave en-
velopes, we make the substitution

E = (a(x, y,2) cos[8 (x, y,2) — wt],0,0),

4
P = (b (x, y,2) cos[d (x, y,2) — wt],0,0) ()
for linearly polarized waves, or
E = (a(x, y,2) cos[8 (x, y,z) — wt ],
a(x, y,z) sin[0 (x, y,z) — 0t ],0),
(5)

P = (b (x, y,2) cos[0 (x, y,2) — wt],
b (x, y,z) sin[@ (x, y,z) — ©t1,0)

for circularly polarized waves, where the wavenumber vec-
tor k is defined by
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k(x, y,z) = V6. (6)

Since the resulting equations have no preferred direction,
substitution of waves (4) and (5) have the same effect as ex-
pressions for waves propagating in arbitrary directions, The
equations obtained by substituting (4) or (5) into (1) and (3),
collecting terms in cos(@ — w? ) and sin{@ — wt ) and eliminat-
ing b to one order of smallness in F are

Via —(k? — ky'a + fla*a =0, (7)

Ve(ka?) = 0, (8)

Vxk =0, (9)
where

2 ) 2
k= @ (1 ! )
¢ c? 0’ — &?

and

fla) = 2

T 2mct(w,t — w)?
T (egw, a® cos’d s
XJ F{————Jcos°6db
0

(wOZ _ a)Z)Z
for the case of linear polarization and
wzwpz < 6.“2(4)‘74(12 )
2

Cz(ﬂ)oz - 0)2) ((002 - wz)z

fla*y=

for circular polarization. For either polarization the example
F(P]) = a|P|*>
leads to the expression
fl@)=pa,
but with different values of the constant 3. Similarly the
saturating medium cited previously,

F(IP]) = a,@® + a,a’,
leads to the form
fla®) = p.a* + B.a*.

We can make some observations immediately by solving (7)
for the phase velocioty w/k, obtaining

B l:w()l + a)pl _ (1)2 V’Za f(al) — 172
Alw,? — w?) w’a w’a

L
k

Neglecting the second derivatives and the term f, we have
the phase velocity of a uniform plane wave in a linear medi-
um. If o, = 0, the medium becomes uncoupled from the
electromagnetic wave and the wave passes at speed ¢. With
coupling due to finite w,,, its speed is less than ¢ and depends
on the wave frequency . This is called a dispersive medium
because the group velocity dw/dk depends on w so that wa-
vepackets of different frequencies separate. When w = w,,
the wave resonates with the medium and cannot pass
through it. Also there is a frequency band
wy<w<(w,” + o,7)'"?, where the wave reflects backwards
from the medium, the amplitude falling exponentially as the
wave penetrates.

When the second derivatives of amplitude become large
relative to the amplitude, there is an additional influence on
the phase velocity. The derivatives are called higher disper-
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sion terms since they modify the previously discussed disper-
sive effects and they are also responsible for diffraction. Near
the peak of a local maximum in amplitude we have V?a <0.
This negative term increases the phase velocity relative to
other portions of the wave front giving a defocussing effect.
Finally the term containing f gives the nonlinear influence of
the medium on the wave. For /> 0 this term causes the phase
velocity to fall as amplitude rises so that a local maximum in
amplitude tends to focus. When diffraction and nonlinearity
are in perfect balance, we obtain the self-trapped beam of
Chiao et al.,® where rays are straight.

11l. SOLUTIONS OF THE ENVELOPE EQUATIONS

In this section we perturb exact straight ray solutions to
(7), (8), and (9) to obtain slowly varying amplitude profiles.
The perturbed solutions obey the paraxial approximation
and can be compared to the work of other authors. Analytic
expressions for the straight ray solutions are available in two
dimensions with cubic nonlinearity (F is quadratic), and
hence this analysis is presented to prepare for the treatment
of three-dimensional waves. In the latter case, with radial
symmetry and arbitrary nonlinearity, the straight ray solu-
tions must be determined numerically and the perturbed so-
lutions are then expressed in terms of the computed
functions.

A. Two-dimensional waves with cubic nonlinearity
In two dimensions with F{|P|) = ad?, (7), (8), and (9)
take the form

@ +a,, — (K — kel + fa’ =0, (10)
(ki@?), + (ka?), =0, (1)
ki, =k,,. (12)

We first find a solution that represents a uniform self-
trapped beam by seeking solutions independent of x with the
underlying waves propagating in the x direction. Such a
beam is

a=a(y)=[2K*~k)/B]'? sech[(K * — k?)'"*y],

(13)
ki=K, k,=0.
This solution decays for large |y| while all others oscillate in
y without decay. It has been discussed by Chiao,* Akh-
manov,* and many others.
To upset the balance that maintains straight rays, we

perturb this solution by functions that vary slowly in x. We
set

X = €x,
(14)
7=(1+€6,+ €8+ -,
where € is a small positive constant and seek solutions of (10),
(11), and (12) that are power series in € of the form

a=aly)+ eGx,p) + -,
k=K + €eU(%,7) + -, (15)
k, =€V (X, J) + €V,(X, p) + - .

The hierarchy of equations is found by equating coefficients
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of each power of €. The §; are determined by suppressing
secular terms in the G, at each stage of solution. To the order
of accuracy that we are solving we are able to replace j by y.
We seek beams that are symmetric about the X axis, and this
requires that G, and U, be even in y and that V|, and V, be
odd in y.

Placing (15) into (10), (11), and (12), we obtain the fol-
lowing leading order equations, the first two orders being
taken from (11):

G,,, — (K2 — k)G, — 2KaU, + 3Ba°G, =0,  (16)
yy

@V,), =0, (17)
@U,; + 2KaG,; + (2aV,G,), + (@V,), =0, (18)
U, =0. (19)

From (17) and (13) we obtain
V, = C(x) cosh® [[K 2 — ko)),

Since V', must be odd, we take C (X)=0, and this necessitates
finding ¥, to obtain the y component of k. From (19) we have

Uix, y) = ulx),
where u(X) is an arbitrary function of x. Succeeding terms in
expansion (15) will not be small unless u(x) and all of its
derivatives are slowly varying; hence we must take u(X) to be
analytic in X with all derivatives no greater than O(1). When
U, is placed into (16) the X dependence factors out. Setting

G, = u(x)g(y),
(16) becomes
g, — (K2 — k{1 — 6sech’[(K? — ko)) '] }g
=K [(K? = ko)/B1"?sech[(K? — k,2)'/%y]. (20)

It may be noticed that da/JdK satisfies (20). This is the bound-
ed symmetric solution. The general solution contains in ad-
dition an odd term proportional to 4a/dy and an unbounded
term which may be found by variation of parameters. Both
of these latter terms are discarded, leaving

gy =1(2/B) K {(K* — ky?)""/* sech[(K > — ky*)' /]
—ysech[(K* — k()z)l/z}"] tanh[(K * — k()z)l/z.V]l~
Finally (18) gives
: K%
Vo= —u'(x) K ke
2K — k,?
2K = kP2

The perturbed solution is now fixed when the arbitrary
function u(x) is specified. We can obtain a great variety of
beams by the choice of u(X). For a beam with periodically
converging and diverging rays we could choose for example
u(X) = cosx. If u(x) is chosen to have a singularity, then this
solution can possibly describe a focusing beam. It will be an
accurate description of the behavior only in its approach to
focus, the various approximations breaking down both due
to fast variations in X and due to high amplitudes.

sinh[2(K * — k,%)'"%p ]

B. Three-dimensional waves with radial symmetry
We now seek radially symmetric solutions to (7), (8),
and (9). For a general nonlinearity these equations become
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a. +a,+(1/ra, —tk* —kHa + fla*a =0,

(kia@®), + (1/r)(rka?), =0, (21)

ki, = ke
where &, and &, are the components of k in the x and »
directions respectively. A uniform beam is sought in the
form

a=ajr), k=K, k,=0. (22)
Substitution into (21) gives

a, +(1/ria, — (K? — ky*)a + f(a")a = 0,

d,0)=0, alw)=0.
Under suitable restrictions on f'(a”), (23) possesses an infinite
set of solutions that have any integral number of zeros, The
following demonstration of the existence of this set resem-
bles that given by Finkelstein et al.,*' who credit it to Boh-
nenblust. They dealt with an equation describing probability
amplitudes for spinor fields.

If the term (1/r)a, is neglected from (23), there is an
integral

B=a,>—(K?— k2@ +f(@), (24)
wheref (&)= f§ f(&') d€ . Theconstant B parametrizes non-
intersecting level curves in the phase plane plot, @, vs @. The
singular points areata, = 0,d = Oand ata, = 0,daroota,
of

f(aoz) =K?— ko’ (25)

If there is only one positive root for g,° in (25), then there are
three singular points, as shown in Fig. 1. The origin is a
saddle point, and the remaining two are centers. The level

(23)

FIG. 1. Phase plane trajectories for radially symmetric beam amplitudes.
The broken lines represent integral curves for the quantity B defined in the
text. The solid lines represent the trajectories which continually cross inte-
gral curves in the direction of decreasing B. The scale is normalized by
setting @, == 1.
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curves emanating from the origin correspond to B = 0 and
the regions containing curves for B > 0 and B < O are separat-
ed by this curve. Any curve interior to another curve has a
lower value of B than the latter.

We now regard (24) as the definition of a quantity B for
the exact equation (23). Differentiation of (24) and the use of
(23) gives

4 2 a,’ (26)

dr r
Thus, along a trajectory given by (23), as » increases B de-
creases, and the trajectory in the phase plane proceeds across
curves of Fig. 1, always toward more interior regions. The
trajectories that begin on the g axis and end at the origin are
the ones that satisfy the boundary conditions. They separate
dense sets of trajectories that are trapped by the singular
points@ = + a,. Figure 1isdrawn for the casef (@) = a*and
the profiles for the desired trajectories appear in Fig. 2.
These trajectories were computed first by Chiao et a/.,* who
did the lowest order one and Haus,*? who computed the next
four on an analog computer. Zakharov?’ gives the starting
amplitudes for the first 15 trajectories.

Wenow assumethatf(£ )ismonotonicincreasingso that
there is a unique positive root to (25) and we consider (22)asa
definite solution to (23). Perturbing this solution by a slowly
varying perturbation, we set

a = a{f} + eG(x,7) + -,
k, =K+ €eU,x, )+ -, (27)
k, = €V\(X,7) + €2 V,(%,7) + -,
where € is a small positive quantity and
X=€x, F=(1+ 8, + .
As in the two-dimensional case, equating coefficients of like
powers of € gives a hierarchy of equations and the 3, are
determined by suppressing secular terms. To the order of

accuracy that we compute we can take 7 = r.
The equations obtained by substituting (27) into (21) are

Gy, + (1/1)G,, — [K* — ko’ — f(@) — 2a°f'(@"))G,

=2KaU,, (28)
(1/r(ra*V,), =0, (29)
a*U,; + 2KaG,; + (1/n(ra’V, + 2raG V), =0, (30)

U, =0. (31)

From (29) we obtain

v,=[C(x)/rla->
Since this is singular at r = 0, we must take C (x)=0. Equa-
tion (31) indicates that U (X,r)=u(x), where u(X) is an analyt-
ic function of X with derivatives nolarger than O (1). Then the
X dependence of (28) factors out and the substitution

G (%,r) = u(X)g(r)
gives

g, +(1/rg, — K — k) —f@®) — 22/ '(@")lg = 2Ka.
(32)

It may be verified that g = da/JK is a solution to (32), and it
is the only solution such that dg{0)/9r = 0, g{ «o} = 0. Finally
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FIG. 2. Profiles of undistorted beam amplitude, perturbation amplitude, and transverse wavenumber. The solid lines represent the first six eigensolutions i of
Eq. (36). The broken lines represent the corresponding perturbation amplitudes g, and the dotted lines represent one term v of the perturbation transverse

wavenumber.

(30) gives
__u® '(-2 2K"£)rdr. (33)
Vo= ra® Jo @ +2Ra K

This form of the final solution can be evaluated numerically

only with great difficulty in the general case. For the special
case
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f@)=pa*, (34)

where B> 0, in order to have a solution to (23), differenti-
ation of (23) with respect to both K and r and some manipula-
tion gives

da K ( a - )

— = =5 \|— +ra, 35

K K2 — k2 \n (33)
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so that the perturbed solution is determined in a simple way
by the original straight ray solution and its derivative. We
now obtain from (33) the result

K3 2K? 1
el ()
2 = K?— kg KZ_kj\n

><L_2 Ezrdr].
ra [}

As mentioned previously, the cubic term is the domi-
nant nonlinearity for other than very special media. Taking
n = 1, the scaling

a= [(K2 - k()z)/ﬂ]1/2¢[(K2 — koz)”zr]
reduces (23) to

Yee + (/€N — Y+ =0,

Yy =0, Yleo)=0.
The perturbation amplitude becomes
G = {u@K /[ BK* —k*))'} pl€),

where u(£') = ¥ + £, . The transverse perturbation waven-
umber becomes

(36)

Vo= —u'(®)

K6 ) |
(KZ_kOZ)S/Z (Kz_k02)l/2
where V(&) = (S§°¢ dE /W€,

Figures 2(a)—(f) display the first six numerically com-
puted eigensolutions to (36) and the corresponding plots of
€ )and v(€ ). It may be noted that &, is singular at zeros of ¢,
but these are precisely the places where the wavenumber
need not be defined.

Asin the two-dimensional case, if u(¥) is chosen to have
a singularity, then the solution can possibly describe the ap-
proach to focus of a focusing beam.

IV. THE PARAXIAL EQUATIONS AND CONCLUSIONS

In this section we present the derivation of the paraxial
equations and an argument that the perturbed solutions of
Sec. I1I form the general symmetric solutions of these equa-
tions that also satisfy the paraxial condition. Since a great
volume of research has been generated from the paraxial
equations, we do not attempt a general comparison of results
but choose instead the asymptotic analysis of Zakharov ef
al.?’ as a single example. These workers have produced crite-
ria that determine asymptotic properties of solutions of the
paraxial equations based on certain integrals of their initial
values.

The paraxial equations can be obtained from (7), (8), and
{9) by setting

0=Kx— ¢ (fry’z)’
where

X¥=ex and e<K.

If the terms in € are discarded and then x is reintroduced for

X/€, the results are

ayy + azz - [K2 - k()2 _f(az) - 2K¢x + ¢y2 + ¢zz]a = O’
(37)

K(a%), =(d’s,), + (a’d,),,
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which are the paraxial equations in common use. If we write
u=alx, y, z)e® =2,
then (37) is equivalent to the complex form
[K*—ko* —f(|u|*1u, (38)
which is the nonlinear Schrédinger equation that stands as
the starting point for many analyses.
The following argument now relates the perturbation
solutions to the legitimate solutions of (37) and (38). We con-
sider any solution of (37) that is slowly varying in x so that

the paraxial condition applies. It may be expanded by Taylor
series as

2iKu, =u,, +u, —

alx,y,z)=al0,y,z) + ex %(i— (0, y, 2) + O (€?),
X
_ Jk 2
k(X,y» Z) = k(O,}’, Z) + €x E (0’y9 Z) + 0(6 )’

where the derivatives with respect to X cannot be large. Thus
in any domain in x of O (1/¢) the paraxial solution must be a
perturbation of a solution that is independent of x. These are
precisely the solutions of Sec. III, which appear to be linear
inx in any domain of O (1/€) but which can be valid for much
larger domains.

Two examples are now presented in which working
with {37) and (38) leads to false conclusions because the un-
derlying paraxial approximation is violated. The first is that
a number of treatments of the paraxial equations assume an
initial Gaussian profile and proceed either analytically or
numerically to solve for the waveform. This necessarily vio-
lates the paraxial approximation since there are no Gaussian
solutions to (23).

As a second example we examine the asymptotic analy-
sis of Zakharov e al.?” It turns out that what appears to be a
reasonable criterion for determining from the initial data
whether self-trapping occurs becomes so weak a statement
as to be ineffective. Zakharov first defines two integrals of
Egs. (37), namely

I, = jfazdydz
d

L= f f [0, +a.% +(8,” + .° — fla*)] dy dz.

The domain of integration is an initial plane at any fixed
value of x, and f (£ ) has the same definition as in (24). These
quantities are independent of x for all solutions of (36) but
produce quantities of O (€?) that depend on x for solutions of
(7), (8), (9) that satisfy the paraxial approximation. The crite-
rion for a beam to be self-trapped is that it initially obey

I\(@)>1,(@) and Iya) <0,

where @ is the solution to (23) of lowest energy and hence has
no zeros for finite ». The beam is then self-trapped in the
sense that the maximum amplitude of the beam is bounded
below by the positive constant — 21,1, 7",

Testing this theory on the perturbation solutions of Sec.
I1I, we first use nonlinearity (34) and the resulting solution
(35), obtaining

an
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I = [1 + 2eu(x)K (

ol )| e

Zeu'{)K ] J. =2n + 2
=11 a rdr.
: [ + nK2—kA) n+1

For all positive integers n, the negativity of I, is violated, and
hence the criterion does not hold for this large class of
beams. In the case of a nearly cubic medium,

fl@¥) =a*—¢€,a*

where €, <1, the object of Zakharov’s study, we obtain

I, =j a’rdr + Ole€)),

_eulk)K ~
K>k ky’
Now the criterion states that maxa>0 (e). Zakharov indi-
cates that the beam is now self-trapped, but surely a beam
that falls in amplitude from O (1) to O (€} in a distance of
O (1/¢) is one that is dispersing! From these examples one
might expect that strong statements about solutions to the
paraxial equations may refer only to those that also violate
the paraxial approximation.

In conclusion we have presented a perturbation expan-
sion of a symmetric beam with straight rays both in two and
three dimensions. We have criticized other researchers for
solving the paraxial equations without verifying that the re-
sults obey the paraxial approximation. The perturbation so-
lutions have been shown to be paraxial and thus to form the
subclass of solutions of the paraxial equations that satisfy the
paraxial approximation.

L= — —J. ardr+ ardr.
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The kinds of reaction networks introduced earlier by this writer are capable of diverse
applications in chemical physics, biochemistry, chemical engineering, economics, ecological, and
other dynamics. All possible mechanisms or pathways as a function of the numbers of reaction
steps p or species o are generated with them. They also give the rate laws, multiplicity of steady
states, the nature of their dynamic instabilities, oscillations, etc. These properties are related to a
large extent on the 1- and 2-topology of the networks, {.#"}. The {.#"} are graphs of two kinds of
lines and two kinds of vertices. They can be planar or nonplanar. The genus g and thickness t of any
4" are related to p, o and the numbers of catalytic and autocatalytic cycles. The Betti numbers
B{(p) of 1- and 2-complexes constituted by .#" and other topological invariants of the networks
under two kinds of homeomorphisms are given. A number of theorems are stated and proved. The
above reaction networks are interesting mathematical objects in that they help.classify coupled

nonlinear differential equations.

PACS numbers: 82.20.Wt
I. INTRODUCTION, MOTIVATION, AND DEFINITIONS

The kinds of networks we shall define below and study
topologically should be useful in a number of fields from
chemistry to economics, but we shall concentrate below on
the case of chemical reaction networks. These are capable of
diverse applications in chemistry, biochemistry, chemical
engineering, and chemical physics. They also make the pre-
sentation more concrete.

A mechanism .# or a synthetic pathway 7 is a set of
coupled chemical reaction steps. Each.# or & we repre-
sent' by a chemical reaction network ../ e.g.,

A4+X - Y+ 2B
Y — Z+X4CrHorP)
OVR: A+ D=32B+2C+F, (1a)
z ¢ 72

(1)

Each step is stoichiometric; therefore so is the overall
reaction OVR.

In a mechanism, the steps are elementary reaction steps
implying molecularity. In most .#, therefore one usually has
reaction steps which are uni- or bimolecular (uni—uni, uni—
bi, bi—bi combinations), more than two-body collisions being
much less probable. If all the steps of an .# are only € { uni-
uni, uniezbi, bi—bi}, we shall call this .# a “strict mecha-
nism,” # *. Otherwise, it will be referred to with .# _ (more
than bimolecular steps included). In 22, the steps being pro-
cedural, there is no such restriction as bi or uni, etc., on
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reaction vertices.

For rate processes' .# is more fundamental. For ther-
modynamic cycles® or for a priori synthesis design and for
chemical yields, & can be used.*

A reaction network A" is a graph of two kinds of lines
and two kinds of vertices:

Linesof # are: (i) —~~~ )= rx-line = reaction step
line denoting any one of (—) or (=) or ( = ) in each step of .#
(or Z), Eq. (1a).

(ii) (—) = species-mole line = sm-line. Each mole of
each species in .# is one distinct line.

Vertices of .4 are: (a) {x) = ~~ }=reaction, rx-
vertex, and (b) (@) = << ) = species, s-vertex. All the sm-
lines in an .#” corresponding to different moles of the same
species are joined to that species’ s-vertex as in Eq. (1b).

An arbitrary .4 may be planar or nonplanar, but any

¥ can be drawn in the three-dimensional Euclidean space

% 5 without crossings.

In this paper, we shall study the topological properties
of arbitrary .#". (1) We shall find their topological invariants
which also classify {.-#7}; (2) we shall obtain relations among
the number of chemical species ¢, the number of rx-steps p,
the number of catalysts, intermediates, and autocatalysts or
inhibitors in {.#} (or reagents, products, by-products, etc.,
in &) that can be accommodated in any general rx-network
A7 (3) we shall see (e.g., in terms of p and o) when {. 47} are
planar and when nonplanar and the extent of their nonplan-
arity in terms of the thickness ¢ (cf. below) of . 4" and their
covering graphs and the genus g of the closed surfacesin &,
on which an..#” can be drawn without crossings; {(4) we shall
relate the physical quantities like p and o to the Betti num-
bers {B,, | of p = 1and 2-complexes’ defined on .4,

Our purpose in studying {.-#7} is severalfold: (1) In the
past there was no systematic way to generate {.# | for var-
ious numbers o of species (or of p) in a reacting mixture. Qur
methods' allowed such a systematics which could also be
used for specified observed overall reaction (OVR) types.’
Then also one can see which and how many {.# } would be
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invoked to match an overall observed rate law. (2) For each
A, the rate equation can be written down. These are in gen-
eral a set of coupled nonlinear differential equations. (3) For
each .47, the existence and solutions for multiple steady
states can be deduced '* using also other graphs (below) ob-
tained from.#". (4) The nature of the steady states, the singu-
lar points of the system, the kinds of instabilities,® the exis-
tence of chemical oscillations,”® and possibly chaotic
behavior® can be deduced '* to a large extent from {.#"} and
1- and 2-topology. This program was already stated and car-
ried out to a considerable extent for (1)—(3) and part of (4) by
1973-74.""'° At that time, however, we had found it conven-
ient to separate the {..#"} into what we called “laminar” and
“turbulent” networks® and to deal with these separately.
The present set of papers by the writer, treat arbitrary, gener-
al {77} without any restrictions, with more efficient meth-
odology, and with many new results. (5) Finally, the kinds of
{. 7} defined above, which have two kinds of lines and two
kinds of vertices, and their topology would be useful in other
fields like economics, ecology, biophysics, etc. These {..47}
are mathematically interesting objects. They help classify
coupled nonlinear differential equations.

Il. GENERAL NETWORK: ITS LINEBLOCKS, ITS
SKELETON, AND TOPOLOGICAL INVARIANCE

All the sm-lines of a general 4", such as Eq. (1b}, that
are directly connected to each other constitute a lineblock
L, of. 1"

Removal of the rx-lines from an .#” produces several
L,.

In Fig. 1(b) there are two Lp,, i€ a,f ,e.g.,

(2)

The skeleton'*'® # of 4" is obtained by compressing
each L, of.# into a dot-point. Denoting the { —~~~ )rx-
lines with thick lines ( ), we get from Fig. 1(b),

Nn-3 = 7O
(3)

The skeleton is a graph of one kind of lines {p of them)
and one kind of vertices (y of them). It can be a simple graph,
a multigraph, or a pseudograph as in Eq. (3).

We shall investigate first the 1-topology of { #'} and
§.+"} under line subdivisions.

On ., an elementary subdivision is simply

S
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(4a)

1505

which makes

p—p+1 and yoy+1, {4b)

Such subdivisions on . are homeomorphisms. Proper-

ties of {7’} thereby unchanged are topological 1-invariants
of &~

In .4, subdivisions of sm-lines (—) and of (—~~~~—)
rx-lines can be made. However, the line subdivisions which
preserve the definition of .4 (and its physical relevance) are
the following.

(A) sm-line subdivision on .V~

I

n—n+2, p—p+1, (Sb)

(5a)

which makes
g—0o + 1,

o=no. of s-vertices, n=no. of sm-lines, p=no. of
rx-vertices, in.?".
(B) rx-line subdivision of .V~
f/ -
(6a)

oo+ 1, non+2, pop+1. (6b)

(A)and (B) are 1-homeomorphisms on.#". We consider
the topological 1-invariants of {.#”} with respect to (A) and
(B).

Comment: There are no subdivision homeomorphisms
of an individual lineblock which keep it a lineblock.

lil. THE 1-TOPOLOGY OF SKELETONS
Arbitrary . (p lines, y vertices) is “three-dimensional,”
Le., it can be drawn in &, without spurious line crossings.
Forany .7,

y=p—r+1 (7)
with r==no. of “empty rings”' of .¥". (Our own proof for any
# isin Ref. 1.) More precisely, 7 is the maximum number of
linearly independent rings [mod 2], hence the rank of he
ring-incidence matrix n} (rows labelled by the rings, columns
labelled by the lines of .%).

Viewing % as a “1-complex”'’ (made of 1-simplexes
and O-simplexes)

r=B'(1) (8)

the i = 1, p = 1-Betti number of .7’ (cf. Sec. VIII).
Physically  is closely related to the number of general-
ized catalysts possible in any .# of p-steps.'

Theorem S1: For a given number p of rx-steps, all possi-
ble {."] have

re{0,1,2,...,p}. (9)
Proof follows from y> 1.

Theorem S2: The r of %" is subdivision-invariant [proof
from Eq. (4b) put in Eq. (7)].
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Note that subdivision homeomorphism ( 8 }is an equiv-

alence relation. Thus:
Theorem S3: (a) Any . (p any integer) belongs to one

and only one equivalence class C, under £ ),

(7} =uC,, (10)
"

(b} If &, and 7 ,&C%, then r, = r,. (c} Butifr, = r,, ¥, and
%, may not be subdivision homeomorphs.

Example:

(11a)

and

[:I ;A P> O

{11b)

but

—O 1 O

(11c)

©
n

X -
Sﬁ

and so on for each larger p’s.

Fach of the .¥, above is a **smallest” (p minimum) Z,
since no further subdivision vertices can be removed from
such /. In the integer partitions of 2;,, k| = 2's are miss-
ing (except p' = 1) as a 2 would be either a subdivision or a
dlsconnected loop ( O

The {k7} (and the r = r} are invariant under subdivi-
sions as is easxly seen (and Eq. (7). o

Comment: Note that all the degrees {k | } and/orp, r, ¥
still do not uniquely specify the “smallest” (i.e. , Po<p) mem-
ber of each C’, class. In Eq. {14), note, e.8., the[3 4+ 3, r=
p =3 degeneracy, alsothe(3+4+1),r=2,p =4
degeneracy.

Theorem S4B: A more complete set of labels for the s-

R
&Y
B ¥
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Thus the value of r is not suffcient to label an s-equiv-
alence class. Additional s-invariants are needed to specify
C, uniquely.

Further (though still incomplete) s-invariants are pro-
vided by:

Theorem S4A: (a) The set of degrees (*“k-star values™"')
{k,k5,~} such that

k"l + k; 4+ o= 2;, p‘E! 1,2,3,+1, (12}

and such that {k ;| are the vertex degrees of a “smallest”
(p>p“) connected s-homeomorph, is a set of s-invariants.
(Higher homeomorphs of %, contain vertices of these de-
grees as well as some new ones of degree 2.)

Proof: The possible [k } sets for the above are

2 kY + k) =20
2 R2+0), (1 +1)
4 (440), 3+ 1)
6 (64+0), (5+1), 4+1+1), (3+3)

(840, 7T+1), (5+3), (4+3+4+1),
B+3+1+1

with the corresponding {.7,}:

(14

equivalence classes [.V'O—h—»{ #'1} is the set which consists of
(a) the degrees { k *{ in the simple graph 5 '+ (= the “basic
simple graph > ¥ for each %)) obtained from .”’, by remov-
ing all the loops and “extra” multilines from .’ (b) the
numbers {r*} of loops ( () ) at each corresponding vertex of
7 and {c) the numbers {e*} of extra-multilines between
the ith and jth (necessarily adjacent) vertices of .,

Proof: Each p" = pi., .7 (,f— ‘smallest” s-homeo-

morph [e.g., in Eq. (14)] is a simple graph . Y’(, to which some
(one-line) loops have been added at its vertices |/} and to
which some occasional extra multilines have been added be-
tween two adjacent vertices / and j. (Otherwise there is a

Oktay Sinanoglu 1506



removable vertex of degree 2 and the minimum p and 5 have
not been reached). E.g., Egs. (14) give only the basic simple
graphs {7y},

{m»ﬂ'v,.ﬁ\} N

Thedegree k * of the ith vertex of the basic simple graph
plus 2 for each loop at i and plus 1 for each extra multiline at /
gives the k ; of 7

k;:k;“+2r?‘+Ze,’;
7

(Q.E.D))

Remark 1: The {{k }}, {r}¥}, {e¥}} set distinguishes,
e.g., between the “smallest protopyte” homeomorphs
(=3 r=2: > , }. For the
spindle, the numbers are {{1,1}, {0,0}, {21}, while for the
other ., {{1,1}, {1,1},{0}}.

Remark 2: (a) Let ., have a total number of 7, indepen-

. . . . . . k*
dent rings. This r, which is one of the s-invariants of {.*"—

7’} equals

r()—_—”'\o“‘zr?‘ + Zei.i+1'

The remaining number of rings, i.e., F, is the ring number s-
invariant of 7 It is the number of independent rings which
are not shrmkable toaloop( (O ) nor to aspindle
([ ). (b) Reinterpreting the loop as a ring at-
tached to. pata smgle vertex (of degree k *) and a spindle as
a ring attched to > o at two vertices (of k * and & ¥), we see
that the rings of { ¥’} are classified into three and more kinds
of rings. The number of each type of ring in % is an s-
invariant.

IV. WHEN IS A SKELETON NONPLANAR?

Lemma:Ifan ./ with p and r, has !/ loops and ¢ multiple
extra lines we can remove them without affecting the planar-
ity. The resulting simple graph S has

p=p—Il—c y=y. (15)

Proof: Loop can be drawn as small as needed; multilines
can be drawn as closely as needed (Q.E.D.). For Eq. (15), cf.
{7). Each multiline adds a ring, as does a loop.

Theorem SS: (a) As long as rx-steps in an.# are p <9,
the skeletons are planar (b)If p = + 7 + ¢>9 + / + cand if

/" has at least six vertices {i} of k-star value (degree) k, >3,
then some .”” can be nonplanar.

Proof: By Kuratowski’s theorem T is nonplanar if it .
contains an s-homeomorph of K5 or K, ;. But K ; hasp =9
and six vertices with &, = 3. The K has p = 10 and five
vertices with k, = 4.

F=r—1—c¢,

V. MAPPING A SKELETON ON A g-TORUS

Mapping ./ on a plane or on a sphere (g = 0) are equiv-
alent.'' If . is nonplanar, it can be mapped on the surface of
a g-torus (sphere with g handles, g>1). For a given .%

1507 J. Math. Phys., Vol. 22, No. 7, July 1981

(0.7,1,¢), how do we predict the minimum g, the genus of S
(The g we shall need, e.g., in predicting the dynamic stability
of A\ R

The simplest nonplanar .’ is the K 5

N

Ky (16)

All except the last dotted line (..<"...) can be drawn on a
sphere (or plane). The remaining line goes on a handle; there-
fore, g = 1.

An equality giving g{p,¥) is not known even for simple
graphs (noloops ( < )or multilines ( €—> ), )
except'? for K. However, several, theorems (Heawood, Rin-
gel and Youngs, Euler, --)'* combined may be used to esti-

mate the g of a connected simple graph G ( ﬁf,?) ify>3,

int_ [B__(V_—z_)}<§<int> [W] (17)
6 2 12
(if p and 7 are specified, use y =p—F+1)int_{ ] means
larger integer.
Further,'* if ¥>3 and
eyly —1)/2 =5, (18)

then Eq. (17) yields either the correct gor g + 1.

However, our skeletons { *(p,#)} are not simple graphs;
therefore, Eqs. (17) and (18) must be extended to graphs ./’
with loops and multilines. This is done below (Theorem S6).

Were g known, .’ could be drawn on a g-torus and its
faces (f of them) (2-simplexes) defined in terms of the Jordan
curve theorem.” Then the second Euler equation holds:

y=p—f+(2-2) (19)
(This holds for nonsimple .* as well, since every loop and
every multiline can be drawn so as to give a face. Thus
f; =r;, and f, =r,). One should also recall that Eq. (19)
holds only for . on the surface of a g-torus (planar .’ for
g = 0), while Eq. (7) is for any three-dimensional . of even
unknown g.

From each nonsimple .’ (p,7.g) of / loops and c extra

ultilines, we can get two simple graphs 7 (6,7.8) and

~ oA

muit
7 (9,7.8) such that

g=g=4§ (20)

Deﬁnition

5" & — {loops,multilines}, (21)

f & + {vertices and lines from subdivisions of all
loops and multilines]}. (22

Example:

v

(21x)
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§§>>

J—)

R {22x)
Lemma: .7, 9’, and .7 have the same genus.
S
r—7,
p—»ﬁ =p— /-~ c,
r——»f’:r_[_c’ (23)
f*}f:f— ] — c,
and N
ST,
y=Y=v+2+e
—p=p+ 2l +c,
pop=ra (24)
r—r,
f~f.

Proof follows from Eqs. (18), (23), and (24), or from a useful
relation we obtain by combining Egs. (7} and (18),

r—f+1=2g (25)
Comment: Note that .” and ?/\) are s-homeomorphs,

a 3””,but " and 5 are not,
ST (26)
Yet Eq. (20) still holds, as easily seen from Eqs. (25) and (23).

Theorem S6: The genus g of any & (nonsimg\le graph,
etc.) can be estimated using Egs. (17) and (18) for .¥” and/or
7 with Egs. (23) and (24),

Proof follows from %" and % being simple graphs and
fromg=¢ = § .

Comment: The bognds obtained from # are closer to g
than the bounds from .~

Theorem S7: The thickness t (cf., e.g., Ref. 13) of any .
{including nonsimple on/e:s) with y>3 satisfies

HS) = t(F) = 1(7). (27)
Thus 7 (), the minimum number of independent planes

superimposed on which #* can be drawn without crossings,
can be estimated from

(S )int, {(p — 1 —c)/(3y — 6} (28)
or

t()zint {(p+ 21+ )/[3(p+ 201 +c)—6]}. (29)

Proof follows from the inequality for simple graphs'*
and Eqs. (23), (24), (27).

[Note also that it appears that often = g + 1, but this
is in general not true. For g> 1, more generally 2<r<(g + 1)

(e.g., if one plane contains lines going on different handles of
a sphere with g handles).]

VI. TOPOLOGY OF A GENERAL LINEBLOCK

Lemma L 1: Any lineblock L, of a general reaction net-
work . #7 is a bipartite graph by itself.

Proof: Each sm-line of an L, has as its boundary one
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species s-vertex, and one rx-vertex. Also a single L, is
connected. ‘

Note: L, can have multilines, but no loops.

Lemma L 2: If the rx-lines of an. ¥ are removed, there
results a disconnected graph of y bipartite components.

Proof: #{L, } of 4" = #{vertices of its .*"} = .
[Example: see, e.g., Eq. (1b), then (3).]

Theorem L1: If a vertex i (dot-point)' of % of an. # has
double weight'* (w;,n,), and k-star value' (degree) k,, the cor-
responding L, of /" displays w, s-vertices, n; sm-lines, &, rx-
vertices, and R, sm-rings'* such that

w,+k; =n —R, + L. (30)

Further O<R, <(n;, — 1).

Prooffollows from Lemma L1 and the analog of Eq. (7),
noting that the total number of vertices of L, of either kind is
(@; + k;). Also (w; + k;)>2, so that R, <(n, — 1).

[In the chemical context,'* R, is the number of homoly-
tic and/or autocatalytic and/or ‘‘heterolytic”

(e.g., V‘V*Q”’\W jringsin L, ]

Remark: Note that R, is not invariant under sm-subdi-
visions defined by Eq. (5a). Neither are there any other kinds
of line subdivisions which preserve the connectedness'® and
the bipartite nature of an individual L, .

Theorem L2: (a) Any lineblock L, of.-J7, by itself, is
always planar {g, = 0)if. / corresponds to a “‘strict mecha-
nism” .# * [recall' that a “‘strict mechanism” . #* has only
rx-steps of the uni—uni, uni-bi, or bi—bi molecular types (Sec.
I)]. (b) If . 7" is that of a *“synthetic pathway” :#, or a non-
strict mechanism. #, thenan L, inthat. /" can be nonplanar
onlyifn,>9, k>3, w, >3, and each rx-vertex in L, is of sm-
degree >3, and each s-vertex in L, is of degree >3.

Proof: (a) If L, is that of “‘strict mechanism” . #*

(~. 1), then, by the definitions in Sec. I (and in Ref. 1) which
distinguish an. #* from a ., each rx-vertex of L, is of sm-
degree € { 1,2} only. Hence L, cannot contain K, ;. There-
fore, L, cannot be nonplanar. (b} L, is bipartite; so is the
nonplanarity criterion graph K, ;. But K , has three vertices
of each of the two kinds, each vertex of degree 3, and it has
nine lines (Q.E.D.).

Note: Evenifeach L, ofan. J”(~. #*)were planar, the
full 4" (~.#*) could be nonplanar, through the nonplanar-
ity of its /" according to Theorem S5.

Genus of a pathway lineblock: The genus g, of an L,
contained in an. 7" (~ Z) can be estimated from the analog
of Egs. (17) with the substitutions:

{,5“’(”1 - lﬁ))] (31
77“’(“’:' + k) '

I? = no. of multilines in L, (one has 0</7<R,).

[Theg; ofan L, C.#7(~.#*) = O as stated in Theorem
L2a.]

Thickness of a pathway lineblock: A lower bound to the
t; of L, C.}"(~ Z)is obtained from the analog of Eq. (28}
(for L, —L,):

t(L,)>int_ {(n, — 17)/3(o, + k;) — 6} (32)
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[Thet, = lofanL, C.A"(~.4 *)since these L, areplanar.]

VII. TOPOLOGY OF THE FULL NETWORK

When the rx-vertices of the { L, } are connected by p rx-
lines { v~~~} according to the %, we get the full net-
work 4.

Theorem N1: Any network ./ representing some .# or
& with p rx-steps, o chemical species, n moles of all species
(n = absolute sum of all stoichiometric coefficients appear-
ing in all the steps of .# or Z; thus n > o) satisfies the
relation

p+o=n—(r+R)+1. ' ' (33)

R =X, R,, the sum of the sm-ring numbers of all the
L, C.#". The ris the ring number (may be called also the
“r}c-ring number”) of the . of .4 as before.
Proof: Sum Eq. (30) over all the y lineblocks (L, } C./".
We have

o=S0, =Sk, SR =R,
izl fel i1

Sn,=n Sl=p and y=p—r+1. (QED)
[} /

Corollary 1/N 1:If the values n’, p’, o’ are specified (e.g.,
physically), any such.47(n', p’, ¢') will have an R valuein the
range

14 (0 — o) — 20'<R<1 +(n' —0') — p'. (34)

Proof from Eq. (33) and for any .#’; henceits..#/, 0<r<p.
Corollary 2/N 1: If the .7 (p”,r") is specified, any .4~
having this particular .# will have “‘excess moles”
[={n — o)} such that

(n—o)>p” +r" — 1. (35)

Proof from Eq. (33) and R>0; also in any.#", n > o be-
cause each L, is connected.

The {(# + R j= composite ring number of. ¥ is the/ = 1
Betti number (p = 1) of .+ disregarding the distinction be-
tween sm-lines and rx-lines:

(r+R)=B =1 (36)
(cf. also Sec. VIII).

A. Topological 1-invariants of .~

Theorem N2: Under sm-line subdivisions and/or rx-
line subdivisions defined by Egs. (5) and (6, the sum (r + R )
remains invariant. [We say (r + R ) is an “(sm and rx)-
invariant .)

Proof: Subsitution of Eq. (5b) and/or (6b) into Eq. (33)
yields the same (r + R ).

Remark: (a) Under sm-subdivisions on.#", 7, and R may
each change, but their sum does not. (b) Under rx-subdivi-
sions on .#", not only (* + R ), but also » and R individually
are invariant, because rx-subdivisions alone, are also s-sub-
divisions of the .# of /4" preserving r. [Examples of (a} and (b)
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occurred in Ref. 14.]

Theorem N3: The degrees of both the species vertices
{®}] and the rx-vertices { X } of 4" are sm- and rx-invariants.

(For proof note that initial vertices are not affected by
sm- and rx-subdivisions although new vertices of degree two
arise. }

Corollary 1/N 3: We classified general networks be-
fore'* with respect to the types of species vertices (“source”,
“sink”, “internal,” etc.)' the .4} contain. These network
types'* [(1) “strictly laminar,” (2) “laminar,” (3) “internally
turbulent,” (4a) “‘autocatalytic,” (4b) ‘‘self-inhibitory’’] are
sm- and rx-invariant (since the vertex types depend on their
degree}.

Corollary 2/N 3: Likewise, if /4" represents a strict
mechanism, # = #* (i.e., all of the rx-vertices of .#* are
of the types: ~~~_ and «~~— only), orif 4 repre-
sents a pathway Z, or more general mechanism .#, {i.e., rx-
vertices like <  and more are allowed), then this na-
ture of 4" (i.e., whether 4"~ #* or 4"~ & or ) is sm-
/rx-invariant. This means successively larger.#”s generated
will remain of the same type of .# (or 22) (this is used in the
mechanism generation methods of our Ref. 14).

B. Nonplanarity of ./~

Theorem N4: The genus g ;- of any general network is
given by

c+p—n+f, =2-2g,. (37)

Proof: Disregard the distinction between the two kinds
of lines, and the two kinds of vertices in.#". Total no. of
vertices of any kind = o + 2p; total no. of lines of any kind
=p+ n(Q.ED.,).

Note: The “faces” of .47, total no. £, ., are bounded by
either all sm-lines (=""sm-faces”’} or by some sm- and some
rx-lines (="‘sm/rx faces”).

S =L . 38)

We now investigate the relation between the genus g ;-
of the full .4 (strictly of {(.#") discussed in Sec. VIII} and the
{g;} of individual lineblocks {L, } and the g , of the skele-
tonof 4", Theg, of each L, is defined by the mapping of that
L, on aseparate closed surface (g,-torus). The .% is also
mapped on a separate closed surface, a g , -torus in defining
g

Lemma N 1: In combining the { L, } according to ./’
into an .47, we first map all of the {L, | which are as yet
disconnected by rx-lines onto a single closed surface. The
genus g, of this surface is

gL = max[g],gz’---,gy}zg;“a"_ (39)

Proof: Any L, (g;) can be mapped on any surface with
8>g;- Hence all L, can be mapped onto the surface with
largest g,.

Theorem N4: The number of faces and genus of .4 is
related to those of .* and of U, {Z, } by

-2, )= —[(f+f, —1)—2(g. +g8.)]]
120)
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Proof: For the union of disconnected {L, } on the sur-
face L, we have [c.f. Eq. (25) which holds for a disconnected
graph on a single surface as well as for a connected one, even
though Eq. (7) is modified to y = g — r + m for m discon-
nected components]

Si=R+1-2g; (41a)
similarly for £, with r, and for .4~

fio=r+R)+1-2g,. {41b)
Hence,

fo—f+f, — Y= —2[g, — (g +g,)]| 40)

Lemma N 2: Evenifall of its L, are planar and its " is
planar, the /4" may not be planar,

Proof: Take, e.g.,and & = .LetL, beaKk,,
sm-graph with its bridge line missing. The first rx-line added
[Eq. (42)] keeps the graph planar, but the second makes it
nonplanar (Q.E.D.)

AT
“2)

Theorem N5: If each L b, of 4" has at most one sm-ring,
{ R, <1}, and each dot point (vertex) of the ./ has at most one

ke

loop{ —<«O ), but otherwise any number 7 of rings, then
g1 =8>
({R,<1}, :{I,<1loop per vertex}). (43)

Proof: Any R;<1, L, is planar; also any of its rx-ver-
tices is accessible by an rx-line without crossing any closed-
Jordan sm-curves [Eq. (44a)] or closed Jordan sm/rx-curves

[Eq. {44b}].
: § : I {44b}

Theorem N6: For a general /" with its ¥ and {L, },

(44a)

g >max|(g; .8, } (45)

(the larger of g, org ).

Proof: Equality occurs when rx-lines added tou, { L, }
do not cross any sm or sm/rx rings of any L, . Otherwise, g ;-
may increase.

Theorem N7:

g, <int_ {(g+2p —3) (0 +2p —4)/12}. (46)

Proof: N viewed as a graph of o + 2p vertices of either
kind {s-vertices and rx-vertices), and sm- and rx-lines distinc-
tion ignored, has no 1-line loops, only some sm-multilines
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(v~~~ ). A simple graph [, is obtained removing
such multilines, with the same genus and number of vertices.
Then apply the upper bound equation [as in Eq. (17)].
(QED)

Remark: The upper bound = {g, or g, + 1}if

n+p—cmzlo+20)c+2p—1)/2-5. (47)
Com = NoO. Of extra multi-sm-lines in 4" ( ) (related
to the number of autocatalytic or homolytic steps).

Removal of ¢, gives 4/ —[ 47, and so Eq. (18} can be
applied.

VIil. EXTENSION TO 2-COMPLEXES AND THE BETTI
NUMBERS INP =1 AND 2

The network .#” and its skeleton % treated as graphs
are 1-complexes. Then the Betti numbers are B’ and B'.

Every graph can be mapped onto a closed orientable 2-
surface embedded in & ;. This surface is a g-torus,
£€{0,1,2,3,-1.

On the surface, the union of the graph G with its faces is
the 2-complex {G') on G. The Betti numbers, inp = 1, are

B°B' of G (48)
and those of (G ) are for p = 2. The latter
B°B' B> of (G) (49)

are such that in general B'# B’ for the same /.

{B°,B'} are invariants (“‘s-”) in dim = 1, i.e., under line
subdivisions on G.

{ﬁo,ﬁ‘,ﬁz] are invariants (“t-") dim = 2, under face
subdivisions (hence under “triangulations”) on (G ) as well
as under line subdivisions. The B° B! are not t-invariants,
while Egs. {49} are.

[ B'} are related to the incidence matrices (I} for the 2-
complex by

N — ~
BY = ¢, — rank I,

B'=a, —rank I, — rank I, (50)

—, —

B? =a, —rank I, — rank I,

where a, = #{i-simplexes].

I, = (i-simplex to (i 4 1)-simplex incidence matrix).
(50}

For a p-complex, rank ip = 0. Note also that Eqs. (5)
satisfy the Euler—Poincaré relation

B —B +B=a,—a+ax (51)

A. The 2-complex (¥ on the skeleton .*

First for .7 itself as 1-complex
S B=y—rankl, B'=p—rankl, (52)
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As I, is the usual vertex—line incidence matrix (% is con-
nected, som = 1)

rank I, =y — 1 (53)
(or rank Iy =p — 7).

Thus

B®=1(for ¥, m=1)and B' =r (54)

which verifies the s-invariance of 7. (Further for disconnect-
ed G of m-pieces, B® = m.)
Next, including the faces of . on a g-torus
S (7). (55)
As the g-torus is an orientable surface, Egs. (50), etc. are

for mod. 2 or for any directed % obtained from . by arbi-
trary assignments of arrows to each line.

Then,
(7Y
B =1(m=1), (56a)
B'=r—rankI,, (56b)
B> =/f—rankI,. (56c¢)
Note the B' —B' = — rank I, #0.
I, is the edge—face (1—2) incidence matrix.
Lemma: For (&) (of ¥ withm = 1)
rank I, =f— 1
=p—r, (57)

where r, = maximum no. of linearly independent 2-rings in
(%) [a ring made of faces (“‘umbrellas”) going around a
vertex of (.¥)]. :

Proof: Draw the “face-graph” #; of (%) by

[face of (' )—vertex of %,
adjacent faces in (.)—connected vertices in .%;

Then one has f = y¢; p = p; and can use Eq. (53) (Q.E.D.).
Theorem: For the 2-complex (') on any ¥ (which is
connected; m = 1),

B=1 (m=1),
B =r—f+1, (58)
B =1

Proof: Egs. (56) and (57).
Corollary 1: For (¥) of &

B'=2g. (58

Proof: Egs. (58) and (25).

Theorem: Given two skeletons . (p,7,++) and .
(o',r',-), if their extension 2-complexes (.%’), . . and
(). ¢... are homeomorphic, theng =g andr =r'.

Proof: For 2-complexes homeomorphism can be stud-
ied by fs-subdivisions (i.e., face-subdivisions and line-subdi-
visions, or by triangulations). As can be seen from Egs. (58)
under any such subdivision, g remains invariant. But in addi-
tionto { B, i = 0,1,2] remaining invariant, so must the { B’}
in the lower dimension under s-subdivisions only. Thus
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r=r(Q.ED.).

Remark 1:If (¥) and (B') are 2-homeomorphic, then
% and ¥’ are 1-homeomorphic (proof omitted). Note that
this is not a corollary of the above theorem, because:

Remark 2: The reverse of the above theorem is not al-
ways true; i.e., if g = g’ and r = #' 2-homeomorphism is not
guaranteed. (Same with { .} and » = ¥ only.)

“Facial rings” (“2-rings”) and the genus of .*": The
maximum number of linearly independent (mod 2) “umbrel-
las” of (. (“facial rings,” or **2-rings”) is r,, in Eq. (57).
From Eqgs. (57), (56b), and {58’), we have

or
re=2g+v—1 (60)

Equation (60) is a very useful, practical relation, in cal-
culating the genus or the facial ring rank, ;. Thus, e.g., for
planar graphs (g = 0), 7y = ¥ — 1. Those { (¥} } with larger
genus will have the greater number 7, of independent 2-
rings, given the same number of vertices.

Another relation useful in giving insight into the genus
is, from Egs. (60) and (7),

g=1ir+r)—pl (61)

8r=8(» =

B. The 2-complex {./"> on the network ./~

If we do not distinguish between the two kinds of lines
(sm-: e——x and rx:»~~x) and the two kinds of vertices (s-
1o and 1x-: ~m~a~~w ) in A and (47), we get the
Betti numbers (and .((_¥")), g ;- etc., directly (i.e., from the
“graph of .V>=C°_4"thereby defined, and its (°.4")).

For the 1-complex (" ~©.4"):

B,Ol' =1 (m: 1),

B, =(r+R) (62)
[R defined in Eq. (33)].

For the 2-complex ((H") ~ (CA7)):

Eol'=1 m=1),
B, =(r+R)—Sfi+1, (63)
Ezr'=1

(f,-=f. , asin previous sections). Also

B, =2%, (63)
(other methods of calculating or estimating g ,- were given in
Sec. VII).

The independent “facial rings” of {.#"), now can be sm-faces
{bounded by sm-lines only) or (sm/rx)-faces (bounded by sm-
and rx-lines). The total number is f ;. The maximal

independent 2-rings (regardless of vertex tip type (s- or rx-} of
the “‘umbrella”) number
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=2, +lo+2) -1 | (64)

or

r'=n+p)—f +1 (64')
Also,

2, =(r+R+r/)~(p+n) (65)

C. The 1- and 2-homeomorphisms on {.¥")

Going back from ©.4"—.4", the only thing to note is
that not all 1- and 2-subdivisions preserve the definition (and
physical meaning) of .-#7, although they are homeomor-
phisms on .4

Only the invariance, in corresponding dimensions, of
the Betti numbers, Eqgs. (62) and (63), under a subgroup of 1-
and 2-homeomorphisms on .4~ which preserve the defini-
tion of .7 (the bipartiteness of the lineblocks, etc.), is needed
(and relevant).

The elements of this subgroup are:

(i) ““sm-line subdivisions,” Eq. (5), on .+,

(i) “rx-line subdivisions,” Eq. (6}, on ./,

(iii) sm-face subdivisions by sm-lines on (.#") (and
(),

(iv) sm-~face subdivisions by sm/rx-composite lines
(O—M"\/“'—’ )on <L/'V>,

(v) (sm/rx)-face subdivisions by sm-lines on {(¥"),

{vi) (sm/rx)-face subdivisions by sm/rx-composite lines
on (.¥7).

Calling [ (), (4) } =" 4"-subdivisions” and {iii-

Jovi} == (") ~subdivisions, we have the following:

Theorem: The definition (and physical meaning) of .4~
and Eqs. (62) are preserved under .4 -subdivisions. The defi-
nition of 4" (and of (.#")) and Egs. (63') are preserved under
{.¥")-subdivisions.
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Proof: These constitute subgroups of the arbitrary 1-
and 2-homeomorphism groups of ©. 4" and (©.47). Further
any of the B in Egs. (62), (63) = °B (Q.E.D.)
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Inverse scattering—exact solution of the Gel’fand-Levitan equation
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One formulation of inverse scattering theory involves the Gel'fand-Levitan equation. We present
a procedure for finding exact solutions to this equation; this procedure can be applied whenever
the reflection coefficient is a rational function of the wave number k, with an arbitrary number of
poles. We present graphs of the potential as a function of distance, for several cases with 3, 4, 5,
and 6 poles. Prior to this paper, no 4-, 5-, or 6-pole case had ever been treated successfully.

PACS numbers: 94.20. —y, 94.20.Tt, 03.80. +r

I. INTRODUCTION

In the last 40 years, most work on ionospheric structure
determination has used an approximate method based on the
Abel integral equation. From scattering data it is possible to
compute the ionospheric electron density using this method.
Using the same data, it is also possible to use a full-wave
method to obtain the ionospheric electron density with
greatly reduced errors. Since the data used is identical for the
approximate and full wave theories, there is no need to modi-
fy experimental equipment. The difference in treatment is
essentially computational, since the same data gives the posi-
tion-dependent electron density using the approximate and
full wave theories.

In principle, the full wave inverse scattering method is
exact. However, in practice, approximate analytic or nu-
merical methods are normally employed to solve the Gel-
’fand-Levitan equation. To circumvent the possibility of
roundoff errors, numerical instabilities, etc., in solving the
Gel'fand-Levitan equation numerically, we have solved the
equation exactly, using a generalization of Kay’s' procedure
for rational fraction reflection coefficients. Previous at-
tempts along these lines have given usable results when the
number of poles is not too large (3 poles—Ahn and Jordan?;

1 pole—Moses®; 3 poles—Moses*; 1, 2, and 3 poles—Pe-
chenick and Cohen®). As the number of poles increases, the
complexity of the analytic expressions increases rapidly. For
more than 5 poles, quintic and higher-order polynomial
equations must be solved, which is difficult in view of Galois’
proof that the general 5th and higher-order equations are
insoluble by radicals. Using our procedure, these difficulties
are circumvented because we evaluate our analytic solutions
by computer, thereby avoiding numerical instabilities which
may arise in numerical solutions of integral and differential
equations, and avoiding errors which often arise when ana-
lytic expressions are evaluated by hand. The higher-order
polynomial equations are solved numerically, thus evading
Galois’ theorem. In this way we can treat an arbitrarily large
number of poles. To check our procedure, we have repeated
calculations carried out analytically by others®™ and have
obtained agreement. We have also checked our computer
codes against analytic solutions which we have obtained.’
After our computer codes were shown to be operating prop-
erly, we treated a large number of cases. A number of these
are described in this communication.
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1. SOLUTION OF EQUATION

The determination of the ionospheric electron density
can be reduced®’ to the problem of solving the Gel’fand-
Levitan® equation, which is

R(x+t)+K(x,t)+fx K(x2R(z+1)dz=0. (1)

Now, if R (x) s zero for x <0, we can write
R (x) = R (x)¢ (x) (2)

for some function R (x), where the step function & (x) = 0 for
x <0, and 1 otherwise. Substituting (2} into (1), we find that
K (x,t) has the form

Kxt)=Kx,t)0(x +t), (3)

where K,(x,?) satisfies the equation
X

Rix+1t)+Kxt)+ | K(xzR(z+t)dz=0, (4)

for x + 1>0. [We shall actually solve (4) for all x and ¢.]
Now let

R(x): _21_ -
TJ

e ier(k ) dk, (5)

and let r(k ) be a rational function"® of &

Hk)=N(k)/Dk), (6)
where N (k jand D (k ) are polynomialsin k, and D {(k ) has the
form

Dik)= [[ (k- k) (7)
=1
where the k; are distinct complex numbers in the lower half-
plane. Then we find that

Rix)= —i3 e *Coix), (8)
i=1
where
n
C, =Nik)]] ———. 9
! ( })il;Il kj _ki ( )
i

C, is the residue of 7k ) at k = k;; it is a function of the ;.
To solve the Gel’fand-Levitan equation, we assume that

Kixt) =73 falxle™, (10)
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where the summation is over a finite but as yet unspecified
number of values of & and the £, (x) are unknown functions of
x. We also have

Rx)= —i¥ye ™C, (1)
J=1

from (2) and (8). Substituting (10) and (11) into (4), we obtain
—IZe ikfx + I)C + Ef x)ea od

- J,,[Zf (x)e“ze e | dz=o. (12)

o ji=1

The integral in (12) is equal to
ZZCf(x pupera LA S

Substituting the expression (13) for the integral into (12), we
obtain an equation which can be written

A+B=0, (14)

where

A= fulxle 413 5 C fulr) ———e ", (15)

and
2": x4 0o
Bz—i[ e ;
j
=

& ‘ g x —fkix 4+t
+ EZijn(x)ﬁe o )]- (16)

a f=1 a j

We shall show that it is possible to set both4 = 0and B =0
simultaneously, and thus find a solution to (12).
If we let

a_,= —a, (17)

for all a, then the equation 4 = 0 may be rewritten

z Lol x)—tECf (x) zk e’ =0. (18)
To solve {18}, we let
g 1
ﬂ,(X)—lj;C}fqa(x)m—O, (19)

for each a. Replacing @ by — « in (19) and using (17), we
obtain

14‘ T T | B E— T T T T

12r..
x 1o
>
—J:' O’Jk
= Cor
Pt
2 os
o ‘[
(o

0.2

OL

1 1 ! 1 1 1 [ !
€] 05 10 15 20 25 30 35 40 45
DISTANCE, x
FIG. 1. Potential ¥ (x) vs distance x for 3 poles: k,, = + 0.8 — 0.499;,
k= — i
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POTENTIAL,V {x)

i T
15 20 25 30 35 40 45

0 05 0

DISTANCE | x

FIG. 2. Potential ¥ (x) vs distance x for 3 poles: k,, = + 0.7 — 0.4999/,
ky= —1i

foLx)+i Z C f, (x) k =Q. (20)
j=1
To find a nontrivial solution to the homogeneous set of equa-
tions (20), we express it in the matrix form
z 1
1 —iyC ——
,/:z] Jaa +lk_/ fa('x)
foab) =0
36— !
Jj=1 j
(21)
and set the determinant of the matrix equal to zero. This
condition may be written as

(é"la )Zla +zk)

Equation (22) determines the possible values of a,,. Because
of (17), our procedure will work only if the negative of every
possible value of @, is also a possible value of 4., .

By using some elementary results of complex variable
theory, we can rewrite Eq. (22). C; is the residue of r(k ) at
k = k;, and C;/(a, — ik;) is the residue of Hk )/(a, — ik ) at
k = k,, where k is considered to be a complex variable.
Therefore

n Cj
)
j:](la —lkj

1. (22)

is the sum of all residues of Hk )/(a, — ik ), except for the one

at k = — ia,. Similarly,

POTENTIAL, V {x)

QO ]
o Q05 10 15 20 25 30 35 40 45

CARS G S VR U S |

DISTANCE, x

FIG. 3. Potential ¥ (x) vs distance x for 4 poles: k, , = + 0.2403 — 0.3666i,
ki, = + 0.3571 — 0.6019i.
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FIG. 4. Potential ¥ (x} vs distance x for 5 poles: k, = — 1.1;, k, = — 1.2,

ky= — 135 ky= — L4, kg= — 1.5

n C[
1;1 a, + ik, ’
is the sum of all residues of r{k )/(a, + ik ), except for the one
at k = ia, . But in each case, the sum of a// residues is zero,
since the integral of r{k )/(a, + ik ) around a closed contour
at infinity is zero. Thus,

n C.

S
j=14, — ikj,
is minus the residue of r(k )/(a, — ik} at —ia,, and

n C,

121 a, + ik, ’
is minus the residue of r{k )/(a, + ik) at ia,,. Thus,
e o
—_— = —ir(—ia,), (23)
f=1a, —ik;
and
$ i, (24)
= a, + ik,
so Eq. (22) becomes
rlia, )r( — ia,) = 1. (25)

From (25) it is clear that the negative of every possible value
of a, is also a possible value of a,,.
Now, r{k ) is required to have the properties'®!! that

r0)= —1, (26)
and
H—k)=rk)*. 27)

POTENTIAL, V (x)
(@) (@)
S
T T

0 N I
0O 05 10 15 20 25 30 35 40
DISTANCE, x
FIG. 5. Potential V' (x) vs distance x for 6 poles: k, = — 1.1/, k, = — 1.2,

ky= — 130, k,= — 1.4i, ks = — 1.5i, k= — L.6i.
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FIG. 6. Potential ¥ (x) vs distance x for 3 poles: k, = ~ 1.15, k, = — 1.2},
ky= — 130

Because of (26), a, = 0 is a solution to (25). It can also be
shown that (25) is equivalent to a polynomial equation of
degree n for a,”. Since one root is zero, we only need to be
able to solve an equation of degree » — 1, for the case in
which r(k ) has n poles. We solve this equation numerically on
the computer.

Following our procedure, we let the a, be the roots of
Eq. (25); we check that #{k ) is such that the n possible values
of a,? are all distinct. We let a take on the integer values
from 1 torn and from — 1to — n,witha _, = —a_.Forall
other values of , f,(x) must be zero, so we may neglect all
other values of a. Thus, there are 2» nonzero functions
f.(x). According to Eq. (20), the f,(x) with positive a are
related to those with negative a by the equation

foalx)= (— iy L.)fa(X), (28)

j=14, — lkj

which is valid for both positive and negative values of a.

We now turn to the equation B = 0, which reduces to n
equations, one for each value of j;j = 1,2,...,n; and in which
the summation over « includes both positive and negative
values of a. The equations are

1 X —
1+§(—1a_—ike folx)=0. (29)

J

By substituting (28) into (29), we obtain

3 —
X

> 0.040‘—

w3 0008 [ d
Z x ;’C‘—o.ooe‘ %
6 0004 o / !
o L \
o 0002/ ¢

= |
< - . ]
2 0 05 10 15 20

@ DISTANCE, x

FIG. 7. Relative change in X (x,x), vs distance x for three perturbations of a

3-pole case: {(, = — LU, ky= — 1.24, k, = — 1.3/, Perturbation (a):

ki— — 1.11i, kyand &, unchanged. Perturbation (b): k,— — 1.214, k, and k,

unchanged. Perturbation (c): k,— — 1.31}, k and k, unchanged. »
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I+ > (Foe"™ +Gue ) f.x) =0, (30)
a=1
J=12,..,n, where
1
Fo="T—70 (31)
a, — ik;
i < G r—ia,)

=— = (32)
a, + ki< a, — ik, a, + ik,

Ja

Equation (30) is a set of # simultaneous linear equations for
the f,(x); we solve these equations numerically for a set of
values of x.

Now,

K(x,t)= zfa (x)e“"0(x +t), (33)
from (3) and (10}, so
K (x,x) =3 fo(x)e""6 (x), (34)

where in (33) and (34) we are summing over positive and
negative a. Substituting (28) into (34) we obtain

K (xx) = [ S [ — o — ia,)e ] fa(x)]ﬁ(x). (35)

a=1
Following our procedure, we substitute into (35) the numeri-
cal results for the £ (x) obtained by solving (30).

We have applied our procedure to several rational func-
tion reflection coefficients r(k ). In all of them, the numerator
N (k )in(6)is a constant. Because of Eq. (26}, N (k jmust be the
constant — { — k,}( — k,)-+( — k,}, so that r(k ) is completely
determined by its poles, k;,i = 1,2,...,n. Because of Eq. (27),
the negative of the complex conjugate of every pole is also a
pole. Thus, for each value of i, either &, is pure imaginary or
there is somejsuch thatk; = — k *. There is another condi-
tion which #{k ) must satisfy: |k )| <1 for all real k. We have
checked that all of our Ak ) satisfy this condition. We have
plotted graphs of the potential V' = (d /dx)K (x,x) as a func-
tion of x.

Hi. DISCUSSION

In this communication we have presented an exact class
of inverse scattering solutions. Although in principle 5 or
fewer poles can be treated analytically by radicals, no pre-
vious authors have treated more than 3 poles. This is because
of the necessary complexity of the calculations. Here we pre-
sent results, not only for 3 poles, but also for 4, 5, and 6 poles.

Figure 1 shows ¥ versus x for the 3-pole case in which
k,=0.8 —-0499, k, = — 0.8 —0.499;, k; = — i, while
Fig. 2 depicts the 3-pole case with k, = 0.7 — 0.4999i,
k, = — 0.7 —0.4999i, k, = — i. These are the two cases
which were studied by Ahn and Jordan,? and our results
agree with theirs.

Figure 3 shows ¥V versus x for a 4-pole case:
ki, = +0.2403 — 0.3666/, k;, = 4 0.3571 — 0.6019:.
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We see that the curve rises more gently near x = O for 4 poles
than for 3 poles. Fig. 4 depicts a 5-pole case: k, = — 1.1/,
ky= — 12 ky= — 135, k,= — 1.4i, ks = — 1.5/, and
the curve rises even more slowly near x = 0 in this 5-pole
case than in the 4-pole case.

Figure S depicts a 6-pole case: k;, = — 1.1,
k= —12i,ky= — 130, ky= — 1.4i, ks = — 1.5/,
ko = — 1.6i. We see that this curve rises even more gradual-

ly near the origin. Note that a closed-form solution to the 6-
pole case would require a solution to a Sth-order polynomial
equation, which cannot be solved by radicals in general.
Figure 6 shows V versus x for another 3-pole case:
ki = —1.1i,k, = — 1.2{, ky = — 1.3i. To test the stability
of the Gel’fand-Levitan procedure, we also considered three
perturbations of this 3-pole case:
(a) k, = — 1.114, k, and &, unchanged;
(b) &,
(b) k5

These perturbations of the poles, which are of the order of
one percent, cause small changes in K (x,x), which are of the
order of one percent. Hence the procedure is stable in this
case. In Fig. 7, we plotted the change in K (x,x) (perturbed
value minus unperturbed value) divided by the unperturbed
value of K (x,x), for cases (a), (b), and (c).

Thus our procedure gives useful results even in cases
where other methods fail. In future communications we in-
tend to extend our method still further.

Il

— 1.214, k, and k, unchanged;

li

— 1.314, k, and k, unchanged.
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